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FOREWORD 


This  report  was  prepared  by  Julius  5.  Bendat,  Loren  D. 
Enochson,  G.  Harold  Klein  and  Allan  G.  Pierso!  of  Ramo* 

Wooldridge,  a  division  o,  Thompson  Ramo  Wooldridge  Inc. , 

Canoga  Park.  California.  It  contains  results  obtained  from 
j'uly  1960  tc  June  1961  on  /.  Force  Contract  K o.  AF33(<*Io}-7434, 

’’The  Application  of  Statistics  to  the  Flight  Vehicle  Vibration  Problem.  * 
The  work  was  accomplished  under  Project  No.  1370,  *:Dynamic 
Problems  in  Flight  Vehicles,"  Task  No.  14004.  "Methods  of 
vibration  Prediction,  Control  and  Measurement."  This  report 
was  administered  under  O.  R.  Rogers,  Chief.  I  ehicie -Kinetics 
Section,  Dynamics  Branch,  Flight  Dynamics  Laboratory,  Aero- 
na  -ical  Systems  Division,  with  Robert  F.  Wilkus  initially  in 
charge  of  the  project.  He  was  succeeded  by  Otto  F.  Maurer. 

Professor  William  T.  Thomson,  Engineering  Department 
University  of  California  at  Los  Angeles,  participated  in  physical 
studies  for  the  investigation  and  consulted  on  other  phases  of  the 
work. 


/  i  l  *v  ■> 


ABSTRACT 


This  report  prevents  a  critical  analysis  of  the  application  of 
statistics  to  flight  vehicle  vibration  prosltm*.  The  general  problem 
is  discussed  from  many  aspects,  and  results  are  applicable  to  many 
other  physical  sreis  besides  vibration.  Detailed  analytical  engi¬ 
neering  procedures  are  proposed  for  determining  statistical  proper¬ 
ties  of  a  single  vibration  record,  and  for  establishing  the  over-all 
vibration  environment  from  a  collection  of  vibration  records.  Jet 
aircraft  and  several  categories  of  missiles  are  broken  down  in'" 
definite  operating  phases  as  regards  their  vibration  environment. 
Simple  statistical  techniques  are  developed  for  reducing  the  amount 
of  data  that  needs  to  oe  gathered  for  later  processing.  This  tech- 
t-.que  can  provide  :  ’.cur  probability  of  missing  an  unexpected  event, 
and  a  high  probability  of  covering  the  range  of  expected  events. 
Straight-forward  statistical  tests  are  developed  for  testing  funda¬ 
mental  assumptions  of  randomness,  stationarity,  and  normality. 
Mathematical  and  physical  distinctions  are  explained  between 
different  information  obtained  by  measuring  numerous  important 
statistical  parameters,  such  as  an  instantaneous  amplitude  proba¬ 
bility  oensity  function,  or  a  mean  square  acceleration  power 
spectral  density*  function,  or  an  autocorrelation  function.  An 
engineering  discussion  is  given  of  related  instrumentation  equipment 
available  today  in  many  laboratories,  with  emphasis  on  their  statis¬ 
tical  accuracy  in  measuring  desired  information.  An  experimental 
laboratory  and  flight  test  program  is  outlined  for  verifying  these 
measurement  accuracies  and  other  theoretic*!  statistical  results 

contained  in  the  report,  such  as  material  on  repeated _ ^criments 

and  random  sampling  techniques.  Important  physical  applications 
are  explored  indicating  how  statistical  information  can  be  helpful 
in  predicting  the  response  of  continuous  structures  to  random 
excitation,  and  for  evaluating  loading  effects  on  a  structure.  The 
report  concludes  with  recommendations  for  future  work. 


PUBLICATION  REVIEW 
This  report  has  been  reviewed  and  is  approved. 

FOR  THE  COMMANDER 

C. 

WILLIAM  C.  NIELSEN 
Colonel,  U5AF 

Chief,  Flight  Dynamics  Laboratory 
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I-  INTRODUCTION 


i  l  OBJECTIVES  OF  CONTRACT 

Tbe  objectives  of  (se  otsinci  «err  to: 

°  Dttermiac  v:bnl»r.  reipw.j.j-1  At  A  static  polls:  on  a  stmdarc  of 
a  2i|bt  vehicle  during  csiire  ofcraUeaAl  life  sijtorjr  to  ustst  » 
(stsrc  IsUpic  Asd  rcliibilily  iR^eStipljcis. 

-  Dctemsse  nbrsttss  cr.vi rjf.mts:  for  cyiywcst  Routed  oe 
strsetsres 

s  Ortcneisc  "ibntin*  «cs*i  r.v^:£^:-;  for  bes»us  comfort  problem  la 
fsterc  spice  fi:|bts. 

ieesc  objectives  resulted  from  tbe  sees  to: 

-  Improve  jesifa  of  jet  Aircraft  *sf  missiles  to  ndsor  structural 
failures  ike  to  v>brit»e. 

&  Csubiisb  better  Ubontory  Icslir.t  speciSatisss  for  stncUres 
am!  cosipotesE. 

6  Develop  over- All  scientific  statist! caI  procedures  As  opposed  to 
limited  special-purp-ss*  tcchsiipcs. 

®  Bridge  gaps  bctsecs  kw«a  theoretical  tdus  sae  practical  methods. 

Principal  Activities  uf  tbe  contract  »rrr  divided  into  three 

phases  as  follows 

Prose  I.  Preliminary  Study  °*  Application  of  Statistics  to 
Flight  Vehicle  Vibration  Problems. 

Phase  II.  Development  of  Techniques  lor  Estimating  Desired 

Statistical  Characteristics  of  Vibratory  Time  Histories. 

phase  Hi.  Outline  of  Experimental  Program  for  Evaluation  of 

Estimation  Procedures  by  fal  Laboratory  Testing,  and 
fh)  Flight  Testing. 


Manuscript  released  by  the  authors  JO  June  1%!  for  publication  as  an 
ASD  Technical  Report. 
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The  watfc  toatri  ftc  win  {Mis: 

®  Provide  miicrul  w  aid  ic  aaitrstuii^  tfc«  prayer  ifgiiutiw  of 
vtriexs  proposed  toiistictl  ttchifyrr  tnrewge  consideration  «*d 
KfilicttiM  of  iAiic  aMonoCwu  which  <asrt  be  satisfied. 

*  Ewytuii  «  yradieti  iUi:r!irii  procedures  for  esS:ra!i»d  ribrUiee 
respoa-j.cs  at  a  *:s<it  sots*  *s  a  cssslsre  ss^er  steady  spcrati»| 
cosd'.Sisas- 

*  Piepmiks  of  so  rape  rime-slat  program  eegBiMt  of  >y:pm  n  f 
aut  nur«U*!iss  pro  Warns  asd  statistical  fMirces  of  error. 

is  adekOHL  tbere  were  asttf  other  imp)  rUrt  pals  sacs  w: 

*  Qrer-aiE  pbrsiol  desoipm  of  ribnUea  mimmeat  5»r 
differ**’  categories  of  Jet  aircraft  awl  missiles. 

*  Greater  physical  led  mathematical  ius(M  isa*  the  re  tp »■  rr  of 
stndarts  to  ra*hw  nrttilite. 

*  aoadee  apguctuea  of  this  wutnal  to  other  physical  applications 
tcwlriaf  statistical  analysis  of  random  phrwmrrua 

*  a  carer  apprcciatiaa  of  liwitatiast  of  these  statistical  artaifart 
when  dediaf  with  ybwswiaa  failing  to  satisfy  basic  it  — nr  prion*. 

£.2  HHTOST  OF  COKTSACT 

This  contract  resalted  from  a  Wright  Air  Development  Division 
(WADDI  Repeat  for  Prcp^sai  P.  S.  No-  f«l».  dated  JC  December  IfSf, 
ass  ssbaeptat  technical  discussion*  between  Dr.  O-  S.  Sogers.  WADD. 

Mr.  S-  F.  Wilks*.  WADD.  and  Dr.  I. S- Bead*:,  Sams- Wooldridge  (S-W). 
on  H  March  IW.  Work  commenced  on  1  Jsly  IttC. 

Progress  reports  were  submitted  monthly  In  WADD  beginning 
10  August  1946.  and  interim  iecheica’  reports  «rt  rdnitbs  when  completed 
on  various  portions  of  the  investigation*.  A  preliminary  draft  of  this  final 
report  was  submitted  for  a  technic*!  and  format  review  os  4  May  IfSI. 
Briefings  between  WADD  aad  S-W  personnel  os  the  subject  contract  took 
place  at  WADD  on  •  September  194©,  at  S-W  on  21  December  194©,  and  at 
WADD  o-.  4  May  1*41. 
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Pn»;«!  tsiiifrr  for  as  e^ntl  «as  Or.  J.  S-  S*»b:.  Hr  «a$ 
«jf«»5Us  -  («viiiuis£|  a»  cit:r<-  effort.  as£  for  ml 

N  eariows  *sri  teslertiiMs  if  Sbef  I^sw-Vwlrilfr  prrmMtf- 
Utiliessttict!  pmetsmm*  *f  rtfer:  »rrt  of  iyctitl  aHKtre  ts  ls%.  «  wdi 
**  proper  «f  osiktsol  aarf  ru'.rri*!. 

sew*  g  <  rrfee  r«  »f  E»r  tecHrfrt!  lull  fns  Itw 
ffekUr  I*  EBa-  sre-sst-  Ks.  L.  O-  Snorirroat.  Hr.  C-  H-  fCns,  wrf 
Hr.  A.  G-  i*:rr«'.  Mr.  £iaoe&j*«t  «U  ro^it:V«r  for  inti  tf  tifce  kuk 
*f*f£«f§eag  ^nstefea-rt  *3*4  csMSaisefi  is  Shi*  report.  «•<  miiErl  is 

iCriift  «•  the  «^rn pnfnos.  Hr.  Kiris  max  rri;»mK«  (»r  «‘t*crik- 
i  !&r  {A?*kJtl  riknis^  is^rcis  #f  tibr  utcytrin  -vf  get  aircraft 

*mM  rsirsilc*  nn^*-r  also.  fee  w*jfe»#  a*  t«-  r>i*iia  mafctm 

i'jEr^rj'rxuij^  ^rJliot.  aoe  Cijm  t«-*t  pragrut.  Mr.  Psersai 

*«  rwpessiM*  fcr  ssrs-*S£g%ti*g  tlmtiri!  fc’tgjr  ^r*Hrtei.  swt'lutr4r 
ri'fcfEj.  ^iritnri.  ms’  Ac  r»|^rje»*/u!  UV*»i«rr  pngrur. 

A  fostrih  irrinkrr  fr*»  Harr*** Wmml4 r-o4ge.  Mr.  ft.  S.  Saytr,  wsritssS  iris.*y 
«s  initial  statistical  *paest»es- 

Kwfr**«r  William  T.  TSaaocsss*.  Regies trrisg  Dcfutrtmas.  iloirerssty 
+t  Cilifcnu*  ai  Lx*  AttgeJe#,  was  ax  a  rmxltul  at  Ac  start  of 

Ac  swctRd.  ilc  ^titsdMinl  »rt:r*ljr  Mi  in  gna*p  4t*«ui«u  asag  is 
persoaai  *!sl;r*  saosspnint  ia  t ass  tat!  repart  Iraikg  »ili  Ac  tctfiafe 
as  srsctsro  U  ratine  rsciUliai  Ml  Ac  effect*  *f  iiWng. 

A  «tall  rAc«tfr*et  mt*  let  ie  Ssrsir.  a  IIH*em  of  MtAnp  Corpo- 
ratie.**.  'UmJUrrsr.  Ctltfersia  far  usttuace  ferrr**ati-e  rapswriM 
ijfctu  *f  fitgftE  *cfcsde*  aoi  rroemia*  certain  ether  Karas r  irjtrmJ-  Tit* 
»ati  was  wsr  ^riicEpeilr  fey  Mr.  W;!!;*rr>  ftooerts  aae  Mr.  ftofeerf  White 
«f  Karair.  Is  akstfee.  Mr.  fter  Mt*U:s  »f  JCartracics.  aacihtr  Itmfco  of 
Xjrtfcrop  Corporation,  was  heipfo*  ;t  etuhibhmesl  of  tfer  fi;{Hl  test  ptwgne 
li*Cdf*«s  .a  litis  report. 

Oeofcrcsces  were  sdi  also  »te  main-  eagiaeers  from  otfecr  co  toy  awes 
In  the  Los  Aagdes  area  to  Jamr  their  \-.kraiws  programs  aaf  Tht*e 

■■*f;vr<§3aSs  piamri  tsiuh: .  information  os  Ac  csrreet  state  of  viferitioa 
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fully  acknowledged. 

The  contents  and  recommended  procedures  of  this  report,  of  course, 
are  the  responsibility  only  of  the  four  authors  and  do  not  represent  the 
practices  or  views  of  any  other  individuals  or  companies. 
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2.  SUMMARY  OF  MAIN  RESULTS 


2.  I  MATHEMATICAL  ANALYSIS  AND  STATISTICAL 
PROCEDURES 

An  over-all  scientific  analysis  is  presented  of  the  vibration  environ¬ 
ment  to  be  expected  in  various  Eight  vehicles  wherein: 

*  Proper  emphasis  is  given  tc  different  types  of  statistical 
information  concerning  the  vibrations. 

*  Statistical  techniques  are  explained  in  straight-forward 
language  so  as  to  be  readily  comprehensible  to  individuals 
concerned  with  analysis  problems  of  vibration  phenomena. 

*  Simple  statistical  tests  are  developed  for  verifying  basic 
assumptions  instead  of  accepting  them  without  proof. 

*  Analytical  procedures  are  proposed  for  analysing  the 
pertinent  statistical  properties  of  a  single  vibration  time 
history  record. 

*  Analytical  procedures  are  proposed  for  establishing  the 
over-all  vibration  environment  given  the  statistical  prop¬ 
erties  of  each  of  a  collection  of  vibration  time  history 
records. 

Mathematical  material  in  the  report  explains  from  a  broad  view¬ 
point: 

*  Elementary  ideas  of  probability  theory. 

*  Fundamental  concepts  of  random  processes. 

*  General  matters  of  statistical  estimation  problems. 

To  mention  but  a  few  topics  of  interest,  the  presentation  includes  discus¬ 
sions  on: 

*  Probability  density  and  distribution  functions. 

*  Power  spectral  density  functions. 

*  Correlation  functions. 
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*  Threshold  crossings. 

*  Extreme  value  properties. 

*  Peak  value  distribution  of  wide- band  and  narrow-band  noise. 

*  Measurement  of  linear  system  frequency  response  function. 

Various  statistical  concepts,  tables  and  curves  are  presented 
including: 

*  Normal  (Gaussian)  distribution. 

*  Chi-square  distribution. 

*  "t"  distribution  and  F  distribution. 

*  Statistical  results  from  repeated  experiments. 

*  Quality  control  procedures. 

*  Operating  characteristic  curves. 

*  Analysis  of  variance  techniques. 

*  Multiple  regression  techniques. 

2. 2  THEORETICAL  INVESTIGATIONS 

A  number  of  significanfctheoretical  (mathematical  and  physical)  results 
have  been  obtained  during  the  course  of  the  investigation.  These  include: 

*  Preliminary  study  of  a  random  sampling  technique  to  reduce 
the  amount  of  data  to  be  gathered. 

*  Establishment  of  simple  quantitative  statistical  tests  for 
randomness,  stationarity,  and  normality. 

*  Physical  applications  of  measurable  statistical  information 
from  vibration  data  for  predicting  the  response  of  continuous 
structures  to  random  excitation,  and  for  evaluating  loading 
effects  on  a  structure. 

2.3  INSTRUMENTATION  STUDY 

*  Statistical  effects  are  analysed  folly  for  actual  measurements 

of  various  vibration  characteristics  such  as  mean  square  values, 
power  spectral  density  functions,  amplitude  probability  density 
functions,  and  correlation  functions. 
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*  A  survey  is  presented  of  certain  available  instrumentation 
equipment,  with  emphasis  on  their  practical  physical  limita¬ 
tions  and  accuracy  to  perform  desired  measurements. 

2.  4  EXPERIMENTAL  PROGRAM 

An  experimental  program  is  outlined  for  verifying  statistical  proce¬ 
dures  developed  in  the  report  as  appropriate  to: 

*  La  bora  to  ry  Test  Program 

*  Flight  Test  Program. 

Special  attention  is  given  to  matters  such  as: 

*  Tests  of  basic  assumptions  for  stationarity,  randomness,  and 
normality. 

*  Measurement  of  various  vibration  characteristics. 

*  Verification  of  random  sampling  procedures. 

*  Increasing  over-all  prediction  capability  of  the  entire  vibration 
environment  through  repeated  experiments. 

*  Statistical  design  of  experiments  to  minimize  number  of 
experiments. 

*  Practical  considerations  in  laboratory  testing  and  flight 
testing. 

2.  5  PHYSICAL  RESULTS 

Many  physical  topics  on  response  of  structures  have  been  investigated 
during  the  course  of  the  contract.  These  include: 

*  Response  of  linear  structures  o  random  excitation. 

*  Continuous  structures  excited  by  correlated  random  forces. 

*  Modification  of  response  due  to  loading . 

*  Vibration  induced  structural  fatigue. 

*  Effect  of  nonlinearitics  on  response  statistics. 
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2.6  SECTIONS  OF  REPORT 

Section  3  discusses  the  flight  vehicle  vibration  problem,  reviews 
certain  well  known  results  on  the  response  of  linear  structures  to  periodic 
and  random  disturbances,  and  summarizes  some  past  experimental  analyses 
of  vibration  data  from  flight  vehicles.  Sections  4  and  b  provide  comprehen¬ 
sive  background  theoretical  material  on  mathematical  and  statistical  funda¬ 
mentals  which  are  important  for  analyzing  and  evaluating  vibration  phenomena. 
Section  6  contains  analytical  engineering  procedures  for  carrying  out  a 
sequence  of  statistical  tests  to  establish  the  complete  vibration  environment 
(at  an  arbitrary  point  on  a  structure)  on  a  sound  statistical  basis.  Section  7 
discusses  instrumentation  problems  relative  to  measuring  desired  vibration 
characteristics,  while  Section  8  outlines  an  experimental  program  to  verify 
the  analytical  procedures  developed  in  Section  6.  The  reader  may  prefer 
to  read  Sections  6,  7,  and  8  prior  to  Section  4  and  5,  these  earlier  two 
sections  furnishing  theoretical  material  for  special  study  when  needed. 

Section  9  contains  some  advanced  physical  applications  on  the  response  of 
structures  which  indicate  that,  for  certain  problems,  statistical  information 
is  available  from  vibration  data  which  is  not  presently  being  explored  folly, 
while,  for  other  problems,  more  appropriate  statistical  information  has 
still  to  be  developed.  The  final  Section  10  gives  a  brief  review  of  each 
Section,  3  through  9,  and  concludes  with  some  specific  recommendations 
for  future  work. 
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3-  PHYSICAL  DISCUSSION  OF  FLIGHT  VEHICLE 
VIBRATION  PROBLEMS 


3.  1  INTRODUCTION 

For  many  years,  engineers  have  been  aware  of  various  problems  in 
flight  vehicle  performance  due  to  the  vibration  environment.  However,  it 
was  not  until  the  advent  of  jet-powered  aircraft,  rocket  aircraft,  and  missiles, 
that  statistics  and  random  process  theory  were  found  to  be  important  for 
these  problems.  The  main  emphasis  to  date  has  been  to  use  statistical  param¬ 
eters  only  for  the  description  of  the  vibration  environment.  However,  even 
in  this  area  very  little  has  been  done  in  establishing  an  accurate  knowledge 
of  the  errors  of  these  parameters.  Various  fundamental  assumptions  have 
been  accepted  frequently  without  proof. 

In  addition  there  has  been  an  almost  complete  absence  of  application 
of  statistics  to  determine  the  number  of  records  that  should  be  taken,  the 
length  of  each  record,  and  when  during  a  flight,  the  vibration  should  be 
recorded.  This  has  often  resulted  in  either  too  much  data,  or  not  enough, 
which  in  turn  would  produce  an  inaccurate  or  biased  estimate  about  the 
vibration  levels  of  flight  vehicles. 

Statisticians  have  known  for  some  time  that  a  properly  selected  sample 
can  provide  a  very  accurate  picture  of  the  entire  population  or  process  from 
which  it  was  taken,  and  that  there  is  also  a  point  of  diminishing  returns. 
Namely,  no  matter  how  large  the  population  or  how  big  the  process,  there 
exists  a  sample  size,  which  results  in  obtaining  a  maximum  amount  of 
information  for  a  given  confidence  in  the  results.  Increasing  the  sample 
size  beyond  this  number  yields  only  an  insignificant  increase  in  accuracy. 

(See  Section  6. 2.  3,  Figures  6. 9  and  6.  10. ) 

One  of  the  purposes  of  this  report  is  to  pl.~ce  the  selection  of  samples 
of  vibration  records  in  flight  vehicles  on  a  sound  statistical  basis.  At  the 
same  time  it  should  be  realized  that  this  selection  cannot  be  placed  entirely 
on  an  objective  basis.  Engineering  judgment  and  a  basic  knowledge  of  the 
over-all  flight  vehicle  vibration  problem  will  still  be  required.  To  aid 
engineers  in  the  process  of  determining  the  point  where  judgement  leaves 
off  and  the  tools  of  statistics  can  be  applied,  a  discussion  of  the  various 
factors  involved  are  developed  in  an  orderly  fashion  as  foliows: 


ASD  TR  61-123 


3-1 


3. 2  FLIGHT  VEHICLES  AND  THEIR  OPERATING  CHARACTERISTICS 


The  type  of  vehicle,  aircraft  or  missile,  large  or  email,  and  the 
number  of  flights  that  can  be  made,  help  determine  the  answers  to  the  follow¬ 
ing  main  (jusaiion*: 

1.  How  many  samples  should  be  taken? 

2.  How  long  should  each  sample  be? 

3.  When  should  the  sample  be  taken? 

An  answer  to  these  questions  requires  a  knowledge  of  the  vehicle 
mission,  length  of  flight,  length  of  various  flight  phases,  and  the  various 
sources  of  vibration  excitation  likely  to  occur. 

Table  3. 1  was  prepared  to  provide  an  over-all  picture  of  the 
various  flight  vehicles  which  are  in  service  now,  or  will  be  in  the  near  future. 
It  is  realized  that  not  every  single  flight  vehicle  will  fit  exactly  into  one  of 
the  four  categories  shown  in  Table  3. 1 .  This  breakdown  mainly  serves  a 
qualitative  purpose  to  help  the  vibration  engineer  to  prepare  an  exact  chart 
for  the  particular  vehicle  under  consideration. 

3. 2. 1  Vibration  Sources 

The  column  headed  "Vibration  Sources"  in  Table  i.  i  requires  some 
additional  discussion  since,  for  low  measurement  errors,  sample  length  is 
dependent  upon  the  frequency  range  to  be  recorded  (this  is  shown  in  later 
Sections  4, 6,  7,  and  8). 

The  frequency  content  of  the  various  sources  of  excitation  generally 
ranges  from  1  to  10, 000  cps.  Without  a  detailed  analyses  of  the  types  of 
vehicles  being  considered,  providing  information  as  to  size,  structural  design, 
weight,  engine  type  and  characteristics,  velocity  profiles,  aad  launch  condi¬ 
tions,  the  excitations  can  only  be  estimated.  This  estimation  would  include 
a  prediction,  in  certain  cases,  of  the  probability  of  occurrence  of  various 
frequency  ranges,  choosing  only  those  which  appear  the  most  likely,  it 
should  be  noted,  however,  that  other  frequencies  may  also  occur  in  practice 
which  may  cause  damage  even  though  their  probability  of  occurrence  is  low. 

Keeping  these  qualifications  in  mind.  Table  3. 2  can  be  used 
with  appropriate  caution  to  estimate  the  frequency  ranges  of  various  flight 
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Tahiti  1  Typva  of  Flight  Vehiclua 
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Tmbl«  3.  1  Typaa  of  Flight  Vahiclaa  (Cant'd) 
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considerably  from  thou*  M-vown. 


vehicle  vibration  source*.  The  nature  of  these  exciting  forces  is  prnioi 
inantly  random. 


Table  3.  2  Vibration  Sources 


i.  Rocket  Exhaust  Noise,  Jet 

40  -  10, 000  cps 

Noise  and  Base  Pressure 

Fluctuations 

Most  Significant  Region 

100  -  2,000  cps 

2.  Boundary  Layer  Turbulence 

too  -  10,000  cps 

Most  Significant  Region 

300  .  5.  300  cps 

3.  Wind  Shear 

0.2  cps 

Most  Significant  Region 

I  -  2  cps 

4.  Atmospheric  Turbulence 

0  -  10  cps 

Most  Significant  Region 

1  -  10  cps 

S.  Surface  Turbulence  and  Buffet 

10  >  100  cps 

(Oscillating  Shocks) 

6.  Runway  Roughness 

1  -  50  cps 

3,2.1  End  Use  of  Vibration  Data 

Another  important  are*  in  any  study  of  flight  vehl_«  vibrations  is 
the  purpose  or  end  use  for  which  the  data  is  to  be  obtained-  Generally,  there 
are  three  main  fields  of  application: 

1.  Structural  fatigue  analysis  and  system  reliability. 

2.  Establishing  vibration  environment  for  equipment. 

3.  Human  comfort  considerations. 

The  relationship  of  these  fields  to  sample  size,  length,  and  timing,  is 
somewhat  more  subtle,  and  numerical  result*  cannot  be  obtained  directly. 
For  instance,  some  specific  fatigue  study  may  require  special  data  reduction 
equipment,  which  in  turn  may  impose  certain  requirement*  on  the  samples. 
Or,  for  some  other  applications,  specific  transducers  may  have  to  be  used 
which  then  would  again  place  gome  restrictions  on  bow  the  samples  should  be 
taken. 
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5.  5  RESPONSE  OF  LINEAR  STRUCTURES  TO  PERIODIC 
AND  RANDOM  EXCITATION 

Having  cbtiisce  i  qioliutivc  picture  of  flight  vehicle  opentisj 
characteristics  and  exciutios  sources  of  the  vibration  environment,  the 
question  that  row  arises  is:  How  does  the  Structure  within  the  vehicle 
respond  to  these  forces  and  what  can  be  expected  to  occur  at  a  single  point 
on  that  structure. 

Advanced  analyses  of  structural  responses  to  periodic  and  random 
excitations  are  presented  in  Section  ?  of  this  report.  Some  basic  relation¬ 
ships  wilt  he  reviewed  below  for  the  purpose  of  summarising  some  well 
knows  results  i»  provide  the  reader  with  a  simplified  description  of  bow 
linear  structures  respund  to  pe £ iwvn  «hs  rtrufcns  disturbances.  Pter  ;  more 
complete  development  with  extensive  discussions  and  proofs,  the  reader  is 
referred  to  appropriate  references  at  the  end  of  this  section  (e.g. .References 

£J.  [3- £*■«].  D€- 1-  N  »- 

3. 1.  1  Response  to  Single  Frequency  Excitation 

The  simplest  model  of  a  vibrating  system  is  the  single-degree-of- 
freedom  system.  With  proper  interpretation  the  response  of  this  system 
can  be  used  to  estimate  the  response  of  many  other  more  complex  configu¬ 
rations.  Within  certain  limitations,  this  also  applies  to  the  response  in  one 
of  the  normal  modes  of  continuous  structures. 

Figures  3.  1  and  3.  i  below  show  two  possible  configurations  for  the 
*ingle-degree-of- freedom  system. 

ecu 


* 

2 


Figure  3.  1  Single  Degree  Sy«lem  Figure  3.1  Single  Degree  System 

iFixed  Rase)  (Movable  Base} 
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Figure  3.  S  Magnitude  Response  Function  |h(u)| 


In  vibration  work,  phase  information  can  often  be  ignored  and  the  only 
consideration  will  be  amplitude.  Convenient  measures  of  amplitude  are  the 
mean- square  or  root  mean-square  values.  For  a  time-history  of  vibration 
amplitude  expressed  by  y(t),  the  mean- square  value  over  a  time  interval  T  is 
given  by 

_  T 

y2(t)=-i-  f  y2(t)dt  (3.2) 

T  virt 


It  can  be  shown  (Reference  [6],  p.  1-7),  see  also  Section  9.  1. 1,  that  the  ratio 
of  a  mean- square  output  y  it)  of  a  single  degree  of  freedom  system  to  a  mean 
square  input  f  (t)  is  equal  to  |H(w^  ,  the  square  of  the  magnitude  response 
function 


(3.3) 
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3.  3.2  Response  to  Multiple  Frequency  Excitation 


If  the  input  consists  of  a  superposition  of  steady  simple  harmonic 
functions  with  different  amplitudes,  phases,  and  frequencies,  it  is  conven¬ 
ient  to  describe  its  mean  square  value  in  terms  of  a  discrete  spectral 
density  function,  as  defined  below.  By  Fourier  Series  Analysis,  it  can  be 
shown  that  if  a  real  input  f  (t)  is  of  period  P,  and  has  no  constant  term  (c.  g. , 
no  dc  component),  then  it  can  be  represented  by  the  real  part  of  the  follow¬ 
ing  series,  ^Reference  6,  pp.  1-7  through  l-llj. 


V5  ‘""o1 

f(t)  -  L  a n  e 


Ztt 


(3-4) 


a  = 
n 


1  0  "inw0t 

—  \  f(t)  e  u  dt  (n  =  +  1.  +  2, 

p  Jo 


.) 


a0 


=  0 


where  the  complex  coefficients  aR(n  =  + 1,  +  2,  .  .  .)  contain  information 
about  the  phases  of  the  various  components.  A  similar  representation  holds 
for  the  output  response  function  y(t)  when  f(t)  is  the  inpu.  -o  a  single-degree- 
of-freedom  system. 

A  typical  time-history  of  the  response  to  multiple  frequency  excitation 
is  drawn  in  Figure  3.  6  below.  In  part  (a),  the  input  wave  consists  of  the  sum 
of  two  frequencies  u  and  2u>.  Part  (b)  illustrates  a  possible  response  output 
with  a  natural  frequency  wn  between  w  and  2«. 


Figure  3.6  Response  to  Multiple  Frequency  Excitation 
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From  Equation  {3. 4),  if  one  deals  here  with  mean  square  values, 
there  results 


N 

Z  S£(n«0)A« 

n=  1 


(3.  5) 


where  a*  denotes  the  complex  conjugate  of  an>  ana  Aw  =  (Zw/P).  The  sum 

runs  theoretically  from  n  =  1  to  n  =  oo,  but  in  actual  practice  will  stop  at 

*  ,  ,2 

some  finite  large  value  N.  The  quantity  a^a^  =  |aj  contains  no  phase 
information.  Equation  (3.  5)  shows  that  the  mean  square  value  of  a  complex 
wave  is  just  the  sum  of  the  mean  squares  of  the  component  frequencies. 

The  quantity  Spatig)  which  equals  (a^a  */2  is  called  a  discrete  spectral 
density  function  ,  and  is  commonly  measured  in  units  such  as  inch  / rad/sec 
for  displacements  or  g2/cps  for  acceleration. 

For  the  mean  square  steady-state  output,  one  obtains  by  extending 
Equation  (3.  3)  for  this  case. 


_  N  N 

y  (t)  *  )  =  £  S^nw^Aw  iHOu^j2  =  £  Sylnw^Aw  (3.6 

*  ns  1  qs  1 


where  Aw  =  (1*/P). 

A  pictorial  representation  of  Equation  (3.  5)  and  (3. 6)  are  given  in 
Figuxes  (3.  7)  and  (3. 8),  respectively.  In  these  figures,  the  vertical  lines 
represent  the  contribution  to  the  total  mean  square  value  of  the  individual 
frequency  components.  Note  from  Equation  (3. 6)  that  the  individual  spectral 
lines  S£<nwQ)  and  Sy(nug)  are  related  by 

sy<nw0,=  lH'n*M}|2  S£.<n«0)  (3.7) 

The  total  mean  square  values  for  input  or  output  are  obtained  by  summing 
all  the  individual  spectral  lines,  as  shown  in  Equations  (3. 5)  and  (3. 6). 
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Figure  5.  7  Discrete  Input  Spectrum 
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Figure  3-8  Discrete  Output  Spectrum 
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3.3.3  Response  to  Random  Excitation 

A  schematic  representation  of  the  input -output  relation  for  any  linear 
system  is  shown  in  Figure  3.9. 


f(t) 


Excitation 


H(«) 

Complex  Frequency 
Response  Function 


Response 


y(t> 


Figure  3.9  Input-Output  System 


The  mathematical  nature  of  H(u)  for  a  single-degree -of- freedom  system  is 
shown  in  Equation  (3.  I). 

Important  statistical  properties  of  the  excitation  random  process  are 
the  mean  value,  (which  for  simplicity,  as  well  as  fact,  may  usually  be 
assumed  to  be  zero),  the  mean  square  value,  the  power  spectral  density 
function,  and  the  autocorrelation  function.  These  and  other  topics  are  covered 
in  considerable  detail  in  Sections  4,  6,  and  7.  Examples  of  narrow-band 
and  wide- band  continuous  power  spectral  density  functions  and  their  respec¬ 
tive  time- historic'  are  pictured  in  Figure  3.  10. 

One  very  important  relationship  which  exists  between  the  excitation 
power  spectral  density  function  and  response  power  spectral  density  function 
for  random  excitation  ^Reference  6,  pp.  4-!  through  4-7 J ,  see  also  Sections 
4.9.4  and  9.  1. 1  of  this  report,  is  given  by 

Sy(w)  =  [HM|2  SfM  (3.8) 

In  words,  the  power  spectrum  of  the  response  is  equal  to  the  power  spectrum 
of  the  excitation  multiplied  by  the  square  of  the  system  magnitude  response 
function. 
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Figure  3. 10  Example*  of  Narrow-band  and  Wide-band  Power-spectra 
and  their  Respective  Time- histories 
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For  a  single-degree-of-freedom  system  subjected  to  "white  noise" 

(an  input  having  a  uniform  power  spectrum  Sq  from  aero  frequency  to  infinity, 
see  Figure  3. 1  i),  the  mean  square  response  is  (Reference  6,  p.  4-7  j  ..derived 
he*  in  Section  4. 9-  4, 


°-nSC 


4 


=  2tf 
n 


(39) 


S»(«i 

A 


0! 

Figure  3. 1  i  White  Noise  Spectrum 

Even  though  the  result  of  Equation  (3. 9}  is  valid  only  for  an  infinitely 
wide- band  input,  it  provides  a  good  approximation  for  a  lightly  damped  system 
subjected  to  a  continuous  spectrum  which  is  uniform  in  the  vicinity  of  the 
system  natural  frequency.  This  is  illustrated  in  Figure  3. 12  below. 


Figure  3.  12  Mean  Square  Response  of  Lightly  Damped  System  -*(Oi#n50/-1) 
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One  additional  important  parameter  of  the  response  is  the  amplitude 
probability  density  function.  For  a  lightly  damped  single-degree-of- freedom 
system,  the  narrow-band  response  to  wide-batid  random  excitation  is  shown 
in  Figure  3.  13. 


The  narrow-band  response  above  is  approximately  a  sine  wave  at 
frequency  u(  with  a  randomly  varying  amplitude  and  phase.  It  can  be  shown, 

(see  Reference  [bj  ,  pp.  4- 11  through  4-13)  that  for  many  cases  the  proba¬ 
bility  density  of  the  envelope  is  approximated  closely  by  a  Rayleigh  probabil¬ 
ity  density  function. 

-Ai/ZRIQ) 

p(A)  =  - - —  e  x  ;  AiO  (3.10) 

Rx(0) 

where  Rx(0)  is  the  autocorrelation  function  of  the  response  evaluated  at  zero. 

A  theoretical  treatment  of  this  matter  which  extends  the  above  result  to  include 
wide- band  response  is  discussed  in  Section  4.9.  3. 

3.4  EMPIRICAL  RESULTS  FROM  EXISTING  FLIGHT  VEHICLES 

As  mentioned  before,  a  considerable  amount  of  interpretation  is 
required  to  arrive  at  the  actual  vibration  environment  from  a  knowledge  of 
the  vibration  sources  and  analysis  of  the  response  of  structures.  To  help 
bridge  this  gap,  some  actual  data  or.  frequency  ranges  and  magnitudes  will 
now  be  presented,  which  has  been  observed  in  present  day  flight  vehicles. 
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Figures  3.14  through  3.1?  show  levels  of  maximum  accelerations 
recorded  in  jet  aircraft  and  missiles  as  summarized  from  References  j7, 
13,  14,  2Q  at  the  cod  of  this  section. 


Figure  3. 14  Maximum  Accelerations  in  Jet  Fighter  Aircraft 


Figure  3. 15  Maximum  Accelerations  in  Jet  Bomber  Aircraft. 
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Figure  3.  to  Maximum  Missile  Launch  Accelerations 


Figure  3.17  Maximum  Missile  Flight  Accelerations 
ASDTR61-12J  3- ‘.9 


Upon  examining  the  references,  one  finds  very  little  statistical  analysis 
and  confidence  in  the  above  curves.  The  various  authors,  for  the  most  part, 
do  not  state  information  regarding  the  data  reduction  methods  used,  location 
and  type  of  transducers,  lengths  of  records,  and  calibration  checks.  Some 
of  the  data  wac  reduced  to  rms  levels  witbou*  regard  to  whether  the  data  was 
random,  sinusoidal  or  a  combination  cf  the  two.  Other  data  was  processed 
assuming  randomness,  stationarity,  and  normality,  without  justifying  these 
fundamental  assumptions.  Of  course,  on  the  basis  of  expediency,  such  methods 
may  sometimes  be  understood,  as  long  as  these  limitations  are  not  ignored 
when  conclusions  are  drawn  or  predictions  are  made.  Some  of  the  more  recent 
reports,  such  as  Kennard  [il],  have  shown  an  awareness  of  this  problem. 
Information  regarding  methods  used  for  obtaining  the  records  and  data  reduc¬ 
tion  techniques  are  retained  with  the  final  presentation  of  the  vibration  data. 

Figures  3. 16  and  3.  17  are  representative  only  for  certain  classes  of 
missiles  and  the  levels  shown  are  an  "average"  maximum.  For  specific 
environments  the  reader  is  referred  to  the  literature,  some  of  which  appears 
in  the  references.  For  instance,  there  have  been  occurrences  of  acceleration 
levels  in  excess  of  100  g's  rms,  and  some  of  the  more  recent  data  includes 
frequencies  above  2000  cps. 

It  is  also  interesting  to  note,  in  surveying  the  references  that  nearly 
ail  flight  vehicle  vibration  response  data  are  obtained  in  t*  form  of  accelersUon 
levels.  No  direct  statements  have  been  found  as  to  why  acceleration  levels 
are  measured  in  preference  to  velocity,  displacement,  or  strain  levels.  How¬ 
ever,  it  is  believed  that  acceleration  data  has  been  favored  for  many  good 
reasons  including  the  following. 

Piezoelectric  crystal  transducers,  which  produce  voltage  signals 
proportional  to  applied  acceleration,  are  the  only  commercially  available 
vibration  transducers  that  have  a  wide  frequency  response  range  (2  to  over 
20, 000  cps)  while  being  small  and  light  in  weight  (under  i  ounce).  Velocity 
signal  generating  transducers  have  a  more  limited  frequency  response  (nor¬ 
mally  10  to  2000  cps)  and  are  considerably  heavier  (some  weighing  several 
ounces).  True  displacement  signal  generators  applicable  for  flight  test  use 
are  not  commercially  available.  In  the  days  of  propeller  airplanes,  the  nature 
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of  the  transducer  was  of  little  importance  since  the  response  was  predominately 
periodic  and  the  dynamic  energy  was  concentrated  in  the  frequency  ran*e  below 
500  cps.  The  transducer  ovtpwt  signal  could  easily  be  differentiated  or 
integrated  during  measurement  to  obtain  a  signal  proportional  to  any  parameter 
desired.  In  modern  flight  vehicles,  where  a  broad  band  random  response  is 
predominate,  the  transducer  output  signals  are  not  so  easily  manipulated. 

To  date,  most  of  the  final  presentation  of  random  vibration  data  has 
been  in  the  form  nf  power  spectral  density  distributions  with  assumed  Gaussian 
nmpfitndtr  distributions.  The  actual  amplitude  distribution  of  the  structural 
vibration  response  in  modem  vehicles  has  been  the  target  of  investigation  by 
man/  engineers  only  recently  with  interesting  remits. 

W.  S.  Shipley  [ill]  determined  the  amplitude  distribution  of  the  vibration 
environment  in  the  Sergeant  Missile  and  esaded  up  with  a  near  perfect  normal 
distribution.  R.  V.  Mustain  [itj  investigated  the  amplitude  distributions  of 
the  vibration  environment  in  the  SM-&2  missile,  bet  did  not  obtain  good  adherence 
to  the  normal  distribntian. 

F.  K.  Eng  [9j  presents  amplitude  distribution  results  (distribution 
of  peak  amplitudes)  from  missile  vibration  data  which  deviate  rather  widely 
from  the  expected  Rayleigh  distribution.  Of  particular  interest  is  a  paper 
by  Edwin  Kamps  [l2j  who  investigated  the  distribution  of  peak  pressures  in 
the  near-field  noise  generated  by  the  exhaust  of  a  high  performance  jet  engine, 
a  major  source  of  structural  vibration  in  piloted  aircraft.  The  results 
deviated  substantially  from  a  Rayleigh  distribution-  This  deviation  is  noted 
also  by  Kenaare  [n] 

Forms  of  vibration  data  presentation  and  interpretation  other  than 
power  spectra  and  amplitude  distributions  have  been  developed  primarily  in 
association  with  the  fatigue  problem.  One  such  development  considers  the 
structural  vibration  environment  in  terms  of  an  intensity  spectrum  and  a 
structural  susceptibility  function.  Reference  M- 
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4.  MATHEMATICAL  BACKGROUND  FOR  ANALYZING 
VIBRATION  PHENOMENA 


4.  1  FORMS  OF  VIBRATION  PHENOMENA 

Steady-state  vibration  phenomena  may  be  divided  naturally  into 
four  main  descriptive  forms:  (1)  sinusoidal,  (2)  periodic,  (3)  complex, 
and  (4)  random.  Combinations  of  these  forms,  of  course,  occur  also. 
Historically  the  first  three  types  of  phenomena  were  studied  mathematically 
quite  extensively,  and  only  in  recent  years  have  mathematical  techniques 
been  developed  to  properly  evaluate  random  phenomena.  This  has  led  to 
many  separate  investigations  emphasizing  various  limited  aspects  of 
vibration  data  analysis.  It  is  the  purpose  of  this  section  to  look  at  the 
over-all  vibration  analysis  problem,  and  to  discuss  in  a  broad  way  many 
mathematical  ideas  that  have  been  found  to  be  appropriate. 

A  single  vibration  record,  or  a  set  of  records,  is  usually  described 
in  terms  of  its  time  behavior  and  its  frequency  characteristics.  See 
Fig.  4.1.  For  example,  after  suitable  processing,  one  may  plot  instan¬ 
taneous  amplitude  values  versus  time,  the  frequency  being  fixed  at  a 
particular  value.  Or,  one  may  plot  mean  square  amplitude  values 
(associated  with  a  particular  fixed  record  length)  versus  frequency,  the 
time  being  held  constant.  Various  other  vibration  properties  may  similar¬ 
ly  be  plotted  versus  time  or  versus  frequency.  Thus,  a  number  of  two- 
dimensional  plots  may  be  generated.  This  can  be  displayed  as  a  three- 
dimensional  plot  provided  one  understands  that  the  vertical  scale  repre¬ 
sents  different  quantities,  in  general,  when  referred  to  the  time  and 
frequency  axes.  For  a  fixed  value  of  time,  frequency  characteristics 
are  displayed,  while  for  a  fixed  value  of  frequency,  time  behavior  is 
displayed. 

4.  1 . 1  Sinusoidal  Vibration 

Sinusoidal  vibration  is  defined  mathematically  by  a  time-varying 
function  satisfying  the  equation 

x(t)  =  A  sin  (2wft  +  0)  (4.  1) 


ASD  TR  61  -12 


4-1 


Figure  4. 1  Three 'Dimensional  Plot  of  Different  Vibra¬ 
tion  Properties  versus  Time  and  versus  Frequency 
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where 


A  =  constant  amplitude  factor 

f  =  cyclical  frequency  (usually  in  cycles  per  second,  cps) 

0  =  initial  phase  angle  with  respect  to  the  time  origin 

x(i)  =  instantaneous  amplitude  at  time  t  (usually  in  seconds}, 
the  magnitude  of  x(t)  itself  usually  being  in  inches  or 
feet  or  g-value  (to  be  defined  later)  for  vibration  data. 

A  complete  description  of  x(t)  for  all  t  is  known  once  A,  f  and  0  have 
been  specified.  For  single  wave  analysis,  the  phase  angle  0  is  often 
ignored.  Thus,  Eq.  (4.  1)  may  be  characterized  completely  by  A  and  t. 

On  setting  0  =  0,  Eq.  (4. 1)  becomes 

x(t)  =  A  sin  2»ft  (4.  2) 


Eq.  (4.  2)  can  be  pictured  by  an  amplitude-time  plot,  or  by  an  amplitude- 
frequency  plot.  See  sketch  below. 


SINGLE  SINE  WAVE 


The  period  P  equals  the  time  interval  for  one  full  vibration  (or  cycle), 
usually  in  seconds.  The  frequency  f  equals  the  number  of  cycles  per 
unit  time,  usually  cycles  per  second  (cps),  and  is  related  to  P  by 

P=l/f  (4-3) 


The  g-value  equals  the  instantaneous  acceleration  magnitude  expressed 
in  units  of  g**  32.  2  ft/sec^,  the  acceleration  due  to  gravity.  From 
Eq.  (4.2) 
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|'x{t)j  =  (2*f)2{x(t)| 

Hence 

Ixioj  .  iWtoi  _s  (4., 

g  g 

For  example,  it  x(t)  =  0.02  2  inches,  and  if  £  =  100  cps,  then  the 
associated  g- value  is  12.3. 

In  order  to  describe  for  later  analyeis  the  superposition  effects  of 
two  or  more  sine  waves,  with  relative  phase  angles  which  can  be  ignored, 
it  is  sufficient  merely  to  plot  a  discrete  frequency  spectrum  of  amplitudes 
versus  frequency.  See  sketch  below  for  a  graphical  plot  of  the  sum  of 
three  sine  waves.  The  corresponding  mathematical  equation  as  a  function 
of  time  t  is  here 

x(t)  =  AjSin  2*f  jt  +  A^sin  Zif^t  *  A^sin  2wf^t 


Amplitude 


fj  f^  fj  frequency 


SUM  OF  THREE  SINE  WAVES 
(PICTURED  BY  AN  AMPLITUDE- FREQUENCY  PLOT) 


4. 1 . 2  Periodic  Vibration 

Periodic  vibration  is  defined  mathematically  by  a  time- varying 
function  x(t)  whose  waveform  is  such  that  there  exists  a  fundamental 
period  P  having  the  property  that 

x(t)  =  x(t  nP)  for  all  integers  n  =  1,  2,  3, . . .  and  all  t  (4.  5) 
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The  reciprocal  of  P,  namely  f  =  (1/P),  is  called  the  fundamental  frequency 
of  vibration.  It  may  be  show  that  all  frequencies  present  in  x(t)  are 
constant  multiples  of  ti>U  fundamental  frequency. 

A  simple  sinusoidal  function  is  a  special  case  of  a  periodic  function 
with  period  P  =  (I/'f)  as  can  be  seen  directly  from  the  defining  relation 
since 


sin  2*ft  =  sin  Zw f  ^  t  _f  (a/ £)  J  for  all  n  and  all  t 

The  sum  of  three  sine  waves  may  or  may  not  be  periodic  depending  on 
the  commensurability  of  f  j.  f^  and  iy  For  example,  with  three  frequencies 
expressed  by  rational  numbers,  say  fj  =2/3  cps.  f^  =  3/ 4  cps  and 
=  S/6  cps,  then  P  =  12  see  would  be  the  fundamental  period  since  3, 

4  and  6,  the  denominators  in  fj.  f »  and  (y  respectively,  would  all  divide 
into  12  an  integral  number  of  times,  and  no  smaller  number  than  12  has 
this  property.  However,  if  any  one  of  the  frequencies  in  question  should 
be  expressed  by  an  irrational  number,  c.  g.\fTcps.  while  one  or  both  of 
the  other  frequencies  are  expressed  by  rational  numbers,  then  no  funda¬ 
mental  period  would  exist. 

If  the  time-varying  function  is  periodic  with  period  P,  then  with 
few  exceptions  in  practice,  it  may  he  expanded  in  a  Four'*,  series 
according  to  the  formula 

a  oo  ao 

x(i)  =  —  +  ^  *  ccs  2*nft  +  2  **  *in  ^xrJft  (4.  6) 

2  n=l  ”  n=l  n 


where 

i  =  1/P 

Z  PP 

a  =  —  x(s)  cos  2*nfs  ds 

9 

n  -  If  2f .  •  • 

n  P  ''o 

2  rp 

b  -  —  1  x(s)  sin  2*nfs  ds 

n  P  Jo 

9 

n  =  l,  2.  3, — 

A  Fourier  series  is  determined  completely  through  knowledge  of  the 
amplitude  coefficients  aR  and  bR  at  frequencies  nf.  and  may  be  pictured 
by  plotting  these  coefficients  as  a  function  of  frequency. 
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4.1.3  Complex  Vibration 

Complex  vibration  will  be  defined  here  as  non-periodic  vibration 
phenomena  which  may  be  described  by  some  suitable  analytic  time- 
varying  function.  The  availability  of  such  an  analytic  function  means 
that  the  entire  time  history  of  the  vibration  in  question  can  be  stated 
completely.  There  are  no  probabilistic  features  associated  with  its 
time  behavior. 

Three  simple  examples  of  complex  vibration  are: 


x(t)  =  A,  sin  2*f jt  *  A^sin  Zziy.  ;  fj  rational,  f^  irrational 


Observe  that  for  complex  vibration,  as  opposed  to  periodic  vibra¬ 
tion.  there  exists  no  fundamental  period  P  such  that  x{t)  -  xjt  +  P)  for  all 
t.  This  is  the  distinguishing  difference  between  complex  vibration  and 
periodic  vibration.  Both  types  of  vibration  are  required  to  have  explicit 
analytic  representations-  If  a  time-varying  function  has  a  Fourier  Integral 
representation,  but  net  a  Fourier  Series  representation,  then  it  would 
belong  to  the  class  of  complex  vibrations  rather  than  the  class  of  periodic 
vibrations. 


4.1.4  Random  Vibration 

Random  vibration  is  that  type  of  time-varying  excitation  which 
consists  of  randomly  varying  amplitudes  and  frequencies  such  that  its 
behavior  can  be  described  only  in  statistical  terms.  No  analytical 
representation  exists  for  the  complete  vibration  in  question  so  that  it 
cannot  be  classified  as  a  complex  form  of  vibration.  The  motion  does 
not  repeat  itself  in  finite  time  period*  -See  sketch  below  for  an  example 
of  a  single  random  vibration  record. 
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SINGLE  RANDOM  VIBRATION  RECORD 

A  particular  observed  random  vibration  record  is  usually  a  unique 
set  of  circumstances  never  likely  to  repeat  exactly  sr  ail  its  characteris¬ 
tics.  An  observed  record,  in  actual  practice,  is  merely  a  special  example 
out  of  a  large  set  of  possible  records  that  might  have  occurred.  In  order 
to  analyze  this  single  record,  it  is  necessary,  in  general,  to  analyze 
statistically  the  entire  collection  of  random  records  of  which  it  is  a  part. 
This  collection  (also  called  ensemble)  of  records,  assuming  it  can  be 
characterized  statistically  in  ways  sttii  to  be  described,  is  known  as  a 
random  process.  The  sketch  below  is  a  picture  of  a  random  process  in 
which  the  individual  records  are  laid  one  above  the  ether  using  some 
common  time  base. 


In  general,  no  individual  record  is  representative  of  any  other 
record,  ncr  is  any  individual  record  in  its  time-wise  behavior  at  fixed 
values  of  time.  In  general,  statistical  properties  as  averaged  ever  the 
ensemble  of  records  vary  with  the  time  at  which  the  measurements  are 
made.  Such  random  processes  are  called  "non-stationary"  to  distinguish 
them  from  other  special  "stationary"  random  processes,  where  statis¬ 
tical  properties  as  averaged  over  the  ensemble  of  records  are  invariant 
with  respect  to  time.  These  matters  will  be  discussed  later  in  further 
analytical  detail. 

Present  consensus  of  information  from  qualified  people  doing 
vibration  data  analysis  for  missile  and  space  flight  vehicles  indicates 
that  the  overwhelming  portion  of  data  falls  in  the  random  vibration 
category.  A  limited  amount  of  data  under  very  special  conditions  is 
better  described  as  (a)  sinusoidal,  (b)  periodic,  or  (c)  complex.  For 
this  reason,  the  discussion  to  follow  will  concentrate  itself  on  analyzing 
random  vibration  phenomena,  with  some  special  attention  devoted  to 
sinusoidal  vibration. 

4.2  SINGLE  ANALYTIC  RECORDS 

The  mean  value  of  a  single  analytic  record  x(t)  of  length  T  will  be 
defined  by 


The  average  absolute  value  of  x(t}  is  defined  by 

r  Midi  (4.«) 

T  WG 


A  function  (not  identically  zero}  with  zero  mean  value  will  have  a  non¬ 
zero  average  absolute  value. 

The  mean  square  value  of  x(t)  is  defined  by 


-  j  x*(t)  dt 
T  0 


(4.9) 
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By  definition,  the  root  me?n  square  (rms)  value,  (usually  denoted  by  c~ 
if  the  astir,  value  is  zero)  is  the  positive  square  root  of  the  mean  square 
value 


g.xa  mpie: 


Sine  Wave. 


x{*}  -  A  sin  2eft  :  0  <l  <  I 

(4.  1C) 

T  *  p.P  =  n/f  where  n  *  integer  ;  P  -  period 


The  mean  value,  average  absolute  value,  and  mean  square  value,  of  a 
sine  wave;  averaged  over  a  length  T  equal  to  an  integral  number  of  periods, 
are  given  by: 


-  A 
x 


f'T 


-  —  l  sin  2xft  dt  =  0 
T  ^0 


2A 


_  *  pT  .  p(i/2f; 

!  x  I  =  —  j  'sin  2xfi  |  dt  =  — - -  {  sin  Itf!  dt  -  — »0.  636A 

1  T  U  '  (1/20  J0  * 

(4.11) 


”2  *2 
X 


,  x  ,  nil!  0 

=  - —  J  sinZ(2*ft)  dt  s  *»-Z*  dt  =  A2/2 


T  0 


(I/O 


The  rms  value,  cr.  for  a  sine  wave  is  given  by 

FT  a 


O'  =U  X  = 


4? 


0. 707A 


(4-12) 


Note  that  in  terms  of  <r,  the  average  absolute  value 


|x  I  =  — =  (2/x)  i|T  or  s*  0.900  <r 


(4  13) 


For  a  single  analytic  record  x(t).  the  (cumulative)  probability 
distribution  function  P(xQ)  defines  the  fraction  of  time,  on  the  average. 
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that  the  magnitude  of  x(t)  will  be  beioe  x^.  Clearly,  P(-oo)  =  0  and 
P(fOD)  =  1,  since  the  magnitude  --rill  never  be  bcisw  (~a>)  and  will  always 
be  below  (ion).  For  all  other  values  of  *g.  Pt*g)  will  be  a  non-decreasing 
function  of  Xq  between  zero  and  unity. 

The  fraction  of  time,  os  the  average,  that  the  magnitude  of  xft)  lies 
between  x{  and  x,,  where  x,  <  x^,  is  gives  by  F*x^)  -  P(xj).  Define  the 
quantity 


P(x2)  -  PU,) 

pixl'  *2^  "  ' 

x2  -  *, 


and  take  the  limit  c>  this  quantity  as  jAx  |  =  |x;  -  X|  j  approaches  sero. 
Asiunirg  this  limit  to  exist,  there  results  the  derivative 


Pix)  - 


dP(x) 

dx 


(4. 14) 


with 


P«»  <1* 


(4. 15) 


The  quantity  pfx)  is  called  the  probability  density  function.  For  small 
A  x.  the  |»  obabi lity  that  x(l)  lies  between  sad  *-  +  Ax  is  given  by 
PC*0>  4x' 

/x-*A» 

p(*)  dxcfp<Xg)Ax  (4. 1ft) 

*0 


Example:  Sine  Wave. 


x{t)  -  A  sin  2*ft 

The  probability  distribution  function  for  the  instantaneous  amplitude  values 
of  the  above  sine  wave  is  given  by.  see  Ref.  (l.  p.  Hi]  . 
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(4-17) 


P»* )  -  1/2  lx! A} 


The  corrcspoadiaf  sraiMbiislv  density  /section  for  Use  istMaURtoei 
ur.piiiwt  values  of  Use  sine  w,-*  is  (sin:  be  a***  *  9  for  f  xj  >  A,  end 


dPjxj 

dx 


I*I<A 


H  itf 


Tfcese  results  for  a  single  sine  «•*  should  be  well  understood 
because  of  their  considerable  difference  to  a  Gaussian  {normal}  distri¬ 
bution  function  which  is  associated  frequently  with  random  phenomena. 
The  Gaussian  {cumulative}  probability  distribution  and  probability  density 
functions  will  be  discussed  in  a  later  section. 

The  power  spectral  density  function  S^jf)  associated  wills  a  single 
analytic  record  x(t)  is  defined  as  the  limiting  value  of  the  mean  square 
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rafcte  x  ft!  ccsuistd  ta  *s  :dt»;  aaa^us  niter  with  ceot er  freqaexcy  f. 
divided  tty  the  te<d«idk  B.  a*  the  bandwi dtfc  afprMdws  wr*.  T has. 

*«  power  spectre!  density  iacclico  iajiuiti  the  rtfc  of  dUE|e  ad  dtt 
rceas  sjiart  »alst  with  frt^swcjr.  Tke  total  asttt  iyi  re  velae  ia  s;t) 
»  by  iMtfriti*|  (saRmuf)  S^ifl  over  all  freqweactes  from 

f  s  -as  alt®,  {e^xiva lees  to  iutfruiaf  2S  (0  from  ft  0  to  f  -  «d}„ 
white  the  mean  sqatrt  vah*e  of  xft)  betwee*  the  freyeatiet  f  m4  ia 
obtained  by  inleg  rating  2S(0  from  f  ta  (The  factor  ad  £  resales  free.: 
mathematical  iaclwioe  «d  negative  frqaesciet. )  1®  eqaatie®  form 


2 

*rx  f  f^  <  f  <  f^l  *  2 


SxCf>df 


(4- If! 


Ipx  o« 

J  s.m  a  •  i  J 


s,cn 


Example:  Sate  Wave 


aft!  *  A  sib  2*fgt 


tout  me  ax 


xft)  cestaiu  power  wly  at  ooe  frc^tacy  fQ- 
sqnare  valae  ia  xft)  is  give®  by 


(iacc  the 


sxm 


(4-20! 


it  follow*  that 


5x(f)  *  (A  #  2}  Off  -  fc) 


(4-21! 


where  iff  *  fj  is  the  anti  Dirac  delta  function  as  defined  by 


i(f  -  f0)  =  0  far  it  ffl 


(4. 22* 


W  -  f^  df  =  1 
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*or4*,  Ifet  ^rctrtl  dnu’iT  isecti«e  cf  *  sa  nr  wav*  of  amplitude  A  at 
f reeseaer  fj  :i  a  delta  fuec::«c  a:  multiplied  by  Sfee  peer*  factor 

tte  asac»rekiisa  fwctiaa  K^jr.  T)  associated  wait  a  t:«(lc 
analytic  retard  xf(|  af  fixed  fssite  UtfEh  T  «iU  be  dciscd  by 

i  pt-t 

K  {r*  T)  *  — — J  ©<r<T  H-2JI 

*  T  -  v 


*)J  *tsi  *?»l)  *  if  -  «  T 


F#r  fixed  r.  uT  aapraackes  ifcia::v.  Or  aetoeor  relation  fsaztiw 
*x^  is  4«fi*ed  by 

K  frj  x  :»m  (l/T)J  x«f|Miev|dc  M-«i 

*  t-»c  © 

»  ykrti'xUr.  (be  above  defuutiooc  (ottkat  passage  to  tie  limit)  applies 
to  a  periodic  fosciiw  of  period  P  to  T 

Example-  Stoe  Wave 

xft)  x  A  si*  deft  .  Period  T  *  $1/0 

H  |e|  *fS/Tlf*  A1  s«  £sfl  *ix  ixfii  t  r)  dt 

*  J0 

*  CA V’l  co*  d*fv  $4.  £5) 

k  wards,  tke  aoteccr  reiat  loo  fasrUaa  of  a  *;r.e  wav*  of 
utplsitdt  A  at  fre^estf  f  is  a  cosiee  wav*  of  amplitude 
(A*/  Z1  aad  same  tnywscy  f.  Tims*  periodicities  preseat 
:e  a  fouliae  are  retaised  is  its  a»fo-correlaiioe  fcatnoo. 

Note  from  Eaj*.  (4  Z^aad  (4.  ZC)  ib*t 


4-1 J 


{4.  26) 


R  (0)  =  (A 
x 


72) 


f 

-co 


CO 

SJf)  df 


One  may,  in  fact,  prove  a  more  general  result 


R  (t)  = 
x 


poo 

J  S  (f)  cos  2irfT  df 
-oo 


(4.  27) 


The  above  results  may  be  extended  easily  to  sums  of  sine  waves 
and  to  other  analytic  functions.  The  discussion  to  follow  will  now  concern 
itself  with  establishing  various  fundamental  probability  and  statistical 
concepts  which  extend  the  above  treatment  on  single  analytic  records  to 
the  more  important  physical  situations  of  random  phenomena. 

4.  3  PROBABILITY  FUNDAMENTALS  FOR  RANDOM  RECORDS 

The  underlying  concept  in  probability  theory  is  that  of  a  set,  namely, 
a  collection  of  objects  such  that  it  is  possible  to  determine  of  any  particular 
object  whether  or  not  it  is  a  member  of  the  set.  In  particular,  the  possible 
outcomes  of  an  experiment  (or  a  measurement)  represent  a  set  of  points 
called  the  sample  space.  These  points  may  be  grouped  together  in  various 
ways,  called  events,  and  under  suitable  conditions  probab' Uty  measures 
may  be  assigned  o  each  event.  These  probabilities  always  lie  between 
zero  and  one,  the  probability  of  an  impossible  event  being  zero,  of  a 
certain  event  being  one.  For  sample  spaces  containing  a  finite  number 
of  points,  the  probability  of  a  particular  event  is  simply  the  ratio  of  the 
number  of  points  in  the  event  to  all  possible  points.  For  sample  spaces 
containing  an  infinite  number  of  points,  a  more  sophisticated  approach 
is  required. 

The  union  of  two  events  A  and  B  is  the  set  of  sample  points  which 
Lelong  to  A  or  to  B  or  to  both,  and  is  denoted  by 

A  (J  B  or  B  {J  A 

The  intersection  of  two  events  A  and  B  consists  of  the  set  of  sample 
points  which  belong  both  to  A  and  to  B,  and  is  denoted  by 

A  {"""I  B  or  B  f|  A 
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A  probability  measure  may  be  assigned  to  the  set  of  events  of  a 
sample  space  it  the  following  axioms  hold: 

{1)  To  each  event  A,  a  probability  P{A)  is  denned  by  a  non-negative 
real  number  depending  on  A  such  that  0  <  P(A)  <  1 . 

(2)  If  A  and  B  are  events,  then  AU  B  and  Af)  B  are  events. 

(3)  There  is  a  most  general  event,  say  G,  which  includes  all  other 
possible  events. 

(4)  For  the  most  general  event  G,  P(G)  =  1. 

(5)  If  A  and  B  are  different  events  with  no  po-nt.  in  common,  then 

P(AUB)  =  P(A)  +  P(B)  (4.  28) 

For  the  above  case,  the  probability  measure  is  said  to  be  additive.  For 
the  general  case  where  A  and  B  may  have  overlapping  points, 

P{AUB)  -  P(A)  +  P(B)  -  P(AOB)  (4.  29) 

4.  3.  1  One  Random  Variable 

A  random  variable  ROc)  is  defined  as  a  real-valued  point  function  of 
k.  where  k  is  a  point  from  the  sample  space.  That  is,  a  random  variable 
R(k)  represents  a  real  number  between  -oo  and  -too  which  '  ~  associated  to 
each  sample  point  k  that  might  occur.  Stated  another  way,  the  outcome 
of  an  cxperi  nent,  namely  k,  can  be  represented  by  a  real  number,  namely 
R(k).  For  historical  reasons,  this  numerical  random  outcome  is  called 
a  random  variable. 

Let  R(k)  denote  a  certain  random  variable,  then  for  any  fixed  number 

cr,  the  random  event,  R(k)  <«,  is  the  set  of  possible  outcomes  k  such  that 

R(k)  <  a.  In  terms  of  the  underlying  probability  measure  in  the  sample 

space,  one  may  define  a  (first-order)  cumulative  distribution  function 

P  (a)  as  the  probability  which  is  assigned  to  the  set  of  points  k  satisfying 

the  desired  inequality  R(k)  <  a.  Observe  that  the  set  of  points  k  satisfying 

R(k)  <  a  is  a  subset  of  the  totality  of  all  points  k  which  satisfy  R(k)  <  oo. 

— 

In  notation  form 


PR(o)  =  Prob  [  R(k)  <  a  ] 


(4.  30) 
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Clearly 


PR(a)  =  pj^(b)  ^  a  <  b 
PR(-a>)  =  0  ;  PR(a>)  =  1 


(4.  31) 


For  example,  let  the  sample  space  consist  of  tosses  of  a  single 
coin  where  the  two  possible  outcomes,  called  heads  and  tails,  are 
assumed  to  occur  with  equal  probability  (1/2).  The  random  variable 
R {'<)  for  this  example  takes  on  only  two  discrete  values,  R(heads)  and 
R(tails),  to  which  arbitrary  real  numbers  may  be  assigned,  e.  g..  let 
R(heads)  =  a  and  R(tails)  =  b  where  a  and  b  are  real  numbers  with,  say, 
b  >  a.  With  these  choices  for  R(k),  it  follows  that  the  distribution  function 


• 

f 

0 

a  <a 

pR(o) 

f 

1  , _ 

prO  = 

1/2 

a  <o  <  b 

|I/Z! — 

1 

1 

J 

n  >  b 

1 - : _ 

a 

- B - 

As  a  second  example,  let  the  sample  space  consist  of  choosing  a  point  at 
random  in  the  interval  [0,  1  ] ,  including  the  end  points.  A  continuous 
random  variable  R(k)  for  this  example  may  be  defined  br  the  numerical 
value  of  the  chosen  point.  The  corresponding  distribution  function  becomes 


If  the  random  variable  assumes  a  continuous  range  of  values  (which 
will  be  assumed  hereafter)  then  a  (first-order)  probability  density  function 
pR(a)  may  be  defined  by  the  differential  relation 

pR(«)  do  =  Prob[  a  <  R(k)  <a  +  do]  (4.  32) 
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Note  that 


PR(ft)>  0 


■C.  ‘•k'” 


(4  33) 


da  =  1 


P_(a)  = 

K  ‘ 


J  PR{a)  * 

-u> 


dpR(a, 


--  pr<*:* 


The  probability  density  function  pR(a)  should  not  be  confused  with  the 
(cumulative  probability  distribution  function  PR(a). 

Suppose  R  =  R{k)  takes  on  values  in  the  range  -a>  to  too.  Then  the 
mean  value  (also  called  expected  value,  average  value)  of  R  is  given  by 
the  limit  of  the  sum  of  assumed  values  when  each  value  is  multiplied  by 
its  appropriate  probability  of  occurrence.  That  is. 


P°°  — 

E(R)  =  lim  a.  Prob  fR(k)=a.]  =  J  apR(a)da  =  R 
M-*-oo  i=l  ‘  -an 


(4.34) 


Similarly,  the  expected  value  of  any  real  single-valued  continuous  function 
g(R)  of  the  random  variable  R  is  given  by 


p  oo  _ 

E  f  8<r>]  *  J  Pr<®>  :  inn 


(4.  35) 


In  particular,  for  g(R)  =  R  ,  the  mean  square  value  of  R  is  given  by 


»2  pR(a)  da  =  RZ 


(4.  36) 


and  the  variance  of  R  is  defined  by  the  mean  square  value  of  R  about  its 
mean  value,  namely  by. 


cr2(R)  =  E  [(R  -  R)2]  =  R2  -  (R)2 


(4.  37) 
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By  definition,  the  standard  deviation  of  R,  denoted  by  O',  is  the  positive 
square  root  of  the  variance.  The  standard  deviation  is  measured  in  the 
same  units  as  the  mean  value. 

4.  3.  2  Two  Random  Variables 

Consider  next  two  random  variables  R  =  ft{uj  and  S  =  S(v)  where  u 
and  v  are  points  in  a  suitable  sample  space.  Let  PR(®)  and  be  the 

distribution  functions  associated  with  R  and  S  respectively.  The  joint 
(second-order)  cumulative  distribution  function  PR  g(®,  0)  is  defined  to 
be  the  probability  which  is  associated  with  the  subset  of  combined  points 
(u.  v)  in  the  sample  space  satisfying  the  inequalities  R(u)  <  a  and  R(v)  <  0. 

The  total  set  of  combined  points  (u,  v)  satisfies  the  inequalities  R(u)  <  oo 
and  R(v)  <  oo.  In  notation  form, 

PR  s(o,0)  =  Prob  [R(u)  <o  and  S(v)<0]  (4.38) 


Clearly, 


PR.  =  0  =  pr,  S(a* 

PR  gi-ao.oo)  =  1 

As  before,  assuming  the  random  variables  to  be  continuous,  the 
joint  (cumulative)  probability  distribution  function  PR  g(»,  0)  should  not 
be  confused  with  the  joint  (second-order)  probability  density  function 
pR  g(o,  0)  which  is  defined  by  the  differential  relation 

pR  s(a,0)d»d0  =  Prob  [a  <  R{u)<o  +  dcr  and  0<S(v)<0+d0]  (4.39) 


Note  that 

pRS<«.0>>0 

pR  s(o.  0)  do  d0  =  1 
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p 


R,  S’ 


ia.ii) 


PR  P)  da  d$ 


-oo 

Two  random  variables  R  and  S  are  said  to  be  {statistically)  indepen- 
dent  if 


pR  s(o.0;  ~  PRi°)  Ps(3) 


(4. 40) 


ft  follows  that 


PR.S(*-0)  S  PR(a)  PSl0} 


The  expected  value  of  any  real  single- valued  continuous  function 
g(R,  S)  of  the  two  random  variables  R  -  Riu)  and  S  -  SJv)  is  given  by 


E[g(R.Si]  -  / 


,oo 

00 


g(®.2)pR  s(o.jJ)dodii  =  g(R,  S) 


(4.41) 


For  example,  if  g(R,  S)  =  (R  -  R)(S-  S)  where  R  and  S  are  the  mean  values 
of  R  and  S,  respectively,  this  defines  the  covariance  pfR,  S)  between  R 
and  S,  namely. 


p(R,  S)  =  E[(R-R)(S-S)J  =  E[RS]  -  E[R]  E[S] 
=  J  J  (a-R)O-S)  pR  s(a.  0)  do  d0 


(4.  42) 
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A  simple  relation  exists  between  the  covariance  of  Jv  cud  3  2nd 
standard  deviations  of  R  and  S  as  expressed  by  the  inettuaiity 


jp(R.  S}|<  or(K)  o-(S)  (4.43) 

Thus,  the  magnitude  of  the  covariance  between  R  and  S  is  less  than  or 
equal  to  the  product  of  the  standard  deviation  of  R  multiplied  by  the 
standard  deviation  of  S. 

It  follows  from  the  above  result  that  the  normalized  quantity 

r(R.S)  =  -  p(-,S) —  (4.44) 

orfR)  crfS) 

known  as  the  correlation  coefficient,  will  lie  between  -1  and  -hi.  Random 
variables  R  and  S  whose  correlation  coefficient  is  zero  are  said  to  be 
uncorrelated.  This  concept  should  not  be  confused  with  the  previous 
definition  of  independent  random  variables.  Note  that  if  R  and  S  are 
independent  random  variables,  then 

E{RS)- 


pOO  pco 

J  J  *»*.#»•*>** 
-00 


■>W 

~-oo 


a  PR(«)  do  J  0  ps(0)  60  =  E  [  R J  £{  S]  (4. 45) 

-00 

Hence  p(R,  S)  and,  in  turn,  r  (R,  S)  equal  zero  so  that  independent  random 
variables  are  also  uncorrelated.  The  converse  statement  is  not  true  in 
general;  that  is  to  say,  uncorrelated  random  variables  are  not  necessarily 
independent.  However,  for  physically  important  situations  involving  two 
or  more  normally  (Gaussian)  distributed  random  variables  (to  be  defined 
later),  being  mutually  uncorrelated  does  imply  independence. 

The  conditional  probability  density  function  of  R,  given  that  S  =  P, 

(i.  e.f  given  tha»  S  is  between  P  and  0  *  dp  for  small  60),  is  defined  by 

p^(tf  Js  =  0)  do  =  Prob  [o  <  R(u)  <  a  +  do  |  given  that  0  <  S(v)  <  0  t  d£] 
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in  words,  the  conditional  probability  density  function  for  R.  given  S.  is 
now  the  same  as  the  original  probability  density  function  for  R  alone. 

These  ideas  may  be  extended  in  a  straight-forward  manner  to 
handle  situations  of  three  or  more  random  variables  where  higher-order 
probability  distributions  would  be  involved. 


4.  3.3 


aectai  Probability  Distributions 


By  way  of  illustration,  as  well  as  because  of  their  importance  to 
physical  problems,  some  special  probability  distributions  will  now  be 
described. 


(a)  Uniform  (Rectangular)  Distribution 

A  random  variable  R  is  said  to  follow  a  uniform  (or  rectangular? 


distribution  over  the  interval  (a  <  a  <  b)  if  its  probability  density  function 


The  corresponding  (cumulative)  uniform  distribution  function  is 


ASl>  TK  1 
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The  mean  value  u  and  tar  -at  uih.c  (jundsrti  deviation  =  tr)  cf 

the  random  variable  R  become 

p  =  E[Rj=f  ap  («!*=- -  = 

-cc  b  -  a  Ja  2 

tr2=  E[(R  -  p)2)  =  r  (o  p)2  pR(o)  do  = 

-oo  12 

Problem:  Find  the  probability  that  R  lies  in  the  ran|e[p  -  >.cr,  ji  +  K<r  j 
where  X  is  a  positive  numerical  constant.  The  answer  here  is 

Frob [  p  -  \ar  <R<  p  *  Xcr  J  =  X(«r/p)  (4.49) 

For  example,  if  R  is  uniformly  distributed  in  the  range  (0.  b)»  then 
p  =  (b/21  and  (T  -  (b/\]T7}.  Now.  if  X  =  1. 0.  then 

Probf  p  -  <r  <R<  p  +  a]  -  57.  7% 

On  the  other  band,  the  value  of  X  such  that  the  probability  will  be  95%  is 
obtained  from 

0. 95  =  X  (<r/p)  -  Xf2,v!7I,  or  X**  1 . 65 

Thus 

Prob-  p  -  1.65  or  <R<  p  *  1.651  =  0.95 

These  numerical  values  for  X  are  quite  different  from  values  appropriate 
to  the  normal  distribution  which  follows. 

(b)  Normal  (GaussianJDistribution 

A  random  variable  R  is  said  to  follow  a  normal  (or  Gaussian) 
distribution  if  its  probability  density  function  is  given  by.  Ref.  [il  p.  93j  . 
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where  ts  any  r«iE  constant  and  c r  ts  any  positive  constant.  It  ts  verified 
easily  that  p  and  cr  constitute  the  mean  value  and  standard  deviation  of  the 
random  variable  R  since 


opR(»)  da  = 


E[{R  -  u)1  J  =  !  la  -  pi*  p_(o)  da  *  cr2 
kJ-oo  K 


pR(a) 


Using  simple  numerical  methods,  or  from  tables,  it  is  now  con- 
venter.:  to  determine  the  probability  that  the  random  variable  R  will 
assume  values  in  any  desired  range.  In  particular 


PR(p  ♦  Iff)  -  PR(y  -  \<T)  =  Probf  |«  -  iff  <  R<  |j  t  \ff  j 


!4  52) 


represents  the  probability  (i.  e..  confidence  level)  that  R  will  be  within 
plus  and  minus  1  standard  deviations  of  the  mean  value.  For  X  s  1,  2.  and 
5.  the  confidence  results  ar>*  S3.  3%,  95.  4%  and  99.  7%.  respectively. 
Working  the  other  way,  for  80%  confidence  V  -  1.3. 
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For  <  large  positive  constant  X.  one  may  show  for  a  Gaussian 
distribution  that 


Prob  [  R  >  jr  *  lor]** 


-\zn 


In  particular,  for  X  =  3, 

Prob  [  R  >  |t  *  3<r  ins  0. 002. 


The  importance  of  the  normal  distribution  in  physical  problems 
may  be  attributed  in  part  to  the  Central  Limit  Theorem  which  asserts 
that  this  distribution  is  approximated  closely  by  the  distribution  of  the 
sum  random  variable  of  a  large  number  of  independent  small  random 
variables  acting  together. 

To  be  a  bit  more  specific,  let  R. ,  . Rj.  be  K  mutually 

independent  random  variables  whose  individual  distributions  are  not 
specified.  Denote  by  |i-  and  erf  the  mean  value  and  variance  of  each  R-. 
i  a  I.  2 . N.  Consider  the  sum  random  variable 


K 

§ 


*iRi 


where  a-  are  arbitrary  fixed  constants  and  assume  that  none  of  the  a-R^ 
contributes  significantly  to  the  sum.  Mow,  the  mean  value  p  and  variance 
cr^  of  R  become 


the  last  result  due  to  the  mutual  independence  of  R-  with  Rj  for  i  #  j- 
Th*  Central  Limit  Theorem  states  that  under  fairly  common  conditions, 
the  sum  random  variable  R  will  be  normally  distributed  as  N-  woo  with 
the  above  mean  value  p  and  variance  <rZ,  see  Ref.  [l.  p.  97]. 
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(eS  TrsssiSts  Nor  mil  U;siriuu!iiW 

A  rir.com  tirtiblt  X  is  aitd  to  f„L'“  a  truactttc  eorts>!  d:Cfibc!n» 
'.n  the-  rar.fc  a<  A  i(  t!<  probability  function  is  (sr«a  by 


!  >  * 

1  “  — ~  cxo  I  - (r  -  b*  / 1 

R  T  C’i>V 

*  0 


V* 


c 


A 


**?t 


-*®  -  9l  llsr 


The  reason  for  irtradscssjc  the  cosstas:  C  is  to  satisfy  the  ro^irtatfs: 


I  ?R***  ^  '  5 

'-a» 


Observe  :kti  to  the  left  of  the  va!«  a  «  A.  except  for  the  scale  factor  C. 
the  truncated  normal  dirirsbultur  **a s  the  same  shape  as  the  original 
HR!rusc*i«5  normal  cist ribulior..  The  parameters  u  ar-«  5 r  here  (h  not 
represent  the  mean  value  and  standard  deviation  of  the  truncated  distri¬ 
bution.  but  refer  back  to  the  underlying  unirwscated  distribution. 

Id)  Rayleigh  Distribution 


A  random  variable  R  which  is  restricted  to  non -negative  valu-y  t« 
said  •&  follow  a  Rayleigh  distribution  if  its  probability  density  function  is 
given  by.  K-f  f|.  p.  I  ib]  , 


A*i*i  1  K 


-i-is 


The  IU*!ti*b  diilribaiior.  str^iSd  soi  be  co *.fasei  vrish  a  Gauiias  dirtri- 
iwiccs  »stri  ;ht  rtedctR  nritbk  say  tut  «e  beck  pcsibre  cad  ttgctlirt 
raises. 

?be  corrtipoodiij  Rjyitifh  dijtrsbctioa  faactsM  is  fives  by 


?at*i  -  Frobf  R  <*  j  =  i  -  e*p  {-e^Zr2) 

C4.5SJ 

For  a  Rayricif  fc  d^iritoist..  dee  mtae  raise  cad  mtea  fare  raise  are 

i»» 

E|  Rj  s  epRf*iR»  =  ?*/«  f  *-*H-i5r 
E  [R2J  «  j  *2  PR*»J  **  =  *  2 


Kesce  the  taricact  is 


expressed  by 


r2  *  EfR2|  -  [qRj/2  .  fl~~]  r2*  0.«r2 


{*}  K-Dimessioeal  Normal  Oistribctios 

Let  Rj,  R^ . K. be  S*  rudem  terabits  defiatd  ever  lie  same 

sample  space.  Deeoce  their  meaa  raises,  variance*  cad  conricacti  by 


*  **M 


p  .  =  Ef  {R.  -  p.HR-  -  ?  II 

SJ  l  j  l  j  J  # 


•a 


tr2 
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where  r,  ->  =  —  — —  is  the  correlation  coefficient  between  R,  and  R-. 

1 2  12 

Observe  that  when  R,  and  R,  are  uncorrelated  so  that  I*.  -  =  0,  one  obtains 
12  xc. 

ptOjtt,)  =  p{ur ,)  p (Qz)  (4.60) 

which  shows  that  Rj  and  R^  are  also  independent. 

Similar  formulas  may  be  written  down  for  highei  order  cases 
where  N  =  3,  4,  5,  .  .  .  etc.  For  arbitrary  N,  it  follows  quite  easily  that 
if  all  different  pairs  of  normally  distribution  random  variables  are  mutually 
uncorrelated,  (i.e.,  i\.  =  0  whenever  i  £  j),  then  these  random  variables 
are  mutually  independent  in  the  probability  sense,  that  is 

ptaj  a2,  ....  =  p(ar1 )  p(a2)  . . .  p(»N)  (4.  61) 

The  importance  of  the  N-dimensional  normal  distribution  in  physical 
problems,  analogous  to  the  common  one-dimensional  normal  distribution, 
is  due  in  part  to  the  Multidimensional  Central  Limit  Theorem.  This  theorem 
yields  the  result  that  the  vector  sum  of  a  large  number  of  mutually  inde¬ 
pendent  N-dimensional  random  variables  approaches  an  N-dimensional 
normal  distribution  under  fairly  general  conditions.  Particular  applications 
of  this  theorem,  relative  to  zero  crossing  properties  of  random  records 
and  expected  number  of  maxima  values,  for  example,  may  be  used  to  justify 
an  assumption  that  a  random  record  x(t)  and  its  succeeding  time  derivative 
x(t)  will  follow  a  two-dimensional  normal  distribution,  and  that  x{t),  x(t) 
and  x(t)  will  follow  a  three-dimensional  normal  distribution. 

(f)  Distribution  of  Sums  of  Independent  Random  Variables 

Suppose  R|  and  are  independent  random  variables  with  probability 
density  functions  Ppj(®j)  and  respectively.  Let 

R  --  a1R1  +  a2R2  (4.  62) 
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be  a  typical  composite  sum  record  of  Rj  with  where  £  0  and 

^2  t  0  are  arbitrary  fixed  constants  (usually  known  in  engineering  problems). 

Then  the  probability  density  function  p^(or)  associated  with  R  is  given  by 


PRW 


poo 

J-co  PRl(fil>  W*"  '  31  °l)/a21  d"1 


(4-63) 


For  the  special  case  where  R  =  R,  +  R,.  that  is,  a,  =  a,  -  l ,  one  obtains 


i  2 


?R<*)=  f  PR,(ftl)pR?(a-al) 

•J-co  1  2 


da. 


(4.  64) 


From  the  above  relation,  one  may  %'erify  that  the  sum  oi  two 
independent  uniform  distributions  is  no  longer  a  uniform  distribution. 
However,  the  sum  of  two  independent  normal  distributions  remains  a 
normal  distribution,  with  mean  and  variance  equal  to  the  sum  of  the 
individual  means  and  variances.  The  latter  result  may  be  extended  to 
the  sum  of  N  independent  normally  distributed  random  variables. 


4.  4  RANDOM  PROCESSES 

A  random  process  {*%c(t)}  ,  -oo  <  t  <  co,  k  =  1,  2,  3 . is  an  ensemble 

of  functions  of  time  which  can  be  characterized  through  its  statistical 

]( 

properties.  See  Figure  4.  Z.  In  the  physical  world,  each  particular  x(t), 

t  variable,  k  fixed,  represents  the  result  of  a  single  observation  or 

experiment,  and  constitutes  a  sample  function  of  the  random  process. 

K, 

For  example,  each  x(t)  might  represent  vertical  wing  loads  on  an 
airplane  as  a  function  of  time  t,  the  superscript  index  k  denoting 

k 

different  airplanes;  or  each  x(t)  might  represent  runway  roughness  at 
different  locations  k  as  a  function  of  distance,  the  distance  variable 
taking  the  place  of  time. 

A  particular  sample  function,  in  general,  would  not  be  suitable  for 
representing  the  entire  random  process  to  which  it  belongs.  Under  certain 
conditions  to  be  described  later,  however,  it  turns  out  that  for  the  class 
or  ergodic  random  processes,  it  is  possible  to  derive  desired  statistical 
information  about  the  entire  random  process  from  appropriate  analysis 


ASD  1  R  6i  i>3 


4-29 


of  a  single  arbitrary  sample  function.  For  the  situation  of  a  pair  of 
random  processes  ^kx(t)l  and  ^y(t)J  .  the  corresponding  problem  is 
to  estimate  joint  statistical  properties  of  the  two  random  processes 
from  proper  analysis  of  an  arbitrary  pair  of  sample  functions  x(t) 
and  ky(t). 

Consider  two  random  processes  {kx(t)j  and{  y(t )f  .  The  first 
statistical  quantities  of  interest  are  the  mean  values  at  arbitrary 
fixed  values  of  t,  denoted  by 


*x(t>  =<c*«i>Av  ov„  k  •  *  «»*■* 

^y(«l  =<C'/(']>Av  ov.r  k  •  1  'i«d 


(4.  65} 
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Note  chat  k  is  averaged  out  in  computing  these  ensemble  averages  which 
are  indicated  by  angular  brackets.  In  general,  these  mean  values  are 
different  at  different  times,  that  is. 


MXU, )  t  if  tj*t2 

The  next  statistical  quantities  of  interest  are  the  covariance  functions 
at  arbitrary  fixed  values  of  t  and  t, 

px{T' =  <ik^1)  *  [kx(t  ♦  t)  -  px(i  4  t)]\ 

'  '  Av  over  k 

P.(T*  0  =  <f[kyU)  -  Pv(t;)  [ky(t  4  T)  -  P  it  4  r)]\  {4. 66) 

1  '  ’  T  '  Av  over  k 

pxv(T' l)  Kfkx(t)  •  ^WJ  l  ky(t  +  T>  -  Pyt*  *  t)J> 

’  '  1  '  Av  ever  k 

In  general,  these  quantities  are  different  for  different  combinations  of 
t  and  t.  Observe  that  at  r  =  0,  (omitting  the  index  k  for  simplicity  in 
notation,  but  still  retaining  angular  brackets  to  imply  ensemble  averages) 

px,0.t>  -Kx(.)]^v  =  %(» 

py(0,  t)  =  <(J  y(t)  -  py(t)  J  =  o-J(t)  (4.  67) 

pxy(°'l)  A  X{t)  '  px(t,)fy(t)  ‘  **y<l>j)  =  pxy(t) 

Av 

Thus  the  covariance  functions  px(0,  *)  *mt  py{0.  t)  represent  the  ordinary 
variances  of  {x(t)}  and  {y(t)}  at  a  fixed  value  of  t,  while  pxy(0.  t) 
represents  the  covariance  between  {x(t)}  ar,d{y(t)}.  As  before,  different 
results  would  generally  be  obtained  for  diflerent  values  of  t. 
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Other  statistical  quantities  can  be  defined  over  the  ensemble  which 
involve  fixing  three  or  more  times,  and  in  way,  the  random  processes 
can  be  described  in  finer  and  finer  detail.  However,  if  {x(t)},  {y(t)}  form 
a  two-dimensional  Gaussian  distribution  at  a  fixed  value  of  t,  then  {x(t)} 
and  {y(t}}  are  separately  Gaussian.  The  mean  values  and  covariance 
functions  listed  above  then  provide  a  complete  description  of  the  under¬ 
lying  probability  structure.  For  this  reason,  the  main  emphasis  in  this 
secticn  is  concerned  only  with  these  two  statistical  quantities  and  their 
relationships  to  power  spectral  density  functions. 

If  the  mean  values  (t)  and  p  (t),  together  with  the  covariance 
x  y 

functions  p^(t,  t),  p^(t,  t),  PXy(T>  t).  yield  the  same  results  for  all  fixed 
values  of  t  (that  is,  are  independent  of  time  translations) ,  then  the 
random  processes  {x(t}}  and  {y(t)J  are  said  to  be  weakly  stationary. 

If  ail  possible  probability  distributions  involving  {xjt}}  and  {y(t)}  are 
independent  of  time  translations,  then  the  processes  are  said  to  be 
strongly  stationary.  Since  the  mean  values  and  covariance  functions 
are  consequences  only  of  the  first-order  and  second  -order  probability 
distributions,  it  follows  that  the-  class  of  strongly  stationary  random 
processes  is  a  subclass  of  the  class  of  weakly  stationary  random  proc¬ 
esses.  For  Gaussian  random  processes,  however,  weak  stationanty 
implies  strong  stationarity  since  all  possible  probability  distributions 
may  be  derived  from  the  mean  values  and  covariance  functions.  Thus, 
for  Gaussian  random  processes,  these  two  stationary  concepts  coincide. 
Random  processes  which  are  not  stationary  are  said  to  be  nonstationary. 

4. 4. 1  Correlation  (Covariance)  Structure  of  Weakly  Stationary 
Random  Processes 

For  weakly  stationary  random  processes,  (x(t)},  (y(t)}.  which  will 
be  considered  from  henceforth,  the  mean  values  become  constants  inde¬ 
pendent  of  t,  namely. 


"y  '<?“£’ 
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For  simplicity,  and  without  Joss  of  generality,  it  will  be  assumed 
from  henceforth  {unless  stated  otherwise}  that  these  mean  values 


are  zero. 


The  covariance  functions  for  weakly  stationary  random  proc¬ 
esses  are  also  independent  of  t,  and  with  zero  mean  values,  may 
be  designated  by 


rx(t)  =  <x(t>  xit+  v£>  ;  Rx(0»  =  <r* 
RyM  =  <yU>  y(t*  ^  ;  Ry<0)  =  o-* 

W” =  <*•"  *•  *  *>  ■  v0' ' 


(4.  69) 


Rxy{T>  =  V(t)  V(t  +  * 


R  (0)  =  p 
xy  xy 


where  R  is  introduced  instead  of  p  to  agree  with  engineering  usage. 

For  non-zero  mean  values,  R  is  different  from  p.  The  quantities 

rx(t}  and  Ry(r)  are  called  the  autocorrelation  functions  of  £x(t) J 

and  fy{t)J.  respectively,  while  R  (t)  is  called  the  cross -correlation 

function  between  £x(t)  j  and  Jy(t)|? 

For  arbitrary  values  of  p  and  p  ,  the  coyariance  functions 

x  y 

are  related  to  the  correlation  functions  by  the  equation* 


PX(T)  =  Rx(t)  •  % 


Pylr)  =  RyM  '  % 


(4.70) 


Pxy(T)  =  Rxy<T>  '  % 


Thus,  correlation  functions  are  ider'ical  with  covariance  functions 
when  the  mean  values  are  zero.  The  reader  should  be  careful  not 
to  confuse  these  un-normalir-ed  correlation  functions  with  the  corre¬ 
lation  coefficient  defined  in  Equation  (4.  44). 


SO  !  :<  6!  -!'  = 


4-33 


From  the  stationary  hypothesis,  it  follows  that  the  autocorre¬ 
lation  functions  R  (r)  and  R  (t)  are  even  functions  of  t,  that  is 

*  y 


R  <-t)  =  R  It) 

X  X 


R  <-t)  -  RJr) 


(4.71) 


while  the  cross- correlation  function  is  neither  odd  nor  even,  but 
satisfies  the  relation 


R  ( -  r)  "  R  (t} 
xv  yx 


(4.  72) 


An  upper  bound  for  the  cross-correlation  (autocorrelation) 
function  is  given  by  the  inequality 

j  Rxy(r)  j  2  <  RJO)  R„(0) 


(4.  ?r, 


the  equal  sign  sccu-ring  only  if  the  two  processes  are  identically 
equal  to  each  other  and  to  a  constant,  a  trivial  case.  Hence,  a 
normalised  correlation  coefficient  may  be  defined  by 

_  "  "  -  ■  -  XV 


R  (t) 

I-*  fr),  --  »>' - 

X>‘  V  RX(0)  Ry(0) 


(4.  74) 


such  that  P  (t)  lies  between  -I  and  ♦  *_  The  coefficient  r*  (r) 

*7  r  i  *y 

measures  the  degree  of  linear  dependence  between  £  x(t) J  and 
£y(t)J  for  a  displacement  r  in  ^y(t)J relative  to  £x(t)j.  The  reader 
is  cautioned  not  to  confuse  this  concept  with  the  previous  definition 
in  Equation  (4.44). 

In  summary,  the  covariance  structure  of  weakly  stationary 
random  processes  £x(t)J.  £y(t)|,  assuming  xero  mean  values. 
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may  be  described  by  the  four  correlation  functions  R^tJ,  R  (t), 

R  (t)  and  R  (t).  These  need  be  calculated  only  for  values  of 
xy  yx  ' 

r  >  0  since  symmetry  properties  listed  above.  Equations  (4.  71) 
and{4.  72).  yield  results  for  r  <  0. 


4.  4.  2  Spectral  Decomposition  of 

Stationary  Random  Processes 

The  spectral  decomposition  of  arbitrary  random  processes 
[x(t)j  ,  a  collection  of  time  functions,  (the  superscript  index  k 
omitted  for  simplicity  in  notation),  depends  upon  the  requirement 
that  each  particular  member  of  die  random  process  x(t),  a  sample 
time  function,  have  a  complex  Fourier  transform  X(f),  where  f 
denotes  the  frequency,  (usually  cps),  such  that 


X(0  = 


and  conversely. 


x(«  = 


r*  ao 
J-oo 


X(0ej2*ft  df 


(4.  75*) 


(4. 750) 


A  sufficient  set  of  conditions  for  this  to  occur  is  that  x{t)  and  its 
derivative  x(t)  be  piecewise  continuous  in  every  finite  interval  (a,b) 
and  that  |x(t)f  be  integrable  over  (-ao,  a>). 

Similarly,  every  y(t)  from  an  arbitrary  random  process 
J  y(t)J  must  have  a  complex  Fourier  transform  Y(f)  where 


(4.76a) 
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>-<0  =  f  Ytfje*2*1^ 


{4.  76b) 


Thus,  the  original  pair  of  real  random  processes  {x(t)},  {y(t>}  may  be 
described  in  terms  of  two  new  complex  random  processes  {X(0}.  {Y(f)}. 

Example:  Special  cases  of  a  constant  and  a  periodic  function.  If  x(t)  =  1. 
a  constant,  then  its  inverse  Fourier  transform  relation 

1  =  C  X(f)e^2Tftdf 


X!0  =  6(0 

where  6(0  is  the  usual  Dirac  deita  function.  Also,  if  x(t)  -  jZ*tQl  * 
complex- valued  periodic  function,  then 


j2*ffit  ~a> 


Hence 


/»<*>  ji*(  t-t.)i 


l  =  J  X{0e 


which  yields 


=  f  X(p  4  (Q)^1  <V 


X(ji  *  fQi  -  6(p) 


X(0  =  6(f  -  f0) 
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Mow  for 


x  (0  =  co*  l-xtfi  =  (i  / 2if  e 

C  V  ft. 


j2*fG£ 


‘0‘ 

*  e 


:t  faliuws  that 


Xc(0  =CJ/2i|SCf  -  f0)  r  «{f  -  f0;.{ 


Simiuriv 


x^(t|  -  sin  Mgt 


r  i2*foc  'i2*foll 

=  {I/2(r  °  -e  °j 


X^fi  -  Hi  ■  iQ\  -  HJ  i  f5ij 


This  conclude*  !fet  example 

l£{x[t}}  andfyjtj}  have  zero  irmr  vifati,  which  :*  assumed  here, 
it  follows  that  the  ensemble  average* 


<X(f^>  *  0  «  <Y*f^ 


Since  x(t)  is  real,  it  may  be  expressed  m  terms  of  the  complex 
conjugate  XIO  by 


xifl  *  J  XC0r'^rfl  df 

-ot> 


N«w-  sht  squirt  vitae 


x~(t)  ■  f  Wi*r'i£T{t  dip  X(g)ej2**ldg 


f  f  Xffi  Xfgle^*I(**°  df  df 


using  a  variable  of  integral  ton  g  instead  of  f  in  the  second  integral  to 
avoid  confusion  The  ensemble  averaged  value  of  *^(l)  is  thus  given  by 


<4~{t>>  *  j'  J**  ^Xcn  X(gl>  ejZ*(*'°  dg  df 

'  -®  *oo  ^ 


From  separate  considerations,  the  power  spectral  density  function 
5^(0  associated  with  the  random  process  (x{l)|.  where  f  ranges  over 
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Sx(0  * 


(4. 781 


which  incites  how  <?s>  is  distributed  over  the  doabty-iafisilc 
frecaescy  rasft  (*®,  In  partiniv.  $  (Q  d(  represents  the 


e  <*2{:>>  i*i**  itr  the  frequency  raaje  {f,  f  ■ 


amoaM  of  "power”  in 

sc  that  Sx(0  is  real  and  non-negative  for  ail  f. 

S:et»  these  last  two  ecuttoett  for 
one  obtains 


dO 


<**'•>> 


must  be  equivalent. 


/"*  co 

s  *:o  *  ! 

*  kJ-co 


(4.79) 


which  is  satisfied  sr  the  requirement  that 


*  sx(f|  «(f  -  e) 


where  4(f  •  g)  is  a  delta  function  defined  by 


8ff  -  f)  r  0  when  f  /  * 


«<f  -  8*  d*  *  I 


(4.801 


(4.81) 


The  above  discussion  helps  to  Justify  the  fact  that  one  may 
prove  from  a  deeper  direct  analysis  (not  developed  here)  that  pa:rs 
of  complex  random  variables  X{f).  X(_;).  Y(f).  Y{|)  satisfy  the  re¬ 
lations 
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<X(0  =  Sji)  Hi  -  el 

<%f>  Y(^>  *  sy(e  Hi  -  0 
<X(fl  YC*^  =  5^(0  «(f  -  gs 


(4.M) 


were  S^fl  asd  5^(0  arc  called  the  power  sgcciraS  dens r.y  fwKtiKi 

of  the  raadoer  processes  |  xft)  I  and  f  y(t)  J ,  respectively,  while 

S^  CQ  is  raised  the  cross-power  spectral  desaity  f—ttiss  of  |x(t)] 

!s  £yft| ].  The  irefieacf  variaKr  f  ranges  over  (-os,  as). 

si  is  now  ptile  simple  to  derive  the  correspondence  between 

these  spectral  density  function*  and  the  stationary  correlatisn  fane 

tions  ft  (t).  R  Jt).  R  (tj.  The  results  are 
x  y  ay 


Rx(t)  V0e>~r  df 

R  (vj  *  r  SfQ***"*** 

»„W  -  r  S  (0ej2*fT  df 

*F  J-OD  ** 


(4*1! 


proving  that  the  concepts  are  Fowricr  transforms  pairs, 
ptcrtljr.  the  inverse  relations  yield 


S  (0  r  r  R  [t|c‘jWT  dr 

1/-W  7 


(4.  Mai 
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H-Mbi 


S  trj  *  P  R  fr)e  ^  dr 

*>  J-o  *~ 

Sc  seek  simple  relttimskipi  exist  for  McctUiosuy  correUUea 

issetioe*. 

From  the  symmetry  properties  of  Mtiiourf  correlation 
fosetioss,  it  follows  tfut 


Sx!-I)  =  SxCO 

Syt-0  *  SyiO  H.OSJ 

S  C-0  »  O)  =  g (0 

*r  *T  T* 


Siscr  S  |0  sod  S  (0  are  also  real  and  non-negative  for  all  f.  tins 

*  Tf 

prove*  tlai  power  spectral  density  (oKtioef  are  real.  Ms-Kcfatire, 
rrta  for.<l:o«i»  at  l.  orksEe  cross- power  spectral  density  inactions 
are  complex- valued  fsnetims  of  f. 

Ti;  relations  for  the  real -rained  power  spectral  density 

functions  S^l)  and  S^*0  may  he  simplified  to 


*-r 


R  ft}  cos  IHt  dr  ■  £ 


R  '  r)  cos  £*fr  dr 


S  (fj  *  P  R  I 

*  J-«>  * 


C-*-**) 


(t)  cos  Mr  dr  *  i 


r  s' 

Jo  r 


Cv)  cos  Wr  dr 


«ki!e 


|fl  ecs  Mr  df 


R  {»)  *  i  S  CO  cos  Mrif 

*  Jo  r 


R  CO  f  i 


r 


C4.07) 
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t 

This  East  resslt  she**  llu:  fer  tkr  rarsiulEy  rciiinUt  posit  if -c 

:‘r*tgsiacy  *fc*-r«-  f  yjr:«  oa!j-  *r*r  {©.  of,  At  OstoT'titr 

us  C  CO  *£efi2i*4  hr 

y 


C-xilS  =  ZS^IO  :  « <f<o» 

C  -0  s  ZS  {0  :  •  <  f  <® 

r  y 


C4.»*i 


rt^rtrtH  lit  pfcrsi call?  rtaliuUe  pttr  tptctrti  jaMBy  fawliui 
WMcsattd  with  r«€=0  **d  fff«)j  rrtfrctirdr.  Far  MA'nuucai 
cakamiW,  the  wse  of  iwo-ii  p**er  iycar»l  dtasity  hftiwit 
S^CO.  S  COr  MIm4  trtr  {-».  «ej,  u4  nyo»alU!t  wil  iei^iuiy 
1 1|««  ii’.K.  frrMMCW  simplifies  the  utlfsis.  Ik  actui  practice, 
ore  mtaMrtf  G^CO  aatC^Q.  hfitrS  orrr  (5.  wj.  TV  reader  is 
castioaed  Mt  to  coduc  these  frtablit*.  £a  terns*  of  the  physically 
realizable  poner  epcctral  drrhty  fooctioos  G^(0  and  G^(fj.  the 
corr  r  «p  wodro  ce  with  die  stationary  eorreJatwA  martian  v*»— 
ht  c soars 


Gxl0  *  4 

v  *  -JT 


R^tl  cos  Mr4t 


I^(i)  cos  Wt  dr 


«4.*f| 


while 


Gx<f}  cos  Wt  df 


r>f» 

R  (t*  *  I  G  II)  *ia  2«fr  df 
^  v/C  * 


f4.t©» 
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For  the  complex-valued  cross-power  spectral  density  function 

S  (f),  and  the  cross-correlation  function  R  (r),  one  finds 
xy  xy 


poo 

(f)  =  R 

cy  J.a>  > 


(t)  cos  ZhIt  dr  -  j  I  R  (r)  Bin  2*fr  dr 


v-jC 


(4.91) 


S  (f)  cos  2nfr  df  +  j  I  S  (f)  sin  2«fr  df 
xy  u.trt  *y 


Now,  define  the  real  and  imaginary  parts  of  S  (f)  by 

xy 


Sxy(f)  =  V*0  '  J  V0 


(4.92) 


where  C^(fl  is  called  the  co-spectrum  of  x  to  y  and  Q^(i)  is  called 
the  quad -spectrum  of  x  to  y.  Observe  that 


C  (f) 
xy 


Q  (f) 

xy'  ' 


p  co 

=  I  R 

I  xv 

\J~  00 
poo 

=  /  R  I 

J-co  xy 


(t)  cos  2*fr  dT  =  C  (-f) 
xv'  '  xy 


(4.93) 


(t)  sin  2wfT  dT  =  -Q  (-tj 
xy  xy’ 


so  that  C  (f)  is  a  real-valued  even  function  of  f,  while  Q. ...(0  * 

xy  Xy 

real-valued  odd  function  of  f.  From  the  symmetry  relation 

R  (t)  =  R  (-t),  it  follows  that 
xy  yx 


V0 


■n* 


(r)  +  R  (t)  cos  2*fr  dr  =  y  S  (f)  t  S  (- 
xy  yx  2  xy’  xy’ 


(4.  94) 


V  =JT  [vt)  -  VT,]“" **fT  dT  =  i[v°  •  V‘fl] 


These  relations  will  be  needed  later  in  Section  6.  2. 
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From  th<*  above  discussion,  one  sees  that  the  spectra}  de¬ 
composition  of  the  stationary  random  processes  may  be  described 
by  the  three  functions  Sx(fJ,  S  (f),  S^{f),  or  by  the  four  functions 
Sx(f),  Sy(f),  C^f)  Qxy(f),  which  need  be  calculated  only  for 
f  >  0,  since  the  symmetry  properties.  Equations  (4. 85)  and(4. 93), 
yield  results  for  f  <0. 

Analogous  to  the  definition  of  the  normalized  correlation  co¬ 
efficient,  Equation  (4.  74),  the  coherence  function  v  ^  (f)  is  defined 

*y 

by 


Y  ^  (f) 


iv°r 


Sx(f)  Sy(0 


(4.95) 


Since  the  cross-power  spectral  density  function  S  (f)  may  be  shown 

xy 

to  satisfy  the  inequality 

|Sxy(f)j2<Sx(f)Sy{f)  (4.96) 

it  follows  that  the  coherence  function  lies  between  zero  and  one. 
and  is  a  measure  of  the  linear  relationship  between  and 

[H  at  frequency  f. 

Certain  authors  prefer  to  use  angular  frequencies  m  =  2*f 
in  place  of  cyclical  frequencies  as  is  being  followed  in  this  report. 
This  can  lead  to  considerable  confusion  in  factors  of  (2*).  A 
desire  to  preserve 


Rx(°)  = 


Sx(f)  df  = 


Sx(w)  du> 


shows  that  for  consistency,  one  must  have 
Sx(f)  =  2*  Sx(w) 


(4.  97) 
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Similarly, 


S  (0  r2?S  {«} 

Y  V 

S  (f)  =  2*  S  (u) 
xy  x/ 


4. 4.  3  Ergodic  Stationary 
Random  Proc«*«ses 

Consider  two  weakly  stationary  random  processes 


(V)]. 


k  variable,  and  two  arbitrary  sample  functions 


k  k 

x{i)  and  y(t).  k  fixed.  These  stationary  random  processes  are 
said  to  be  ergcdic  if  the  mean  values  and  covariance  (correlation) 
functions,  (or  spectral  density  functions),  which  are  defined  by 
certain  ensemble  averages,  see  Section  4.4.1. may  be  calculated 
by  performing  corresponding  time  averages  on  the  arbitrary 
sample  pair  of  functions.  In  this  way,  the  underlying  statistical 
structure  of  the  weakly  stationary  random  processes  may  be  de¬ 
termined  quite  simply  from  an  available  sample  pair  without  the 
need  for  collecting  a  considerable  amount  of  dzta. 

To  be  more  specific,  it  is  necessary  to  intre--.*ce  some 

k  k 

mathematical  notation.  The  mean  values  of  x(t)  and  y(t), 
k  fixed,  when  computed  by  a  time  average  are  given  by 

R  x  =  lim  t  dt 

*  T  —woo  *  yJ-T/z 


i  rT/z  k 

Hw  =  ~  I  y(t)dt 

T  U-Tj 


(4.98) 


T  —wee  *  C/-T/2 


Observe  that  the  answer  is  no  longer  a  function  of  t  since  t  has 
been  averaged  out.  In  general,  however,  the  answer  is  a  function 
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of  the  particular  record  chosen  —  hence,  the  use  of  the  param¬ 
eter  k. 

The  cross -covariance  function  between  x(t)  and  y(t  +  t) 
when  computed  by  a  time  average  is  defined  by  the  expression 


k  1  u  Ifi,  ^  I 

P.(T)  =  Km  -  /  i  x(t)  V  .  i  >(t  +  t)  -  u  A 

**  T  —  cdTU-T/?  L  *1 


(4.99) 


while  the  autocovariance  functions  arc  defined  by 


These  quantities  should  now  be  compared  with  the  previously 

defined  ensemble  mean  values  u  ,  u  .  and  -nsen  HI:  covariance 

x  y 

functions  p  (t),  p  { t),  (t)  for  stationary  random  processes, 

x  y  — l 

Equations  (4.68)  and  (4.70).  If  it  turns  out  that  independent  of  k, 
(with  the  possible  exception  of  a  set  of  sample  functions  of  zero 
probability) 


(4.101) 
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kpx<T>  =  Px(t) 

kpy(T)  =  py(r)  (4. 102| 

kpxy(T)  =  Pxy(T) 


then  the  random  processes  [x(t)J  and  £y(t>  J  are  said  to  be  weakly 
ergodic.  If  all  ensemble  averaged  statistical  properties  of  f  x(t)| , 


£  y(t)J  ,  not  just  the  means  and  covariances,  are  deducible  from 
corresponding  time  averages,  then  the  random  processes  are  said 
to  be  strongly  ergodic.  Thus,  strong  ergodieity  implies  weak 
ergodicity,  but  not  conversely.  No  distinction  between  these  con¬ 
cents  exists  for  Gaussian  random  processes. 

For  an  arbitrary  random  process  to  be  ergodic,  it  must  first 
of  all  be  stationary.  Secondly,  each  sample  function  must  be  re¬ 
presentative  of  all  the  others  in  the  sense  described  above  so  that 
it  doesn't  matter  which  particular  sample  function  is  used  in  the 
time  averaging  calculations.  This  restriction  serves  to  eliminate 
many  stationary  random  processes  from  being  ergodic.  To  repeat, 
a  stationary  random  process  may  or  may  not  be  ergodic. 


There  are  two  important  classes  of  random  processes  which 
one  can  state  in  advance  will  be  ergodic.  The  first  ergodic  class 
is  the  class  of  stationary  Gaussian  random  processes  whose  power 
spectral  density  functions  are  continuous.  That  is,  no  sharp  lines 
(delta  functions)  appear  in  the  power  spectra  corresponding  to  finite 
amounts  of  power  at  discrete  frequencies.  The  second  ergodic 
class  (a  special  case  of  the  first  class)  is  the  class  of  stationary 
Gaussian  Markoff  processes,  a  Markoff  process  being  defined  as 
one  whose  relationship  to  the  past  does  no!  extend  beyond  the  im¬ 
mediately  preceding  observation.  The  autocorrelation  function  of 
a  stationary  Gaussian  Markoff  process  may  be  shown  to  be  of  a 
simple  exponential  form. 
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4. 5  STATISTICAL  PROPERTIES  OF  ESTIMATES 


Consider,  first  of  all,  the  statistical  properties  that  should  be 
possessed  by  any  set  of  estimates.  Let  {*Sc(t)},  -oo<t<oo,  be  a  real  sta¬ 
tionary  random  process  where  k  =  I,  2,  3.  .  .  .  ,  (perhaps  even 
uncountable)  denotes  the  different  numbers  of  the  random  process. 
Suppose  that  z  is  the  true  value  of  an  unknown  parameter  of  the 

random  process  fkx(t)j ,  e.|.,  its  mean  value  or  its  power  spectrum, 
k  '■ 

Suppose  that  z(T)  is  an  estimate  of  z  obtained  from  a  measurement 
made  on  a  particular  finite  sample  *x(t)  of  the  random  process  ex¬ 
tending  only  over  a  finite  time  period  from  0  ^  t  ^  T.  How  should 
these  different  possible  ^z(t)  be  related  to  z.  For  ease  of  notation, 
the  superscript  index  k  will  henceforth  be  omitted,  and  expected 
values  (averages)  are  tacitly  understood  to  be  taken  over  this  index. 

It  seems  fairly  obvious  to  start  with  that,  on  the  average, 
z(T)  should  yield  the  true  value  z.  In  other  words,  for  fixed  T,  if 
one  takes  an  ensemble  average  over  all  of  the  possible  z(T)  that 
might  occur,  then  this  procedure  should  j«ve  z  without  say  error. 

A  set  of  estimates  having  this  property  ;.s  --aid  to  be  unbiased. 

To  be  precise. 

Definition  1.  A  set  of  estimates  £z(T)J  is  said  to  *»r  »  -•Hased  if. 
indep«*--4*:»>?  of  T,  the  expected  value  is  the  true  value,  that  is, 

Ez(T)=z  (4.103) 

When  this  occurs,  s(T)  is  also  said  to  he  an  unbiased  estimate 
of  a. 

For  a  fixed  T.  the  mere  fact  that  the  expected  value  of  a  set 
of  estimates  |  x(T)J  is  unbiased  does  not  imply  that  as y  particular 
x(T)  will  lie  close  to  the  true  value  s.  There  may  in  fact  he  wide¬ 
spread  deviations  from  the  true  value.  Furthermore,  it  may 
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happen  that  these  deviations  do  not  decrease  as  T  is  increased. 

To  anal/ze  these  cases,  for  a  fixed  value  of  T,  the  mean  square 
error  is  defined  as  the  expected  value  over  the  set  of  estimates 
•A  the  square  of  the  deviations  from  the  true  value,  namely, 

£.j*(*f-xj  (4. 104) 

The  expected  value  above  represents  an  ensemble  aver*g  e 
over  the  various  possible  £x(T)  -  zj2  occurring;  from  different 
finite  samples  z(T)  of  the  random  process.  It  appears  highly  de¬ 
sirable.  '.tot-  a  physical  point  of  view,  to  require  that  this  mean 
square  error  should  approach  zero  as  T  becomes  large.  Then, 
for  large  T ,  any  particular  estimate  of  z(T)  would  necessarily 
?**nd  to  closely  approximate  the  true  value  z.  Estimates  having 
this  desired  property  are  said  to  be  consistent.  In  more  precise 
terms,  one  writes 

Definition  Z.  A  set  of  estimates  ^*[T)j  is  said  to  be  consistent 
if 


lim  E  fz(T)  -  a]2  =  0  (4. 105) 

T-»oo  1  J 

When  this  occurs,  z<T)  itself  is  also  said  to  be  a  cunvistent  esti¬ 
mate  of  z. 

Observe  that  the  mean  square  error 
E[z(T)  -  z]2  =  E[z(T)  -  E  z(T)  ♦  E  z(T)  -  z]2 

=EfMT)  -  E  z(T>]2  +  [E  MT>  -  x]2  {4. 106) 

since  the  usual  middle  term  has  a  factor  equal  to  zero,  namely, 

E[z(T)  -Et!T|]=0 
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Thu*,  the  mean  square  error  is  the  sum  of  two  parts:  the  variance 
lor  square  of  the  random  error)  of  the  estimate  as  given  by 

ct2[*(T)]  =  E{  z(T)  -  E  z(T)]*  =  E[x*(T)J  -  [E  z(T))2  (4. 107) 

and  the  square  of  the  bias  (or  systematic  error)  of  the  estimate  as 
given  hy 


[b  z(T)]2  =  [E  z(T)  -  x]Z  (4. 108) 

It  wili  be  demonstrated  in  Sections  4.  82  and  4. 83  that  great  care  is 
required  to  insure  that  both  the  variance  and  the  bias  will  approach 
zero  as  T  becomes  large  when  estimating  (i.  measuring)  the  power 
spectrum  and  cross-power  spectrum- 

4. 6  MEASUREMENT  OF  MEAN  VALUES 

The  following  discussion  is  now  concerned  with  estimating  the 

mean  values py  of  a  pair  of  { weakly  1  stationary  random  processes 

{x(t)}.  {y(tl}  by  performing  a  finite  time  average  cn  arbitrary  continuous 

sample  functions  x(t)  and  y(t),  which  are  known  only  for  a  finite  time 

interval  0<t<T.  By  assuming  certain  commonly  satisfied  conditions 

for  the  autocorrelation  functions  of  the  random  processes,  it  is  shown 

that  the  estimates  in  question  are  unbiased  and  consistent. 

The  same  analysis  covers  measurements  of  either  u  or  p  . 

1  x  y 

Consider  z(t)  as  representing  x(t)  or  y(t).  Suppose  that  a  single  sample 
record  z(t)  from  a  stationary  random  process  {  z(t)}  is  averaged  only 
over  a  finite  time  T.  Define  the  sample  mean  value  estimate  by 


m(T)  = 


dt 


(4. 109) 
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Then 


E  *(t)  dt 


i  fT 

TJo 


(4.110) 


where  the  true  mean  value  v  =  E  x(t)  is  independent  of  t.  Hence, 
m(T)  i*  an  unbiased  estimate  of  u  . 

For  simplicity  and  without  loss  of  generality,  it  will  he 
assumed  unless  stated  otherwise  that  the  mean  value  p  =  0. 

Now,  the  mean  square  error  over  the  set  of  estimates  fm(T)J 
becomes 


E[m(T)  -  p  ]2  =  Efm(T)]2  -  =  E[m(T)]i  (4.  Ill) 


where 


:[m(T>]^  =  J^T  J^T  =[-(“»  «(>»]  *■ 


(4. 112) 


By  definition,  the  autocorrelation  function  R(t)  for  a  stationary 
random  process  is  defined  by 


R(t)  »  E[*(t)  *It +  r)] 


(4.113) 


From  the  stationary  hypothesis,  it  follows  that  R(t)  is  independent 
of  ▼,  and  an  even  function  of  r  with  a  maximum  atr*0.  It  will  be 
assumed  that  R(t)  is  continuous  and  finite  for  all  values  of  t,  and 
that  all  periodic  components  in  R(t)  have  been  removed  at  the 
outset. 
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ntftwul  iategrability  properties  wtitfiet  by  SI1*),  vaich 
will  be  *eedr'  later,  are  unmed  so  be 


iWi»|  4t<« 


j  rj  |*<t)|  dr  <  CD 


P*  R2|e»4T<o» 


(4.114J 
*2CrJ  *r  <  os 


There  rw<iliw!»  are  gewe  rally  satisfied  ha  apart,  e.g. ,  caw  oiler 
the  cspoaratisl  iaactiaa  ft(t*  *  |-b|  r|»  where  b  >•- 

la  terms  mi  aa  arbitrary  aatocorrslotiasi  hactita  1(f),  the 
naeaa  Sfaare  error,  B^aatieas  (4.  Ill)  «al  |4. 112J,  becomes 

W'? 

,4., is, 


The  ftewi  eapresoioa  ouvara  from  the  first  bp  sahsfUwliag 
r  *  a  -  It  *  la.  and  reeersiag  the  orders  of  iateyrotisa  he- 
tweea  t  aal  v.  Now, 

M(i§4r<m  {4.!i^ 

proridel  that  K(t)  aal  tN{t)  arc  ahoslately  iategrahie  orer  (-as.  oaf 
to  jastify  passage  to  the  limit  iasile  the  iategral  siga.  la  particalar. 
Eqaat*oa{4.  U5)shews  that,  for  large  T.  the  naeaa  ego  a re  error 
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-  -  rtf* 

EJ  rw(T)l<'  j  R|v}dr 


Hescc  E|  re{T)l^  aaprcacfccs  zero  a*  T  i^ruchtf  infinity.  proving  that 
rr.{T)  is  a  cgtmua  Mtizate  m- 


Example  Quantizing  Ampli(«dc  Levels. 

-bhj 

Sayyotc  p:  0  .  Rif)  s  e  ' 


■fcr  re  b  s  2x3  >  0 


(4- lit} 


Them 


,2  „  .^.2  i  .  -kirL  2  1 

tF  t  BnstTf]  *#•  —  i  e  2t  «— — •  ■«  — — 

*  *  T  vi»  bT  *BT 


The  parameter  B  cm  he  stem  {Stef.  1 1].  Chapter  T|  to  W  ike  positive 
realizable  bi»4«i4ll>  is  cycles  per  stete  « f  a  low-pass  |RC  type}  filter, 
ekiic  R|r}  cut  he  interpreted  as  the  normalized  mtpil  aotocor relation 
fwctimi  from  this  filter  to  a  basf=i*i  limited  ekitt  noise  saps. 

From  kaovledft  of  the  normalized  standard  deviation  or.  one  may 
non  decide  to  what  degree  of  refinement  amplitude  Severs  shoo  Id  he  goan- 
tized.  in  particolar.  one  can  estimate  hoe  accurately  various  amplitode 
valoes  should  he  measured.  With  M%  confidence,  (assuming  a  normal 
distribution),  met  ’remeats  of  a  desired  mean  value  will  he  with  in 
£  <r  units  on  either  side  of  the  true  mcaa  value.  Hence,  the  plus  and 

zllswanc «  oyuio  *o  foe  win  confidence.  Urns,  for  Wf  confidence, 
the  number  of  perceptible  amplitude  values  would  he  given  by  (i/2e) 
where  W  is  the  normalized  standard  deviation.  For  this  example  where 
<rZ  s  (1/vBT).  assume  BT«*(IS4/*).  The-  o^usO/104)  aad  <r  *(1/100). 

Here  then,  the  number  of  guaacised  amplitude  levels  should  he  (l/2eWS0. 
This  concludes  the  example. 
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4.?  MEASUREMENT  OF  AUTOCORRELATION  AND 
CROSS- CORRELATION  FUNCTIONS 


T3sr  st«  statistical  ^auit'.cet  usrtresl  arc  tke  itstoccrrrUiiw 
fsatlESSt  R^irj.  »i  ti*-  crs»s-c«rrtiai«*  fatiiM  As 

to  Sccttoe  4.  t  ;~t  imu  values  n  «M  *  arc  ass* ssed  to  m  zero  Fw 

i  j 

ce*!:t;'«t  data  xftj!.  jrf;|  sfcick  nisti  cs»v  tor  0  <  t  <  T.  lie  uayk 
tnMs-c«rrcto:«  fsaaisa  estimate  R^{r.  Tj  uriii  it  defiat d  W 


V*'™ 


*t*l  It*  *  *S  * 


1  sftl  s|: 

i? 


«  rf  dt 


•  <  t  <T 


|4. I2S* 


-T<t<® 


To  avoid  ?sse  ai  absolute  taioc  sicks,  t  be  considered  positive 
from  henceforth  ard  lie  reader  should  ngflr  retired  similar  separate 
proofs  for  negative  r  Tie  sample  osartriwialita  faxtita  estimates 
R^t.  Ti  and  Ti  are  merely  special  cases  «Ua  the  »s  records 

coincide,  name-:*. 


«t^(T.  T|  * 

l 

T-t 

«T*T 

|  *Jl|  *(«  * 

J0 

*ldt 

: 

9<t<T 

J’-T 

R  Jt.TI  * 

1 

1  ftu  ytt  * 

r|  ds 

# 

P  <  T  <T 

f 

T-r 

Up 

Thus,  by  analyzing  ,l-r  eross-correlaiwo  function  estimate,  one  derives 
re svuls  also  tor  ifee  autocorrelation  function  estimates,  in  particular, 
measurement  of  mean  sfasn  raises  are  present  to  Ef.  (4. 1£I>  wire 
rtf.  namely. 


R^ie.n  *i 


(4  U2» 


AS*?  Ik  %i»l 


4-51 


As*  rtwssKr  aescace  *wr  ut  »«1  «f  pMfnUr  cflsfMtct 
;r  fT.Ti)  ys«Ms 

i  *T  J 

E[R„!T.Ti;  -  ^  £T'T  £[*«  rf.  .  n]* 


.  rTr 


-r  -  *  H  *  *  *_(*! 

T  t  V'i  ^  ^ 


«4-  ££« 


NnceK  (r,1)  Use 

XT 

TV  H*r« 


*f  ft.  (if. 

jtf 


crrcc  Wr«  it  (im  kf 


*(v-t*  -  v*r  *  eK!,t,i 


TTjJ?  X 1“H  rt*  • « *«  *’•"!  <4 


«4. i«| 


At  fkU  se  «r4<f  Wk  e«  !br  later  RHWaiHiol 

uuiysst  **m§  »*y»  is  *fr«*  «ilk  awv  pinriirt!  cites  tf  iMmtl.  st 

«il!  Iw  i>.  wind  iku  Ike  r«4«  ^necsstr*  M-  (*<«»}  arc  juniy 

^  *  *  * 

Gw««:«i  for  mt  tet  cf  fsxctf  awes.  This  rtttnctits  nuy  he  nmtvti 
by  »kttNtM(  certain  mlrttkkililv  Cfhtift  •«  (he  mc-Gmssim 
*•  -  H  !fer  firfiB  pacMtet  swikut  tSicraf  in  tsf  essential  way 

site  rmkt  i*  he  4crrrei_  When  f  *?•}] .  [  Tf*l  |  arc  jctatly  Gaussian. 

* 

it  Mirers  that  j  aft) 

c 

F«*r  Gaussian  stitieairr  raMttn  prsecat*  with  sera  mean 
sibrt,  She  stMlStscli  r^irtsstc 


arc  sryaraieiy  Chassis 
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E 


[■Mf  «W ff» *  *ljs -  ■# »^(*  -  a# 


♦  t  '*  -  ««i)K  (v-a-if 
”  T* 


(4-12$) 


'[v-1'  -  v-r  v— 


*kr*T  **♦  **  y***-  4 


-*}Iv*  v-*  v»*’»  v*-^ 

(4.IHI 

Tfc*  woai  nfretMa  accan  baaa  tW  Brat  fegr  ktM|  y  *  w  -  «. 

rawaraiaR  ikt  mIii  af  al(fr«iMa  Itnaai  y  aa4  «. 


tiaa  TElR  |t.T1-R  fill* 

t  .«  I  *r  j 

<•  (4.127) 

i»— iat  R^ly)  R^fy)  »«  aMataly  kMpalk 

R^fwf  alich  Sac  Uiyc  T  baa  a  aca*  ipin  errar  gma  If 
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EfRxy(T'  T>  "  Rxy(T)]2«4  /J[Rx(v)Vv»  *  Rxy<Y+  T>Ryx<Y  ■  r)]dY  (4. 128) 

Example:  Output  Autocorrelation  Fuction  of  Low-Pass  Filter  to  White 
Noise  Input 

As  shown  in  Chapter  7  of  Ref.  [  1  ] ,  the  normalized  output  auto¬ 
correlation  function  RX{T)  of  a  low -pass  (RC  type)  filter  to  a  white  noise 
(bandwidth-limited  constant  power  spectrum)  input  is  given  by  an  expon¬ 
ential  function 

Rx(t)  =  e*b  lTl  ;  b  =  2irB  =  (1/RC)  (4. 129) 

The  parameter  b  is  in  angular  frequency  units  of  u>  (rad/ sec),  while  B  is 
a  realizable  measurable  positive  frequency  bandwidth  in  units  of  cycles 
per  second  (cps). 

From  Equation  (4. 126),  one  can  prove  for  large  T  that 

<rx(T.T)  =  E[Rx(t,T)  -  Rx(t)]  ;  l<k<2  (4.130) 

Thus,  the  output  signal-to-noise  amplitude  ratio,  as  defined  by  the  ratio 
of  the  mean  value  to  the  standard  deviation,  becomes  here 


At  r  =  0,  where  Rx(0)  equals  the  mean  square  value,  this  ratio  is 

Rx(°)  /bT\f/2 

- 2 i  b  -  2jtB  ;  l<k<2  (4.131) 

0-JO.  T)  \k  ) 

To  consider  another  important  idea,  suppose  many  measurements 
of  Rx(t,  T)  are  made  at  a  given  fixed  value  of  t,  using  different  sampl  ■  oi 
length  T  from  a  stationary  random  process  |x(t)}.  Then,  to  a  reasons  *e 
order  of  approximation,  these  different  measurements  may  be  assumed 
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to  be  normally  distributed  about  the  mean  value  Rx(t).  Hence,  95%  of 
these  values  will,  on  the  average,  lie  within  jf  2cr  of  the  mean  value. 
Thus,  for  95%  certainty  that  an  arbitrary  measurement  lies  within  p 
percent  of  the  true  mean  value,  it  is  necessary  that 


0.  01  p  Rx(r)  =  2o-x  (t,  T) 


or 


RX<T)  _  200 
°x  ^T’  p 


(4.132) 


Note  that  if  p  =  5%  or  10%,  then  (R/<r)  must  equal  40  and  20,  respectively. 

For  the  low-pass  filter  example  described  above,  one  can  now 
determine  the  size  of  (bT)  required  to  guarantee  in  advance  that  an 
arbitrary  correlation  measurement  will  be  within  p%  of  the  true  mean 
value.  To  illustrate,  letting  p  =  5%  and  k  =  2,  one  obtains  for  the  max¬ 
imum  point  t  =  0, 

bT  *  2«BT**3200  or  BT«s  500 
This  concludes  the  example. 

To  summarize  the  work  thus  far,  the  analysis  in  Sections  4.  5  and 
4.  6  has  stated  commonly  satisfied  mathematical  conditions  such  that: 

(a)  A  set  of  estimates  (m{T)},  see  Eq.  (4. 109),  for  measuring 
the  mean  value  from  continuous  data  is  both  unbiased  and  consistent, 
with  mean  square  error  for  large  T  given  by  Eq.  (4. 117). 

(b)  A  set  of  estimates  {R  (r,  T)},  see  Eq.  (4. 120).  for  measur- 

xy 

ing  the  cross -cor relation  function  from  continuous  data  is  both  unbiased 
and  consistent,  with  mean  square  error  for  large  T  given  by  Eq.  (4. 128). 
Autocorrelation  function  estimates  are  obtained  by  merely  letting  x(t)  =  y(t), 
and  mean  square  values  by  then  setting  r  -  0. 

Power  spectra  and  cross-power  spectra  measurements  will  now  be 
developed  in  the  next  section. 
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4.  8  MEASUREMENT  OF  POWER  SPECTRA 
AND  CROSS-POWER  SPECTRA 

For  stationary  random  processes  with  zero  mean  values, 

the  real-valued  cross-correlation  function  R  (t)  and  the  two-sided 

xy 

complex -valued  cross -power  spectral  density  function  S  (f).  which 

*y 

is  defined  for  -oo  <  f  <  oo,  are  related  by  Equations  (4. 83),  (4. 84) 
and  {4.  92),  namely. 


S  (f )  =  /  R  {r)e'j2*fTdT  =  C  (f)  -  jQ  (f) 
xy  xy  xy'  xy'  ' 

R  (r)  =  C  S  (f)ej2*fT  df 

x>  J-oo  xy 


(4-133) 


As  special  cases  of  the  above,  the  real-valued  autocorrelation 

functions  R  (r),  R  (r)  yield  the  real-valued  two-sided  power  spec- 
x  y 

tral  density  functions  S  (f),  S  (f)  through  the  relations 

x  y 


S  (f)  = 
x 


Ooo 
U -co 

J'oo 
co 


R  (x)e 
x 


-j2*fx 


dT 


dr 


(4.134) 


The  problem  at  hand  is  to  estimate  S  (f),  S  (f)  and  S  (f)  from 

xy  x  y 

data  which  is  known  only  for  a  finite  time  interval.  In  order  to 

estimate  in  a  physical  device  the  complex-valued  function  S  (f), 

xy 

it  is  necessity  to  estimate  its  real-valued  components,  namely. 


Since  S  (f) 
x 


the  co-spectrum  C  (f)  and  the  quad-spectrum  Q  (f) 
xy  xy 

and  S  (f)  arc  real -valued  functions,  their  estimation  is  easier  to 

y 
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accomplish  and  to  explain  than  S  (f).  Consequently,  the  discus - 

xy 

sion  to  follow  begins  with  power  spectrum  measurements,  after 
which  cross-power  spectrum  measurements  will  be  taken  up  in 
Section  4. 8. 7. 

4.  8. 1  Power  Spectra  Measurements 

A  schematic  picture  of  a  general  filter  device  for  estimating 
the  power  spectral  density  function  associated  with  a  single  random 
record,  say  x(t),  is  displayed  in  Figure  4. 3  below. 


The  input  random  record  x(t)  is  assumed  to  be  of  finite  time -length  T, 
and  to  be  drawn  from  a  stationary  random  process  with  aero  mean 
value.  The  tunable  narrowband  discriminating  filter  is  assumed  to 
have  a  finite  nonzero  constant  bandwidth  B  centered  at  a  frequency 
f  which  may  be  varied  over  the  frequency  range  of  interest.  It 
turns  out  that  in  order  to  obtain  a  consistent  estimate  of  S^(f),  one 
must  introduce  a  filtering  procedure  which  averages  over  a  band  of 


frequencies.  The  final  filter  output  quantity  S  (f,  T,  B)  describes  the 
2  * 

time  average  of  x  (t)  in  terms  of  its  frequency  components  lying 
inside  the  frequency  band  -  (B/2)  to  f£  +  (B/Z),  divided  by  the 
bandwidth  B.  Analog  equipment  of  this  type  appears  in  Reference jl4 
The  output  quantity  is  a  smoothing -over-frequency 

estimate  of  the  true  power  spectral  density  function  5^(1)  at  f  -  f c 
which  would  be  associated  with  input  records  of  infinite  length  and 
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bandwidth*  of  zero  width.  The  quantity  S  (f)  df  is  the  infinitely 

2  x 

long  time  average  of  the  product  x  {t)  from  frequencies  lying  be- 

2 

tween  f  and  (f  +  df).  The  total  time  average  of  x  (t)  over  all 
frequencies  is  obtained  by  integrating  S  (f)  df  from  -od  to  +a>. 

Because  of  its  relationship  to  power  dissipated  in  a  unit  resistance 
by  a  current  x(t).  the  time  average  of  x^(t)  may  be  considered  as 
the  "average  power"  in  x(t),  and  is  the  main  justification  for  call¬ 
ing  S^Jf)  a  power  spectral  density  function. 

In  an  actual  physical  device,  the  bandwidth  B  is  not  zero  and 
the  record  lengths  T  are  not  infinite.  It  is  important  to  be  able 
to  predict  within  established  levels  of  confidence  how  closely  an 
actual  measurement  S  (f,  T.  B)  will  approximate  the  desired  true 
measurement  S  (f).  This  problem  will  now  be  discussed  and  some 
of  the  main  analytical  results  will  be  stated. 

Let  the  frequency  response  function  of  the  narrowband  filter 
centered  at  f  be  of  an  idealized  form  (see  sketch  below) 

ViO  =  l#i/2B  for  |  f  +  fc|  <  B/2 

=  0  otherwise  (4.135) 

where  the  full  bandwidth  B  =  B(T)  is  a  function  of  T  to  be  specified 
later.  For  definiteness,  assume  that  fc  >  (B/2). 

Hi  0 


t 


c  c 

Ideal  Narrowband  Filter 
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The  inverse  Fourier  transform  of  /^(f)  is  the  weighting  function  of 
the  filter  denoted  by  h(t),  that  is. 


h(t)  = 


f  TfW*>Z*{t  df 

-oo 


For  a  filter  to  be  physically  realisable,  it  is  necessary  that  h(t)  =  0  for 
t<0. 

In  terms  of  an  arbitrary  h{t),  the  corresponding  frequency  response 
function 

<f)  =  P*  h(t)e'j2,rft  dt  =  H(2*f) 

-00 

When  using  a-  *  2s f.  becomes  *)f(W2*)  =  H  (*»•}=  l  h(t)e_J**  dt. 

-oo 

It  follows  for  real  h{t)  that^-f)  =J({ f),  the  complex  conjugate  of  ?f(f)- 
This  is  the  reason  why  the  ideal  narrowband  filter  has  a  theoretical 
pass-band  in  the  negative  frequency  region  with?f(-f)  -  Jftf).  Note  also 
that^f(f)  is  defined  so  that 

f  W(0!Zdfrl 


In  words.  !7f{f)!  2  has  unit  area  over  the  doubly  infinite  frequency  range 
for  any  bandwidth  B. 

For  an  input  x(t),  the  filter  output  a(t)  is  given  by 

PT 

a(t)  =  I  x(u)  h(l  -  u)  du  =  i  x(u)  h(*  -  u)  du  ;  t  >  0 
U0  -co 

since  x(u)  is  zero  outside  the  range  (0,  T).  This  output  is  now  squared, 
then  integrated  over  all  positive  time  and  average  by  T.  to  yield  as  a 
smoothed  estimate  for  the  time  average  of  x2(t)  in  the  bandwidth  B, 
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(4. 156) 


S  (f  ,  T,  B)  =  i.  f  a~(t)  d»  *4  4  1  a'(0  <R  for  large  T 

*  C  i  v/»  *  Vf> 


rT  > 


By  tuning  the  filter  to  different  center  frequencies  fc,  one  obtains 
Sx{f.  T,  B)  for  all  f. 

Further  analysis  {not  given  here)  shows  that 

Sx(fc-  T.  B)  -  j1  |^f)  j2  Sx(f,  T*  df 


(4. 137) 


vrhtrc 


sx(f.  T)  -  J  R  (t.  T)e'j2efT  dr  =  fT  R  ir,  T)e'j2*fT 
-oo  '-'-T 


or 


{4.138) 


Rx(t.  T)  =  J  Sx(f.  T)ej2*fT  df 

CO 

»  pT- {r  j 

-  j  j  x(t)  x(»  f  jr{)dt  for  |  t  f  <  T 


(otherwise  zero) 


(4.139) 


On  setting  r  s  0.  one  derives  the  relations 


Sx(f.  T)  df 


{4.  140) 


whichshowsJhowS_{f.  T)  distributes  the  "power'*  in  x2(t)  over  the  doubly 

3C 

infinite  frequency  range  from  oo  to  too. 
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For  the  bias  problem,  one  may  prove  that  S  (f  ,  T,  B), 
(as  obtained  from  Figure  4.  3),  provides  an  asymptotically  un¬ 
biased  estimate  nf  .$  if  )  u  T-kd  if  the  bandwidth  B-0  as  T ■*». 
x  c 

This  condition  on  B  as  a  function  of  T  is  therefore  assumed. 
From  Equations  (4. 137)  and  (4. 133), 


S  (1  ,T 
x  c 


.Ooo 

»B)  =  /  |7#fl)I 


U-00 


[Tv* 


TJe-^dr 


(4.  Ml) 


By  definition.  Equation  (4. 108)£he  bias  term  is  given  by 

b  [Sx(fc.  T.  B)J  -  E  [Sx(fc.  T.  B) j  -  Sx(fc)  (4. 142) 

At  this  point,  some  detailed  mathematical  analysis  must  be 
carried  out  which  is  not  developed  here.  The  final  result  is  expressed 

in  the  important  asymptotic  formula  below  which  assumes  that  R  (t), 

2  * 
tRx(t)  and  t  R^rj  are  all  absolutely  integrable  funct:*.n?  over  (-to,  ®). 

This  result  is  that  at  any  frequency  f, 

lim  B‘2|bfs  if,T.B)|  w  ‘  |ff'(f)|  (4. 143) 

T-co  |  *■  x  *\  4,|  x  | 


where  S^(0  i*  the  second  derivative  of  $x(0  with  respect  to  f  as 
given  by 


T2RxiT).-*rtT 


dr 


(4. 144) 


From  the  ab  -ve.  it  follows  that  the  bias  term  approaches  sero 
as  T  approaches  infinity  provided  that  B  approaches  zero. 
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In  fact,  for  targe  T, 

bfS(f.T:B)| 

L  J  24 

So  apparent  limitation  exists  from  the  above  formula  on  how  rapidly 
B  should  approach  aero  as  T  approaches  infinity.  It  wit!  be  shown 
in  the  next  section  that  B  may  not  approach  zero  too  rapidly  if  the 
variance  in  the  estimate  is  to  be  small. 

4.  8.  3  Analysis  of  Variance 

For  the  variance  problem,  one  may  prove  that  the  estimate 
3x(fc.T,B).  {as  obtained  from  Figure  4.  3).  has  a  variance  which 
approaches  zero  as  T—cn  if  the  product  BT-wjd.  Since  the  bias 
approaches  zero  as  T-»o>  only  if  B-»0,  these  two  statements  taken 
together  imply  that  B  should  approach  zero  slower  than  T  approaches 
infinity. 

By  definition.  Equation  (4.i07||he  variance  is  given  by 

[Sx{fc- T*  B,J  8  E  [Sx(fc* T'  B>  '  E  W  T.  B>]  2  {4. 146) 

After  a  considerable  amount  of  careful  mathematical  analysis, 
one  may  derive  the  following  important  result.  At  any  frequency  f, 

lim  BT  <r2[S  (f.T.B)]~  sf(f)  ;  f/0 

T*oo  L  x  J  * 

(4.147) 

*2S^(0);  f  =  0 
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Thu*,  for  large  T. 


<rl  jSx(f. T. S)j*»  (1/BT)  sjf)  ;  f  /  0 
» (2/BT)  sjoj  ;  f  =  0 


(4.141) 


These  equations  shew  that  the  variance  approaches  aero  as 
T-*-o»  provided  that  BT-*eo.  This  result  ccfr,bir*i!  -arias  the  previous 
result  for  the  bias  term  gives  the  two  parts  required  for  a  mean 
square  error  analysis  of  power  spectrum  (and  cross-power  spectrum) 
measurements.  Observe  that  at  the  zero  frequency  point,  f  =  0,  the 
right-hand  side  is  increased  by  a  factor  of  two  over  the  general  result 
which  is  valid  for  f  /  0.  In  the  sequel,  formulas  will  refer  to  cases 
where  f  /  0.  and  should  be  modified  by  tbis  factor  of  two  if  f  *  0. 

4.  ft.  4  Mean  Square  Error 

The  mean  square  error  of  the  power  spectrum  estimate 
Sx(f,T,B)  at  any  frequency  f  /  0  is  given  by  the  expression,  see 
Equation  (4. 106). 

E[Sx(f.T.B)  -  Sx(f)]2  =  o-Z[Sx(f.T.B)J  ♦  b2 f Sx(f . T. B)] 


BT 


for  iarge  T 


(4. 149) 


using  Equations(4.145)  and  (4. 148).  It  is  clear  that  the  mean  square 
error  approaches  zero  as  T-»a>  if  B,  considered  as  a  function  of  T, 
is  restricted  so  that  B—0  and  BT-»ao. 
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For  example,  suppose 


B  =  cT*‘l  ;  e  >  0.  0<«<I  14.150) 

Here.  B—&  as  T— -a>.  and  BT— -oo  as  T— «d. 

Eqsaiiw  (4. 149)  above  is  oet  of  the  more  important  statistical 

results  is  this  report  since  it  indicates  tbe  mean  tyirt  error  to  be 

expected  is  estimating  5  (f)[or  S  (£}]  using  any  gives  fisite  B  ant  iisite 

x  y 

T.  Farther  analysis  of  this  resell  sill  be  tabes  up  is  Sectioa  4.9. 

4.8.5  Frequency  Resolution 

Another  irepertast  practical  question  is  poorer  apeetnam  measare- 
ments  is  to  determine  boor  closely  estimates  should  be  tabes  along  asy 
frequency  range  of  interest,  it  is  clear  that  if  these  points  are  spaced 
too  closely  together .  the  resalts  would  be  highly  correlated  and  consider¬ 
able  extra  unnecessary  work  would  be  involved.  On  the  other  han<I.  for 
points  spaced  too  far  apart,  considerable  information  may  he  lost.  It 
is  important  to  determine  the  smallest  frequency  interval  Af  that  can  be 
resolved  in  power  spectrum  measurements  in  the  sense  (hat  estimates 
taken  at  this  frequency  interval  apart  will  be  essentially  unco r relax ed. 

For  idealized  narrowband  filters,  a  choice  of  Af  ~  B  represents  the 
minimum  resolution  attainable.  Two  different  peaks  in  a  power  spectrum 
which  are  leas  than  B  cps  apart  may  be  blurred  together  and  not  distin¬ 
guished  from  one  another.  Two  peaks  which  are  further  than  £  cps  apart, 
however,  would  be  separated. 

In  actual  practice,  since  realisable  filters  do  not  have  sharp  cut¬ 
off  edges,  a  more  reasonable  figure  to  use  for  the  resolution  is  2B  cps. 

Thus,  for  high  resolution,  the  bandwidth  B  should  be  made  aa 
small  as  possible.  This  is  also  desirable,  as  stated  earlier,  in  order 
for  the  estimates  to  have  a  low  bias.  Low  bias  and  high  resolution 
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are  cowcconslf  complementary  prefects,  idk  bdif  cmm^kgcc* 
of'  srros&tsd  filtering .  From  tie  pei&t  of  new  of  rrfacisj  the  var¬ 
iance  in  the  CKiicaef.  h#»t«r.  for  a  firm  recorf  length  T.  the  'awd- 
viith  B  should  be  made  a*  Serge  as  piiiUc  since  the  variance  is  in¬ 
versely  propertiaeai  »  dm  BT  prcfsci.  Tims,  the  choice  of  B  is  fate 
critical.  If  T  :s  m>  restricted  m  length.  thea  it  is  possible  to  antic 
arbitrarily  high  re^htscc  and  small  bias  as  *eii  as  arbitrarily  lav 
variance.  To  accomplish  das  objective,  ose  should  let  B  approach 
zero  and  T  approach  infinity,  bet  is  sock  a  way  that  B  approaches 
zero  as  a  slower  rate  tfess  T  approaches  iafiaity. 


represents  the  r. umber  of  statistical  degrees  of  freedom  associated  wish 
a  finite  record  T  Meals  loop  aad  t  esrsetef  to  a  frequency  bandwidth 
if.  B)  cps  wide,  is  she  sense  that  the  record  cast  he  reconstructed  from 
its  samples  takes  {1/28}  seconds  apart  on  the  tune  scale.  Thus.  28T 
numbers  completely  def ermine  soefe  a  record.  Res.^I.  p.SfJ. 

4.1  i  Cor  rection  for  Mean  aad  Linear  Trend 

Tsk  previous  analysts  has  asxmned  that  the  input  random  record 
aft)  :s  a  sample  member  from  a  stationary  random  process  with  zero 
mean  value.  If  die  r.vear.  value  is  Mt  zero,  then  the  p)»er  spectral 
density  fanctMa  will  exhibit  a  large  peak  {theoretically  infinite)  at  zero 
frequency.  Considerable  distortions  will  occur  in  measurements  of 
the  purer  spectra  curve  at  low  frequencies  by  feeding  the  record  directly 
into  the  analog  device  of  Section  4.  t.  I  without  correcting  for  tins  non- 
xcro  mean  value. 

A  second  correction  may  be  needed  to  subtract  out  a  slowly 
varying  linear  trend  ft  e.  noe-zero  slope  of  xf!)  with  respect  to 
time;  about  which  the  random  record  may  be  oscillating.  This  may 
be  due  to  the  recording  equipment,  of  to  an  actual  change  is  the 
random  record  over  «  long  observation  tune  Whatever  the  cause. 


is  clear  that  a  fesur  estimate  rf  «fc-  ?««tr  tyegft  earrt  os 
ife  okxieej  fcr  proper  ac const  of  tUf  liocar  trend  in  the 

£)U. 

L«-:  >(:)  rcpiesent  u  iafet  nofiw  rrcor4  front  a  random 
proew*  [  C('S  j  nMdi  it»t  nerd  |o  hr  corroded  for  a  noo-sero 
«nr>9>  tso  for  a  isasar  tread.  Is  partiesdtr.  npftoc  that 


Ut|  *  -  o^jt  •  -  j  »  «<t|  :  l<«CT  (4.1)4 

•here  demote*  the  mranrH  m«u  nbt  of  {(I)  orer  its  k^ajf.TI, 

:i»-  pitas meter  o^  fcw>3r»  Si'  ^rtrtf*  slope  of  the  record  $ft)  with 

reifrd  to  !skk  t.  aaad  the  £t»S  term  xflf  r«fr«H*t(  a  tmfir 

record  freer,  a  naiottnr  random  pntce»  \  aft}]  with  aero  iocoi 

and  zero  sloor.  Observe  that  if  m  and  o  tonal  aero,  thee 

ax 

4{l|  ietotisef  xft}. 

The  parameters  and  o^  mar  hr  estimated  from  (ft|  by  the 
easily  derived  ftrmslu 


C4.IS3J 


C4.I54I 


These  rdttiotf  lead  to  a  simple  analog  device  for  detenmaiof  xft} 
from  fell  as  sketched  la  Figure  4.4.  This  ontpot  aft)  can  non  he 
fed  into  the  power  spectral  analyser  circsit  of  Figure  4.  3  on  as  to 
yield  estimates  of  5^(0 _ 
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EeCtftaicr 


AAkr 

aoc 

&krvt«c 


FJjcre  -t.  •£  CiicdS  for  Rticoriaf  Mt-ifi  Valse  ara  Lisear  Tr<*4 

Tfcc  astscorrtlalios  faeclace  taturatt  sscw  btcooet. 

J^*,*,-**  =  0<r<X 

« 

=  T^, 

PT-t  z  «  2 

J  fct  -  t}  «£  -  r»*  -  ~.\(r.T>  ( 

rAere 

XCr.T)  =  T*[l  -  2?t/TJ  -  «t/T)2J  f 
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Similarly,  let  *](t)  represent  an  input  random  record  from 
a  second  random  process  such  that 

n(t)  =  rn  .  +  ory  |t  -  ^|  +  y(t)  :  0  <  t  <  T  (4.  157) 


where  m  denotes  the  measured  mean  value  ofrj(t)over  its  length  [0,  Tj,  the 
parameter  o  denotes  the  average  slope  of  the  record  t|(t)  with  re- 
spect  to  time  t,  and  the  final  term  y(t)  represents  a  sample  record 
from  a  stationary  random  process  £y(t)]  with  zero  mean  value  and 
zero  slope.  As  before. 


R  (t,  T)  =  P  T  y(t)  y{t  +  r)  dt  ;  0  <  r  <  T 

y  *"TJ  0 

T  2  12 
ti(t)  q{t  +  t)  dt  -  my  -  Mt,  T)  ay  (4. 159) 

where  X.{t,  T)  is  given  by  Equation  (4.  156). 

Finally,  a  cross-correlation  function  estimate  R  (t, T) 

xy 

is  given  by 
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0  <  T<t 


i  pt-t 

Rxy*T«  T)  =  T^t  J0  VC*  +  r)  dt  ; 

!  PT‘t 

=  yr?  Jo  n(t  +  t)  dt  -  mx -  1  (m x«y  - myffx)~MT* T) ax«»y 


(4. 160) 


This  formula  includes  the  autocorrelation  function  estimates  R  (t,  T) 
and  R^(t,  Ti  as  special  cases,  and  reduces  to  the  usual  expression  in¬ 
volving  calculation  of  only  the  first  term  on  the  right-hand  side  when 

the  quantities  m  ,  m  ,  a  and  a  equal  zero.  Other  situations  when 
x  y  x  y 

some  but  not  all  of  these  quantities  equal  zero  are  also  readily  ob¬ 
tainable. 


4.  8.  7  Cross-Fower  Spectra  Measurements 

A  schematic  picture  of  a  filter  device  for  estimating  the  cross¬ 
power  spectral  density  function  associated  with  two  random  records 
x(t)  and  y(t)  is  displayed  in  Figure  4.  5  below.  Physically  realizable 
real-valued  estimates  are  obtained  of  the  co-spectrum  C^(l)  and 

the  quad-spectrum  Q  (f)  which  can  later  be  combined  to  yield  the 
xy 

cross-power  spectrum  S  (f)  from  the  defining  relation 

xy 

Sxy(0  =  Cxy(f)  "  jQxy{f)  (4. 161) 

The  input  random  records  x{t)  and  y(t)  are  assumed  to  be  of 
finite  time -length  T  and  to  be  drawn  from  stationary  random  proc¬ 
esses  with  zero  mean  values.  The  two  separate  identical  tunable 
narrowband  filters  are  assumed  to  have  a  finite  nonzero  constant 
bandwidth  B  centered  at  a  frequency  fc  which  may  be  varied  over  the 
frequency  range  of  interest.  To  estimate  the  co-spectrai  density 
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function,  C^(f),th c  in-phase  frequency  components  in  the  filter 
outputs  are  multiplied  together,  then  integrated  and  averaged. 

This  is  completely  analogous  to  what  was  done  previously  in  in¬ 
dividual  power  spectra  measurements,  the  multiplier  circuit  now 
performing  the  same  role  as  the  previous  squarer  circuit.  To 

estimate  the  quad-spectral  density  function,  Q  (f},  one  of  the 

o 

filter  outputs  is  passed  through  a  90  phase  shifter  before  being 
multiplied  by  the  output  of  the  other  filter.  The  product  is  then 
integrated  and  averaged  as  before.  This  yields  the  average  prod¬ 
uct  of  the  90°  out-of-phase  frequency  components  in  the  two  random 
functions,  a  proper  physical  interpretation  of  the  quad-spectrum. 
The  absolute  value  and  phase  angle  of  the  cross -spectrum  may  be 
determined  by  vectorially  combining  the  co- spectrum  and  quad- 
spectrum. 


Figure  4.5  Cross -Power  Spectral  Density  Analyser 
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A  complete  analysis  can  now  be  carried  out  which  will  in¬ 
dicate  the  bias  and  variance  to  be  associated  with  the  estimates 

C  {», T,B;  and  Q  (i  ,T,B)  that  would  be  obtained  using  Fig- 
*y  xy  c 

ure  4.  5  Many  parts  of  the  analysis  are  quite  similar  to  what  was 
sketched  previously  for  individual  power  spectra  estimates.  Since 
a  detailed  mathematical  analysis  of  this  type  is  not  deemed  to  be 
appropriate  for  this  report,  only  the  main  conclusions  will  be  sum¬ 
marized  below. 

The  bias  terms  for  any  frequency  f  are  bounded  above  by 


*2 

btCxy{f,T’B,i<  I? 

b[V'-T-B,Hn 


S"  (I) 
xy 


(4. 162) 


where  S^{f)  is  the  second  derivative  of  S^{f)  with  respect  to  f,  and 
is  related  to  R^{t)  by  the  expression 


■R „W.-J“TdT 

xy 


{4.163) 


The  variance  terms  for  any  frequency  f  /  0  are  bounded 
above  by 


o-2[Cxy(f,T,B)]< 


Sx(f)  Sy(Q 
BT 


o-2[Qxy(f,  T.  B)]< 


S  (f)  Sv(f) 

_  _ L _ 

BT 


(4.164) 


At  f  =  0,  the  right-hand  sides  above  should  be  multiplied  by  a  factor 
of  two. 
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Thus,  one  finds  that  a  mean  square  error  analysis  for  co-spectrum 
and  quad-spectrum  estimates  is  closely  analogous  to  a  mean  square  error 
analysis  ot  i nu&viuuai  puwc:  apcCtr ur,;.  In  particular,  tac  conflicting 
demands  on  B  to  be  small  for  low  bias  {and  high  resolution),  and  to  be 
large  for  low  variance  are  the  same  as  previously. 

Furthermore,  if  the  actual  available  records  are  not  x(t)  and  y{t), 
but  §(t)  and  tj{t),  respectively,  where  £(t)  and  Tj(t)  have  non-zero  mean 
values  and  non-zero  slopes  during  the  time  of  observation  then  prior 
corrections  must  be  made  as  indicated  in  Section  4.  8.  6. 

This  completes  the  main  discussion  on  how  to  estimate  power 
spectra  and  cross-power  spectra  from  continuous  data,  and  how  to 
evaluate  the  expected  mean  square  error  of  the  measurements.  Some 
further  statistical  error  analysis  will  be  developed  in  the  next  section. 


4.  8.  8  Confidence  Limits  and  Design  Relations 


From  Eq.  (4.  149)  for  continuous  data,  the  mean  square  error  of 
the  estimate  S(f,  T,  B),  (which  will  be  taken  as  representative  of  Sx»  S^, 
Cxy  and  as  well),  is  given  by 


E[S<f.T. 


2 

[s»(o! 


(4.165) 


The  mean  square  percentage  error  of  the  estimate,  denoted  by  e  ,  is 
defined  by  the  mean  square  error  divided  by  the  square  of  the  true  value. 
Hence 


cWrsw.T.B)]  =  E[«'.  t, b)  -  an]2 

s2(  f) 


(4. 166) 


Let  the  quantity 


MO  = 


S(f) 

S"(0 


i/2 


(4.167) 
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Then  X{f)  has  units  of  frequency  (cps),  and  is  called  the  "spectral 
bandwidth"  of  the  random  process  {x{t)}  under  consideration.  In  terms 
at  Xif). 


2  1  1  B  .4 

€  ^  BT  576  lX(f)J 


(4. 168) 


The  quantity  e  itself  is  called  also  the  "standard  ei  ror".  This  equation 
enables  one  to  make  quantitative  statements  about  the  mean  square  per¬ 
centage  error  in  measuring  a  power  spectrum  S(f)  for  given  values  of 
B,  T  and  X(f).  The  latter  quantity  X(f)  demands  some  apriori  knowledge 
of  the  spectrum  which  one  is  trying  to  measure. 

If  is  large,  then  any  particular  individual  measurement  S(f,  T,  B) 
would  not  be  likely  to  fall  close  to  the  true  value  S(f).  However,  if  is 
small,  then  all  individual  measurements  of  S(f,  T,  B)  would  tend  to  closely 
approximate  S(f).  Thus,  to  guarantee  in  advance  that  an  arbitrary  measure¬ 
ment  represents  well  the  true  measurement,  one  should  try  to  make  e 
as  small  as  possible  through  prior  choice  of  B  and  T. 

Returning  to  Eq.  (4. 168},  suppose  that  the  "spectral  bandwidth" 

X(f)  is  known  (or  can  be  reasonably  estimated)  for  the  random  process 
under  consideration.  Suppose  also  that  the  bandwidth  B  of  the  discrimin¬ 
ating  filter,  and  the  record  length  T,  can  be  set  to  any  desired  design 
values.  Then,  in  order  to  nearly  always  be  able  to  separate  peaks  in 
the  true  spectrum  S(f)  which  may  be  a  spectral  bandwidth  X{f)  apart,  it 
appears  reasonable  to  select  B  so  that 


(4.  169) 


This  choice  of  B  {together  with  a  proper  T  as  found  below)  will  then 
guarantee,  with  a  low  probability  of  error,  that  if  S(f)  has  two  distinct 
peaks  which  are  X(f)  cps  apart,  then  these  two  peaks  C2n  be  resolved  by 
taking  measurements  cf  S(f)  at  intervals  of  B  cps  apart.  Another  way 
of  looking  at  (his  statement  is  to  say  that  measurements  of  S(f)  at  intervals 
of  B  cps  apart  will  practically  always  distinguish  peaks  which  are  2B  cps 
apart. 
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Assuming  B  to  satisfy  B  <  \{f)f 2,  the  second  term  in  Eq.  (4. 168} 
becomes  negligible  and  Eq.  (4. 168)  reduces  to  the  simple  relation 

(4.170) 

In  particular,  for  «  =  0. 10,  corresponding  to  a  root  mean  square  per¬ 
centage  error  of  1 0%,  the  value  of  the  product  BT  should  be 

BTM100  or  T*»  (100/B)  (4.171) 

To  illustrate  these  last  formulas,  suppose  that  X(f)  >  40  cps.  First, 
from  Eq.  (4. 169),  choose  B  =  20  cps.  Then  from  Eq.  (4. 171),  choose 
T  =  5  seconds.  It  follows  that  different  measurements  of  S(f)  taken  20  cps 
apart  will  now  resolve  peaks  which  are  40  cps  apart,  and  the  rms  per¬ 
centage  error  in  the  measurements  will  be  at  most  10  percent. 

If  B  is  not  small  compared  to  X(f)»  then  the  original  formula  of 
Eq.  (4. 168)  must  be  used  to  calculate  the  rms  percentage  error.  For 
example,  suppose  that  B  =  21(f)  at  a  particular  value  of  f.  Then,  for 
B  =  20  cps  and  T  =  5  sec.  the  same  two  values  considered  in  the  previous 
paragraph,  it  now  follows  that  e2«#0. 038  and  e  „  19. 5  percent.  It  is  clear 
from  this  example  how  important  it  is  to  have  B  <  0.  ."C  X(f)  for  all  f,  if 
this  is  possible. 

Suppose  that  the  tunable  filter  (see  Fig.  4. 3)  is  tuned  in  a  uniform 
continuous  fashion  over  some  wide  frequency  interval  B  in  the  time  T. 

Then,  the  average  amount  of  time  T  that  the  input  record  x(t)  spends 
within  the  narrow  discriminating  filter  bandwidth  B  (for  any  center 
frequency  fc)  satisfies  the  relation 

df 

SR.  =  —  =(2/T/=(B/t)  (4.172) 

dt 

where  S.  R.  is  the  sweep  rate  (cps/ sec).  Solving  for  T,  and  substituting 
in  «2  =  (1/BT),  one  obtains 


e 


2 


(4. 173) 
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which  indicates  how  the  mean  square  error  c  "  varies  as  a  function  of 
S.  R.  and  B.  Observe  that  for  an  rms  error  o  <  >0^  S  R.  should 
satisfy 

S.  R.  <  0.  01  B“  cps/ sec  (B  in  cps)  (4. 174) 

For  example,  if  B  =  20  cps,  then  S.  R.  <4  cps/ sec  in  order  to  keep  the 
rms  error  below  10%. 

4.  3. 9  Constant  Percentage  Q  Filters 

The  previous  analysis  involved  using  a  constant  bandwidth  filter. 

For  purposes  of  comparison,  as  well  as  for  its  own  physical  interest, 
similar  results  will  be  written  down  for  constant  percentage  Q  filters. 

By  definition,  a  constant  percentage  Q  filter  is  defined  by  the  relation 

f 

Q  =—  =  constant  (4. 175} 

B 


Thus,  as  the  center  frequency  f£  increases,  the  bandwidth  B  must 

increase  also  to  maintain  Q  constant. 

As  shewn  earlier,  the  spectral  resolution  is  proportional  to  B. 

Hence,  the  fractional  resolution  for  different  center  frequencies  fQ  is 

proportional  to  (B/fc).  For  a  constant  bandwidth  filter  (i.  e..  B  =  constant), 

the  fractional  resolution  will  decrease  as  fc  increases.  However,  for 

a  constant  Q  filter,  the  fractional  resolution  will  not  change  as  fQ  increases 

since  (B/fc)  =  (1/Q)  =  constant.  The  actual  spectral  resolution  will  be 

poorer  for  the  constant  Q  filter  as  f  increases. 

c  > 

For  constant  Q  filters,  the  mean  square  error  e”  becomes 


BT  Tf 

c 


(4. 176) 


and,  hence,  decreases  as  tQ  increases,  for  constant  Q  and  T. 
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The  maximum  scan  rate  S.  R.  becomes 


S.  R.  =—  =  e2B2  =  (c/O)2  f  2 


l*.  Ill) 


One  may  now  solve  for  f_  as  a  function  of  time  for  the  two  situations 
where  B  =  constant  or  Q  =  constant.  Let  f j  =  minimum  frequency  of 
interest  and  f^  =  maximum  frequency  of  interest. 


Case  1:  B  =  constant 


i  . .V 


/*  *e  -r « 

f,  c 


2B2dt 


fz  -  f,  =  «2B2: 


(4. 178} 


Now,  the  number  of  filters  Kg  required  to  cover  the  frequency 
range  (f^  -  fj)  in  a  constant  bandwidth  system  is  given  h 


fl  f2 

if  Q  =  —  and  —  »  1 


(4. 179) 


Case  2:  Q  =  constant 


ni< 

£‘ £■£&-)’* 


*c 


(4. 180) 


f2  -  -  («/Q)2  f^t  =  e2B2  (f2/fj)t  if  Q  =  (fl#'B) 
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Thus  the  frequency  range  is  covered  more  quickly  by  a  set  of  constant 
Q  filters.  The  number  of  filters  required  to  cover  the  frequency 
range  may  be  estimated  from  the  formuU 


"q~ 


if 


Q  »  i 


and  f^  »  fj 


(4.  loi) 


This  result  shows  that  a  considerable  reduction  in  the  number  of  required 
filters  may  be  achieved  by  using  constant  Q  filters. 

4. 9  FURTHER  MATHEMATICAL  ANALYSIS 

4-9-i  Instantaneous  Amplitude  Distribution 

Consider  a  random  vibration  record  x(t)  which  is  a  representative 
member  of  a  stationary  ergodic  Gaussian  random  process  with  zero  mean 
value.  From  the  ergodic  property,  the  time-wise  behavior  of  x(t)  over 
a  long  period  of  time  will  exhibit  the  same  statistical  characteristics  as 
corresponding  ensemble  averages  at  various  fixed  times.  As  a  conse¬ 
quence.  it  follows  that  the  probability  density  function  associated  with  the 
instantaneous  amplitude  values  of  x(t)  that  will  occur  over  a  long  time 
interval  is  given  here  by  the  Gaussian  formula  for  zero  mean  value, 
namely. 

P<x)  = 


dlT 


2.,  2 

-x  /2<r 


(4. 182} 


where  the  variance  cr  equals 


O' 


2 


independent  of  t 


x*(t)  dt 


for  large  T 


Sx(  0  «  = 


Sx(f)  df 


(4.183) 
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Note  tail 


<r^2t  cr 


p{<r)  =  p(0)e"'/2**  0.607  p(0) 


the  quantity  S^fi)  denoting  the  two-sided  power  spectral  density  function 
of  x(f)  as  defined  over  [-03,  at).  Statistical  procedures  for  estimating 
Sx(f)  from  finite  data  were  developed  in  the  previous  section. 

Thus,  the  probability  density  function  p(x)  is  completely  character¬ 
ized  through  knowledge  of  S  {0  since  5_{fJ  alone  determines  or.  This 
important  result  placer  knowledge  of  5^(0  at  the  forefront  of  much  vork 
is  analysis  of  random  records  obeying  a  normal  distribution. 

If  the  mean  value  of  x(t)  is  not  zero,  then  the  underlying  probability 
density  function  is  given  by  the  general  Gaussian  formula 


pi*)  = 


-(x  H)2/2<r2 


14.  *84) 


where  the  mean  value 


=4:>Av  ;  independent  of 1 

*  4  f  dt  for  ~ 

*v’n 


(4. 185) 


and  the  variance 


rJ  =<£«(■>  -  ,J^>Av 


(4. 136) 


the  quantity  Sx(0  denoting  the  pavrer  spectral  density  associated  with  the 
zero  mean  value  portion  of  x(t). 


ASD  TR  61-123 


4-20 


Suppose  tlvki  a  long  record  x[i)  of  length  T  pay  be  i-pa  rated  ir.’.o 

distinct  independent  phases  k  -  1,  2 . b,  each  lasting  ter  a 

time  TV  is  iocj  eeougfc  to  tsSsibi!  stationary  statistical  jiruficrlte* 

for  each  phase.  Suppose,  also,  for  the  sake  of  simplicity,  that  each 
jc^tl  is  semsatiy  distributed  with  mean  ^sO  and  tsrtar.ee  sT  which 
may  differ  from  one  phase  to  another.  How  may  oat  estimate  an  over- 
ail  distribution  for  the  entire  record  xJO? 

One  approach  to  this  problem  may  be  formulated  as  the  superposition 
of  a  cairoer  of  independent  random  variables  (Section  4.  3b}  provided 
each  random  variable  is  weighted  according  to  its  relative  time  of  occur¬ 
rence  Thus,  ts  consider  a  specific  case,  eves  though  say 

*(*1  *  *|!0  °ft5Ti 

(4. *891 

*  x.(i}  T.  <  £  <  Tj  #  T,  *  T 

one  may  consider  *ft|  to  be  given  by  the  sum  of  suitable  portions  of  both 
Xj(c)  and  Xfil;  spread  out  over  the  entire  time  T.  The  resulting  xftj 
would  not  reflect  the  actual  lime  behavior  of  the  original  x(i).  but  it  would 
reflect  the  relative  proportions  of  time  that  aft)  spends  in  various  ampli¬ 
tude  levels.  From  this  point  of  view,  by  the  superpositiow  hearts  for 
independent  random  variables,  if  x,(t)  aad  x^ftj  are  each  normally  dis¬ 
tributed  as  hypothesized  above,  then  xf:}  will  also  be  normally  distributed, 
with  mean  zero,  and  variance 

>  > 

Note  that  the  final  variance  a r~  weights  each  individual  variance 

according  to  its  relative  time  interval  (T^/T).  This  result  is  generalized 

easily  to  many  variables. 

To  check  this  result  for  an  obvious  case,  suppose  x,{t)  *  x .(:)  and 

Z  Z  Z  1  *• 

Tj  *  v  (T/2).  Thereupon  or  s  o  *  which  agrees  with  the  formula. 
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4. 9.  2  Memrtiatst  of  jbspliiafe  Prctebiiiiy  Pattity  Fancticc 

Cociidtr  x  stationary  rwdcm  *(t).  The  probability  fiat 

x$t)  amities  particular  arr.pittidt  tastes  bctwees  x  and  x  e  Ax  is  z  total 
time  T  secesjs  may  be  estimated  by. 


PC*. 


{4.  H5| 


where  r.  is  the  time  spet  by  the  signal  ia  the  nz^e  lx.  x  *  Ax}  4aria|  the 
ithencry  to  the  raage.  See  sketch  below. 


Note  that  Ar/T  is  the  total  fractional  portion  of  the  time  spent  by 
the  sifsal  in  the  range  (x.  x  *  Ax).  The  hat  over  P.  namely  (£).  in 
Eq.  (4.  If  1)  aifnilies  the  e^aatica  is  only  an  estimate  of  probability  since 
the  total  sampling  time  T  will  always  he  finite  in  practice.  Eg.  (4.  if  1) 
will  approach  an  exact  probability  statement  as  T  approaches  infinity. 

The  probability  density  fraction  is  given  by. 

*0.  to  g*  » «-*■■>  <4.1*0 

Ax-*-0  Ax 
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irsji'.r  Ikec8«.  i£e&  defsces  the  probiViit’.y.  P.  oc 
ccceh^  btSvtts  *;y  6«o  iir.ali:3«>  linsiu,  xE  asi  Xj.  u 


n* ■  y 
•ueojeaemAX. 


.  r*a 

PSX|  <x<xi}*j  *  plxicx 


14.  1«3} 


—  E?.  (4.  l?2j,  fe*  prsctisrt  ef  uki^  the  limit  as  Ax  ipp roaches 
rer®  is  beyond  at  capability  ef  physical  ;*»;rcswiu.  Hwttrtr,  the 
psb^ilkf  may  be  a».  rwieaittj  as  fsUmri; 


A_  .  Pfx_  x  t  Axi 
?!*!■  - r 


:*r  sm&U  Ax 


(4.  If  41 


Sdsxiitsf  ^  E«t  £4.  If  1!  ato  Eq.  (4.  £§4f. 


for  snail  Ax 


14.  8f5| 


The  ^santity  f?xt  is  an  estimate  rf  Ik*  tree  probability  density  5— ctior 
p(x)  ketsft  ike  sampling  time  T  is  n*e  istscii*  ami  ikt  amplitude  wiaitv 
Ax  is  sot  infinitesimal. 

Cacfiier  saw  Eli  statistical  accuracy  of  probability  Ores  sir  estimates 
oktisa»4  by  physically  accomplishing  the  face  tins  of  E|.  {4.  !W}.  Towards 
this  goal  assume  that  repeated  measurements  of  At  for  a  g.ris  amplitude 
wtsdaw  Ax  oxer  a  fixed  record  ksfta  of  T  will  be  distributed  a  boat  the 
expected  value  of  At  by  same  distribution  fssoias  not  yet  defined.  The 
*fstas«a  x-crVr  of  statistical  degrees  of  freedom  (the  effective  umber 
of  observations}  for  each  measurement  is  a  *  £AtB^.  &{-{4.Wl*k*r* 
is  ftfsaef  belom  From  Eq.  (4.  IfS}.  At  m.  Ax  T  p  (xj.  Then,  the  umber 
of  degrees  of  freedom  for  a  measurement  of  pfx}  *:i!  ts. 


n  *  I;*x)  T  Bj-^fxj 


(4.  lt« 
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The  factor  is  the  equivalent  noise  bandwidth  of  the  input  signal 


and  is  given  by, 


f°°i 

bn  =  vL 


VW 


o  m 


max 


df 


(4. 197) 


where  ^(f)  is  the  frequency  response  function  of  a  filter  which  may  be 
associated  with  the  input  signal. 

In  accordance  with  common  statistical  practice,  the  mean  square 
percentage  error  of  the  measurement  $(x)  will  be  defined  as  follows: 


2 

£ 


(4.  198) 


where  <ta  is  the  measurement  variance. 

P  2 

variance  cr  , 

P 

2 


cr 

— t— 

np  (x) 


since 


In  terms  of  the  true  population 


(4. 199) 


Assuming 


2 

or 

P 


S2 


(x),  a  conservative  estimate,  one  now  obtains 


(4. 200) 


The  normalized  standard  deviation,  e  in  Eq.  (4. 200) ,  is  often  called  the 
standard  error  of  the  measurement. 

It  will  be  worthwhile  to  discuss  in  more  detail  the  meaning  of  e. 

It  has  been  stated  that  the  measurement  of  At,  now  reduced  to  $(x),  will 
be  distributed  in  some  manner  about  the  true  probability  density  p(x). 

It  is  often  assumed  the  distribution  of  $(x)  will  be  normal  with  a  standard 
error  of  e.  If  the  original  random  variable  that  was  sampled  to  determine 
P(x)  had  been  normally  distributed,  then  indeed  $(x)  must  be  normally 
distributed  about  a  mean  of  p(x).  But  it  is  obvious  that  the  original 
random  variable,  namely  time  in  Eq.  (4.  191),  cannot  be  normally 
distributed  since  time  cannot  physically  take  on  negative  values.  A 
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normally  distributed  random  variable  must  theoretically  be  able  to  attain 
very  large  positive  and  negative  values  about  the  mean  with  equal  probability. 

However,  from  the  central  limit  theorem,  under  fairly  general 
conditions,  the  distribution  of$(x)  will  approach  a  normal  distribution 
about  p(x)  as  the  number  of  degrees  of  freedom,  n.  of  the  measurement 
becomes  large,  regardless  of  the  distribution  of  the  original  random 
variable.  This  is  to  say  that  if  the  value  of  e  is  much  less  than  one,  then 
$(x)  may  be  considered  to  be  normally  distributed  about  a  meanofp(x) 
with  a  normalized  standard  deviation  of  e. 

Specific  statistical  confidence  statements  can  now  be  associated 
with  c  by  using  a  standardized  normal  distribution  table.  For  example, 
in  any  given  measurement  of  p(x). 


Prob  [p{x)  -  o^(x)<  P(x)  <P(x)  +  ^(x)]  =  68 

where  =  ep(x) 


(4.201} 


Then,  if  a  value  of  p(x)  were  measured  with  a  e  of  0. 10,  one  would  expect 
with  6o%  confidence  that  the  true  p(x)  is  between  0.  90  p(x)  and  1.10  ${x). 
In  other  words,  if  the  measurement  of  p(x)  were  repeated  many  times, 
it  would  be  expected  that  p(x)  would  fall  within  10%  of  the  true  value  p(x) 
approximately  68%  of  the  time. 

Note  in  Eq.  (4.  200)  that  the  standard  error  of  the  measurement 
becomes  larger  as  £(x)  becomes  smaller.  It  should  be  no  surprise  if 
this  equation  fails  for  small  values  of  p(x),  as  will  be  demonstrated 
later  in  numerical  examples.  A  good  rule  of  thumb  to  determine  if 
Eq.  (4.  200)  is  a  valid  estimate  of  a  normal  distribution  standard  error 
is  that  e  should  never  exceed  0.  3. 

The  standard  error  of  an  estimate  $(x)  is  defined  in  Eq.  (4.  200) 
in  terms  of  the  noise  bandwidth  Bj^  for  the  signal  being  analyzed,  which 
in  turn  is  a  function  of  the  power  spectral  density  of  the  signal.  The 
power  spectral  density  of  the  signal  may  be  thought  of  as  the  shaping  of 
white  noise  (flat  power  spectrum)  by  a  particular  filter  with  a  given 
transfer  function#(f).  is  then  determined  directly  from  Eq.  (4.  197). 
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Consider  three  eases  as  follows: 


1-  Rectangular  (Idealized)  Low  Pass  Filter 


2.  Rounded  Low  Pass  Tuned  Filter 


3.  Gaussian  Low  Pass  Filter 


(4.  204) 


.2  -fZ/2cr2 

b  W|  =  « 


>^r 


-f2/2<r?  — 

e  '  Udf=g|<r0 


where  o~q  is  the  standard  deviation  of  the  Gaussian  filter  characteristic. 

The  above  three  examples  define  the  noise  bandwidth  in  Eq.  (4. 200) 
for  three  very  simple  frequency  spectra.  It  is  obvious  that  the  noise 
bandwidth  for  signals  with  complex  power  spectral  density  functions 
would  be  very  difficult  to  determine.  For  simplicity,  it  will  frequently 
be  necessary  to  assume  the  signal  being  analyzed  is  band  limited  white 
noise  with  a  sharp  cut  off  at  ffl  cps  as  in  case  1.  The  standard  error  e 
of  a  probability  density  estimate  p(x)  is  then  simpiy. 


Q  Tfcx)  (Ax)J 


1/2 


(4. 05) 


Numerical  calculations  may  now  be  carried  out  as  desired  for  physical 
examples.  This  is  done  for  a  hypothetical  example  in  Section  7.  5.  5  of 
this  report. 

4.9.3  Threshold  Grossings  and  Peak  Value  Distribution 

Consider  a  random  record  x(t)  whose  behavior  over  a  long  period 
of  time  exhibits  many  random  oscillations  The  expected  number  of 
zero  crossings  per  unit  time  (usually  seconds)  of  the  record,  denoted  by 
Ng,  gives  an  indication  of  its  "apparent  frequency".  For  example,  a 
60  cps  sine  wave  has  120  zeros  per  second.  For  a  random  record,  the 
situation  is,  of  course,  more  complex  but  still  knowledge  of  Ng.  in 
addition  to  other  quantities,  helps  to  characterize  the  random  record. 
This  type  of  information  and  certain  of  its  extensions  discussed  below 
is  particularly  useful  for  fatigue  analysis  and  reliability  prediction  oi 
structures  under  random  loading  and  vibration. 
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At  an  arbitrary  level,  say,  x  =  a,  the  expected  number  of 
crossings  per  unit  time  through  the  interval  (o,  a  +  do),  where 
do  is  arbitrary  small,  will  be  denoted  by  N^.  It  follows  that  the 
expected  number  of  times  per  unit  time  that  x(t)  exceeds  the  value  o 
(i.  c, ,  crosses  the  line  x  =  o  with  positive  slope)  is  given  by 
since  x(t).  on  the  average,  passes  the  value  o  half  of  the  time  with 
positive  slope  and  half  of  the  time  with  negative  slope.  When  o  =  0, 
reduces  to  K^,  the  expected  number  of  zero  crossings  per  unit 
time;  the  quantity  (1/2)Nq  represents  the  expected  number  of  zero 
crossings  per  unit  time  with  positive  or  negative  slopes. 

General  probability  formulas  may  be  written  down  for  evalu¬ 
ating  N  .  In  practice,  however,  useful  simple  formulas  have  been 
obtained  which  apply  only  to  situations  where  the  random  record 
x(t)  is  assumed  to  be  a  sample  member  from  a  stationary  ergodic 
Gaussian  random  process  with  zero  mean  value,  governed  by 
Equation(4.182).  Analysis  of  this  important  case  is  due  to  Rice 
[Ref-lil ,  and  yields  the  following  result: 


N 

a 


2(cr-./tr-x)e 


2,-2 
-a  /Zcr- 
'  x 


(4.  206) 


where 


l^oo 


C  00 


Sx(f)  df  =  2 


S  <f)  df 
x 


(4.  207) 


(f)  df  =  2 

X 


(f)  df 
x 


{4.  208) 
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Physically,  e-  represents  the  rms  value  of  x(t),  and  O'-  represents  the 

X  X 

rms  value  of  x(t).  Thus,  setting  or  =  C, 


Nq  =  2(tr./«rx) 


(4. 209) 


These  formulas  depend  upon  knowledge  of  the  power  spectrum  Sx(f)  in  a 
surprisingly  simple  manner. 

For  example,  for  an  ideal  band-pass  filter  whose  pass  band  extends 
from  f  to  f^  cps,  the  expected  number  of  zeros  per  second  for  a  "white" 
random  noise  input  is  shown  in  Ref. [l3.  p.  6i]  to  be  given  by 


N0  =  2 


3  -f3 
b  *a 


liv 


As  special  cases. 


Nn«i  1.55  f.  if  f  =  0  (low-pass  filter) 

v  D  « 


N„  —  2f.  if  f  —  f,  (extreme  narrow- 

w  b  a  b  band  filter) 


By  an  analogous  but  more  complicated  analysis,R-'  [l3\  p.  79jderives  a 
further  property  about  the  expected  number  of  maxima  (or  minima)  of 
x(t)  per  second,  denoted  byWl.  Since  the  quantity^?  represents  either 
the  number  of  positive  peaks  or  the  number  of  negative  peaks,  which 
may  be  expected  to  occur  equally  often  on  the  average,  the  expected 
number  of  both  positive  and  negative  peaks  per  second  is  given  by 
The  expression  iorfli  turns  out  to  be  simply 


w=  (•'V°‘x) 


(4.  210) 


where 


=  J00  f4  Sx(f)  df  =  2^°  f4  Sx(f)  df  (4.  211) 


Physically,  c r-  represents  the  rms  value  of  x(t). 
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The  probability  that  a  positive  peak  will  fall  between  {ft,  a  +  da) 
can  also  be  calculated.  In  terms  of  a  standard  variable  z  with  zero 
mean  and  unit  variance. 


z  =  (x/cr) 


(4.  21?,) 


the  probability  density  function  w(z)  that  a  positive  peak  will  fall  between 
z  and  z  +  dz  is  expressed  by  the  formula.  Ref.  ^8.  p.  23j, 


k  -z2/2kf 
w{z)  =~e  + 

^2* 


(4.  213) 


w.ure 


kx  =Ji  -  (n 0/m2 


k2=w^rm 


N„ 


2 

cr. 

x 


zn  o-  o~ 


(4.  214) 


and 


r°°  e-^/2d, 


Jz,k2 


dy 


(4.215) 


Note  that  Pn(z/k^)  is  the  probability  for  a  standard  normal  distribution 
with  zero  mean  and  unit  variance  that  the  value  (z/ k^)  will  be  exceeded. 
This  integral  is  readily  available  in  statistical  tables. 

The  shape  of  w(z)  is  determined  by  the  parameter  (Nq/2H).  It 
can  be  shown  from  basic  considerations  that  (Ng/2fr|)  always  falls  between 
zero  and  unity. 

This  results  from  the  fact  that  (Nq/ =  (erf/tT^  Oy).  and  from  tfce 
Schwartz  inequality 


2  p®  2  r>®  ~11/2 

i- J  f2sx(f)df<|J  sx(f)df| 


-oo 


-ao 


_oo 

If  f 

'-00 


-,1/2 


Sx(f)  df 


J 


=  <T  <r*» 
x  x 
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Hence 


(4  216) 


0  <  (N0/2tn»  =  (<rx/<rx(rx' =  1 


If  (Nq/  Zin.)  =  0.  then  w(z)  reduces  to  a  standardized  normal 
(Gaussian)  probability  density  tunc  tier.. 


w(z)  = 


-z2/2 


when  (Nq/27H)  =  0 


(4.217) 


This  case  occurs  ii;  practice  for  wide -band  noise  where  the  expected 
number  of  maxima  and  minima  per  second.  2fR,  is  much  larger  than  the 
expected  number  of  zero  crossings  per  second,  Nq.  so  that  (Ng/2)^ 
approaches  zero. 

If  (N g/2fH)  =  1,  then  w(z)  becomes  a  standardized  Rayleif*.  prob¬ 
ability  density  function, 

w(z)  =  z  e  *i/2  when  (Nq/2»I)  =  l  (4.218) 


This  case  occurs  in  practice  for  narrow-band  noise  where  the  expected 
number  of  maxima  and  minima  per  second.  29lt,  is  approximately  equal  to 
the  expected  number  of  zero  crossings  per  second,  Nq,  ‘hat  (Nq/ 
approaches  unity.  The  general  form  of  w(z)  from  Evj  (4.  213)  is  thus 
something  between  a  Gaussian  and  a  Rayleigh  probability  density  function, 
and  is  plotted  in  Figure  4.  6  below  as  a  function  of  z  for  three  values  of 
the  dimensionless  parameter  (Nq/2^|)  equal  to  0,  0.  5  and  1. 0. 

In  terms  of  w(z)  the  probability  Pp(z)  that  a  positive  peak  chosen 
at  random  from  among  all  the  possible  positive  peaks  will  exceed  the 
value  z  is  given  by  the  formula 

Xoo 

w(z}  dz 

- 


N_  2, 
=  P_(z/kj)  t—  h 

n  1  zm 


(l  - 


V*/k2>l 


(4.  219) 
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Figure  4  b  Peek  Probability  Density  Function  e(t)  versus  s 
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using  the  PR  of  Eq.  (4.  215),  A  graph  of  Ppl*)  as  a  tunc  Cion  of  a  is  plotted 
is  Figure  4.  7  below  for  three  fixed  values  of  (Nq/Zih)  equal  to  0,  0.  5  and 
»  0. 


x 


v*> 

Figure  4.  7  Graph  of  Pp(«)  »  «(t)  d*  versus  a 
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From  the  above  =*  (ixmU  k-  d«**?  (bat  the  actual  —mb  cr  a* 
positive  peaks  per  second  which  would  exceed  ike  value  •  *  W-  denoted 
ay  Mfl  may  be  estimated  by  the  formula 


M.  -HIP  (*/r)  tfllPJ*) 

e  p  p 

For  large  values  of  a  relative  to  a.  «ue  may  verify 
M^ssiMg/Zle"*  /2e^ 


(4.220* 


{4. 221) 


showing  that  for  large  a.  the  expected  number  of  maxima  per  second 
lying  above  the  line  i>«n  equal  to  the  expected  number  of  times  per 
second  that  xft)  crosses  the  hue  *  -  a  with  positive  slope. 

The  expected  number  of  peaks  which  exceed  the  value  a  in  time 
T,  is  given  by 


M#T.  UlTj  Pp?o/«r|.»  *4.222) 

This  <-aa  oe  set  equal  to  the  expected  number  of  peaks  which  exceed  the 
val'V-  a  in  time  by  introducing  a  different  mean  ipi..  *  value  r| 
such  that 

UmJl  *1HTZ  Pp  */»z.  "•T.P^fn/arjl 


Mow, 


y'V 

•y'V 


(4.22)1 


Suppose  the  mess  square  val—  is  such  that  occurs  tor  time  T, 
followed  by  rj  for  time  T^.  Whet  should  be  the  equivalent  e*  for  tint 
T  *  Tj  ♦  Tj  if  equivalence  is  based  on  having  the  same  number  of  peaks 
exceeding  •?  The  expected  number  of  peaks  which  exceed  tbs  value  a 
in  ume  Tt  and  the  value  *  in  time  Tf  is  give*  by 


ASD  TR  4I-U5 


4-04 


um  Tj  ♦  Um  T,  **Tj 


im*  tb»vc  fkMU  mow  be  *et  c^wi  to 


MmT  >»TP^/<ri 


yteMiwg  Ukt  relatito 


p  to/»TI  rPto/^1 
T  4-« — L  i  t  . ur — £  it. 


J4JU4J 


k  (taerai.  fcr  N  4i*uact  hmm  e^wre  latat*  3C 
MU  set 


1  ‘  I c-7' 


« 

*  P^*/er) 


The  |eaersl  wklM  f#r  ** 


yerttos. 


14-  WS) 


Pp»*/tri  «  2j(T7T)  P^/v.) 


14-  im 


Timm.  kawM|«  of  all  ^Mauties  mm  the  r^hl-hul  side  el  E*.  (4-  Itt) 
ewbie*  aw  to  wire  far  ul  ui  tone  for  ike  par  Matte  r»  (e/*4 

aart  »  Hasp,  bovtrtr.  E^.  (1.  Ui)  htUMes  «•  twattiy  aal  or  caa 
Mt  be  leternaet. 

4.9.4  Mceweaett  to  Uswr  Syslem  Freteeact  tesrase  FettHee 

Far  a  coaataat  parameter  liaear  system,  r.  is  etll-taewi  dal 
sack  a  system  cat  be  ckaractot  >xe4  by  a  eeiritua  laactiaa  h(r). 
sfcieh.  by  thefts  it  ioa.  yieUs  dee  reap ease  a#  a  system  to  a  «sd  mm. 
p«lse  Itmcttaa  r  lime  sails  after  tbr  imp  wire  occur*  See  sketch. 
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f  :  t 

*{0 - •{  5/H'iB  [  ...  >y{;) 

I  MO  f 

« _ _ 


Usfir  V; »lem 


F-jf  tbr  tfftri.,  ;•»  br  pfc.T  sir  at  It  miuibir  it  is  wsriMry  tbU 

MO  0  for  r^O  {4.1Z7 1 

*ssc*  4  iv»t  rrspoad  to  45;  sgfsiw  before  it  occwrs. 

If  iff)  is  as  ir-fr-i!  to  this  system.  md  vft)  the  rrfaltMf  ootfMSt. 
ifcea  fbr  output  IS  {sirs  «>  «  nrstblfd  linear  Sum  oarer  cW  mire 
(isfmite)  past  history  «f  lire  ;«pat  *>  expressed  by 


HO 


Mr)  xft  *  ri  <fr 


(4.  i2») 


If  tile  system  operate*  oe;  if!)  oslt  for  4  finite  fixed  It.  .  T,  the* 


vfij 


CT 

Mr)  *{• 

v  JO 


r)  dr 


14  £-£Vi 


If  xfO  exists  '»wy  for  t  ^  0.  then 


r»t 

>-(*)  '  !  MO  xft  -  r}  dT 

•J  e 


Instead  o<  usinc  {MO.  the  irJirns  may  be  * karartertzed  by  its 
fr.yifaty  respoase  fnnrtion  iiilfthrauk  is  defined  4S  the  Fourier 


ASD 


tris*f«w  of  M r; .  iWr.^7. 


JfCO  *  J  Z*T f*  '  <T  ,  iHjrf.  £4.2*t; 

v/5 

11  M  t'S  *  &  fir  t  <  O  **  !t»«W  f«r  aiitiai  rrl!i’*k;’itjr.  Tr.r 

r«-*sesir  fc««ttee!  »barri«£  e«t  ur  tocfeird  writ  a  slor  trgricr 
iMchog  «  ikr  »yK*-TE  «  ecftard  bf  !kr  Llf'ucr  !r»*iform  •(  hj  r). 
wd  dnuXrd  U 

f*«r 

i9?!  s  I  H^«-*PT^r  (4.iU* 

Xofr  &t;  ‘jf  CO  CtfCrr*  foraulif  from  iff  pi  Vr  isrrrfy  repiactog  p 
sa  H|pf  by  jM. 

Tbr  frrferWT  respocs*-  ftaeciroa  1*  a  iOR»irs-v«!etdl  fcucticr. 
of  f  isk  CkK 

>C0  *  r#COl  (4.2»» 

irttrrr  Pf  (0  |  .  tfce  oSwoSot*1  vihr  f  INo  BrtMsrrt  (be  Msf!tte<f 
r^iytsif  {{*;«}  of  Sfe*-  sy*tem  So  an  :cfq'.  icomifti  rjcz stiag  frrquj-r.r-r 
f.  fiO  isfscllrf  Ikr  ccrmfcu^:a(  yltilf  tkiil. 

Coo*«4rr  a  (onwin-rihrd  i-.mMidil  :Lps! 


*««» 


^ji*f0s 


C4- 2H) 


From  EfUboai  {C.ZfljMf  (4.f {Q.tbr  rsipwu  jjji  :c 


j**V 


yw 1  INy  ^ 


(4.  2*5) 


For  a  real-valued  sinusoidal  input 


x(i)  =  sin  (2Trt'ot  +  d) 


(4.  236) 


the  real-valued  output  is  given  by 

y(l)  =  |#(f)  |  sin  j2irfQt  +  d  +  0{fQ)j  (4.237) 

These  relations  show  how  knowledge  of  both  the  gain  factor  and  the 
phase  shift  term  are  needed  to  describe  the  system's  operation. 

From  physical  realizability  requirements,  the  frequency 
response  function,  the  gain  factor,  and  the  phase  shift  term  satisfy 
the  symmetry  properties 

tf(-f)  8  ^(0 

\'k  (*0l=  i#(f)  !  (4.238) 

$<-()  =  -0(f) 

If  one  linear  system,  described  by  ^ {),  is  followed  by  a 
second  linear  system,  described  then  the  overall  system 

may  be  described  by  "H  (f)  where 

%  (f)  #2(f)  (4.239) 


Hence 


\%  to!  =  \ylw  i  \yzv)  i 

0(f)  =0t(f)  -  02(O 

Thus,  on  cascading  two  linear  systems,  the  gain  factors  multiply  and 
the  phase  shift  factors  add  together. 
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Assume  now  that  the  input  x{t)  is  a  representative  member  from  a 
stationary  random  process  with  zero  mean  value.  Then,  the  same 
property  is  true  for  y(t),  and  the  ordinary  power  spectral  density  func¬ 
tions  S  (f)  and  S  (f)  are  related  to  i*<f>l  by  the  simple  (real-valued) 
x  y 

formula.  Ref.  [l,  p.  7Z]t 

S(f)  =  0/{f)|2S  (f)  (4.240) 

y  x 

This  is  an  important  result  and  is  frequently  quoted.  At  any  fixed 
frequency  f,  knowledge  of  two  of  these  quantities  determines  the  third. 

The  phase  shift  term  p(f),  however,  is  still  in  doubt  since  this  formula 
involves  only  the  gain  factor. 


Example:  Single-Degree-of  Freedom  System  Output  Response 

For  the  frequency  response  function  governing  a  single -degr ee-of- 
freedom  system,  see  Eq.  (3.1), 


^(u/2*)  =  H(w)  = - \ - 

1  -(u/wn)  +j2(u.>/«n) 


j  =yJ~T.  co  =  2*f 

/=  (1/2Q) 


Suppose  that  the  input  power  spectral  density  function  is  "white  noise:, 
see  Fig.  3.11,  where  Sx(f)  =  Sq,  a  constant,  0<f  <oo.  From  Eq.  (4.88), 
this  corresponds  to  Sx(f)  =  <Sq/2)  when  -oo<  f  <oo.  Now,  from  Eq.  (4.9 7), 
on  changing  to  angular  frequency  co. 


sx(co)  =  [Sx(f)/2ir  ]=  (S0/4n)  ;  -oo<«o  <oo 


Analogous  to  Eq.  (4.  240),  the  output  power  spectral  density  function 
Sy(w),  in  terms  of  angular  frequency  w,  is  now  given  by 

I  ,2  (So/4*> 

Sy(co)  =  |H(*)|  Sx(co)  = 
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Finally,  similar  to  Eq.  (4.  19)  or  (4.  183),  in  terms  of  angular  frequency 
u,  the  mean  square  value  of  the  output  becomes 


This  is  the  derivation  of  Eq.  {3.  9)  in  Section  3.  3.  3.  End  of  example. 

Recall  from  Section  4.  9. 1  the  fact  that  a  stationary  Gaussian 
random  process  with  zero  mean  value  is  known  completely  from  its 
power  spectral  density  function.  It  can  be  shown  that  the  response  of 
a  linear  system  to  a  stationary  Gaussian  input  is  also  stationary  and 
Gaussian.  Thus,  the  gain  factor  j^ftf)  j  of  the  frequency  response  function 
of  a  linear  system  characterizes  the  output  system  response  to  any 
stationary  Gaussian  input.  This  provides  one  of  the  main  physical 
motivations  for  measuring  as  accurately  as  possible  the  gain  factor  of 
system  frequency  response  function  of  a  linear  system.  However,  if 
the  system  response  to  an  arbitrary  given  input  is  desired,  it  is  required 
to  measure  not  only  the  gain  factor  of  the  system  but  also  its  phase  shift 
term. 

By  a  straight-forward  approach,  one  may  verify  that  the  entire 
frequency  response  function)# f)  is  related  to  the  input  power  spectral 
density  function  S^ff),  and  to  the  cross-power  spectral  density  function 
SXy{f)  between  the  input  and  the  output,  by  another  simple  (complex- valued) 
formula,  Ref.^1,  p.  75j, 


Sxy(f)  =Wf)  Sx(f) 


(4.  241) 


Thus,  if 

SXy(f)  =  Isxy(f)|eje(f)  ;  aftf}  =  !#{f)  |ej0{f)  (4.242) 
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one  obtains  two  relations  which  involve  both  the  gain  factor  and  the 
phase  shift. 


!sxy(f)i  =  \m\  sx(f) 


(4.  243) 


0(f)  =  *(f) 


(4.  244) 


Note  that  the  coherence  function  becomes  here,  Eq.  (4. 95) 

2 


»xy 


(f> 


,  -  fey L'lL 

Sx(t)Sy(£) 


=  1 


(4.  245) 


indicating  complete  linear  dependence  between  x  and  y  at  every  frequency. 

The  vaiue  of  the  coherence  function  will  be  less  than  unity  if  additive 
noise  occurs  either  ir.  the  input  or  output  of  the  linear  system. 

The  main  limitations  in  applying  the  above  formulas  are  due  to 
failing  to  satisfy  requirements  that  the  system  is  of  a  constant  parameter 
linear  type,  and  that  the  input  random  process  is  stationary.  No  such 
simple  relation  exists  for  time  varying  linear  systems,  for  non-linear 
systems,  or  for  nonstationary  random  processes. 

4. 9-  5  Confidence  Limits  Based  on  Coherence  Function 

For  cases  where  additive  noise  occurs  in  the  input  or  output  of  the 
linear  system,  an  estimate  of  the  true  frequency  response  f¥(f)  may  be 
obtained  by  measuring  Sxy(f)  and  Sx(f).  To  distinguish  between  the  true 
value  of$Kf)  and  a  particular  estimate  of  the  true  value  which  would  be 
measured  in  practice,  let 

=  l&fjjej^0  (4.246) 

sx(f) 

represent  the  estimate  in  question  where  Jjjftf)  j  denotes  the  estimate  of 
the  true  gain  factor  IV(f)|.  and  £(f)  denotes  the  estimate  of  the  true  phase 
shift  term  f(f). 
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Results  of  Goodman  Ref.  [6],  quoted  by  Katz  Ref.  [9]  and  partially 
displayed  graphically  by  Press  Ref.  [  3],  demonstrate  that  to  a  very  close 
approximation. 


Prob 


rmnUm 


jywl 


<  sin  e  and 


A 

4(0  -  fff) 


1 


H  -  y2  (f) 

■xy' 


n 


n 


L1  -y2y(f)cos2cJ 


(4.  247) 


where  y  (f)  is  the  coherence  function  and  n  is  the  number  of  degrees  cf 
xy 

freedom,  see  Section  4.  8.  5. 


n  =  2BT 


(4.  248) 


with  terms  as  defined  previously. 


Formula  (4.  247)  is  of  considerable  practical  importance  in  deter¬ 
mining  the  confidence  level  at  which  the  gain  and  phase  can  be  estimated 
to  within  a  desired  error,  for  a  given  value  of  y  and  n.  For  example, 
suppose  one  wants  to  estimate  the  phase  ?  to  within  0. 1  radian  (e  =  0. 10) 
and  the  gaini$^(f)|  to  within  10%  error  (sin  e  «*»  0. 10)  at  a  90%  confidence 
level  (Prob  =  0.90).  The  table  below  shows  the  required  number  of 
degrees  of  freedom  n  corresponding  to  various  assumed  values  for  the 
coherence  function  y2. 


Y 

n 


0.9 

27 


0.8 

58.5 


0.7 

100 


0.6 

156 


0.5 

232 


e  =  0. 10 
Prob  =  0. 90 


In  practice,  one  will  not  know  in  advance  what  the  coherence  function 
will  be,  and  can  only  roughly  estimate  it  from  the  measurements.  This 
restricts  the  application  of  the  above  work  to  some  extent.  However,  a 
conservative  choice  is  usually  desirable,  and  the  above  formula  (4.  247) 
shows  clearly  that  accurate  measurements  of  a  frequency  response  func¬ 
tion  is  strongly  dependent  upon  the  value  of  the  coherence  function. 
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4.  9.  6  Statistics  for  Extreme  Vibration  Amplitudes 

Consider  samples  of  size  n,  drawn  independently  and  at  random 
from  an  underlying  distribution  described  by  its  probability  density 
function  f(x),  or  alternatively  by  its  distribution  function  F(x)  -  J  f(y)dy. 

Let  the  observations  drawn  be  {xj.  x ....  x^}.  m 

Define  the  statistic 

zn  -  max  { Xj .  x^  . . . .  xn}  (4.  249) 

The  problem  is  to  find  the  probability  density  and  distribution  function  of 

zr,  cud  to  consider  their  asymptotic  behavior  when  n  becomes  large. 

A  good  discussion  of  these  matters  appears  in  Ref.  [5]- 

The  distribution  of  z  is  obtained  as  follows: 
n 

Define 

H  (z)  =  Prob  (z  <  z)  =  Prob  (all  x-  <z) 
n  n  —  i  — 

=  Prob  (Xj  <  z,  x2<  z.  ....  xr  <  z) 

=  [F{z))n  (4.250) 

The  quantity  Hn(z)  is  the  distribution  function  of  z^.  The  corresponding 
density  function  hn(z)  is  found  by  differentiating  Hn(z).  This  gives 

hnU)  =  (z)  =  nf(z)  [F(z))n"1  (4.  251) 

Thus  H  (z)  and  h  (z)  are  determined  entirely  from  n,  f(z)  and  F(z) 
n  n 

A  special  case  for  which  one  can  obtain  an  exact  distribution  of  zR 
for  any  n  is  provided  by  an  underlying  uniform  distribution. 
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Example  i:  Underlying  Uniform  Distribution  over  (0.  A). 


x 

A 


X  <  V 


0  <  x  <  A 


Now 


and 


=  1 


x  >  A 


Hn{z)  =  f  F(*)f  =  0  ;  *<0 

*(ip  «<*<a 


=  l 


nz 


njz)  =  H  (z)  = 

•*  n  .n 


n-  1 


z  >  A 


0  <z  <A 


=  0 


Note  that  for  any  value  of  s. 


z  <0  or  z  >  A 


cr2  =  z^  -  (z  )^  _ _ 2 

n  n  l*n'  .  .  z 


Hence,  for  large  n. 


(n+1)  (n  +2) 


lQ»  A 

o-  ~  * 

n  n 


{4.  252) 


(4.  253) 


(4.  254) 


(4.  255) 


{4.  256) 
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In  words,  for  large  n.  the  expected  value  of  the  maximum  from  a 
sample  of  size  n  equals  the  right-hand  end  point  of  the  underlying 
uniform  distribution  governing  the  original  samples.  The  standard 
deviation  »n  this  estimate  approaches  zero  inversely  with  n. 


Example  Z:  Underlying  Normal  Distribution  with  Zero  Mean  and  Unit 
Standard  Deviation. 

The  case  of  an  underlying  normal  distribution  does  not  lead  to 
closed-form  answers.  Numerical  methods  must  be  employed  to  approxi¬ 
mate  desired  results. 


dy 


Here  x  is  a  normal  random  variable  with  unit  standard  deviation. 


{4.  257} 


(4.  253) 


Let  y  5|i  ♦  <rx  and  dy  -  o-  dx 
Then 


g  (/)  dy  =  f{x)  dx  =  -4=  e~(y"*l,2/2°'2dy 


J5 


Hence 


oV  2w 


(4.  259) 


Now  y  is  a  normal  random  variable  with  mean  value  p  and  standard 
deviation  cr.  This  procedure  shows  how  to  modify  the  underlying 
distribution  to  cover  an  arbitrary  mean  value  and  standard  deviation. 


Similarly 


c<y) 


r\j  2ir 


S' 

-oo 


dv  -  r(“) 


ASD  TR  $1-123 


4-105 


Hence.  letting  x  =  — , 


C(y)  *  F(^)  =  F(x) 


(4.  260) 


Thus,  the  distribution  function  F(x),  associated  with  zero  mean  value 
and  unit  standard  deviation,  may  be  generalized  to  the  distribution 
function  G(y),  where  the  mean  value  is  u  and  the  standard  deviation  is 
or.  by  replacing  x  by  (y ->i)/o-.  For  simplicity.  F(x)  will  be  used  instead 
of  G(y)  in  further  calculations. 

From  Eq.  {4.250),  for  samples  of  size  n  from  an  underlying 
normal  population,  with  zero  mean  and  unit  standard  deviation. 


»„<*>  =  [f(,)J 


(4.  261) 


and 


1 


(4.  262) 


Clearly,  these  equations  can  now  be  analyzed  by  referring  to  readily 
available  statistical  tables  of  the  normal  distribution.  See  Table  5. 1  at 
end  of  next  Section  5.  Figure  4.  8  at  end  of  this  section  displays  H^fz) 
as  a  function  of  the  normal  variate  z  for  fixed  values  of  n  equal  to  5, 
SO,  '-00  ar.-i  If  CO  The  *«se  -her*  »  -  i  corresponds  to  H.^z)  =  F(z). 

To  illustrate  how  to  apply  Figure  4.  8,  consider  the  curve  where 
n  =  10.  The  mode  value  of  z  is  defined  as  that  value  of  z  for  which 
Hr(z)  =  0.  50.  For  n  =  10,  the  mode  value  is  seen  to  be  approximately 
1. 50.  In  words,  there  is  a  50%  probability  that  in  samples  of  size  10, 
the  largest  value  z  will  be  less  than  or  equal  to  1,5.  This  result 
assumes  that  p  =  0  and  o-  =  1-  Note  that  for  n  -  l.  the  mode  value  is 
equal  to  zero,  while  for  n  =  1000,  the  mode  value  becomes  3.  2.  At  the 
95%  probability  point,  for  n  =  10,  the  largest  value  will  be  at  most  equal 
to  2.  7,  while  for  n  =  1000,  the  largest  value  will  be  at  most  equal  to  4.  G. 
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For  r  -  i  there  is  a  95%  probability  that  the  largest  value  will  be  at  most 
equal  to  1.7.  These  examples  show  how.-  the  extreme  value  statistics  for 
an  underlying  normal  population  change  with  increases  in  sample  size. 

For  arbitrary  p  ttd  s,  tncrc  »s  a  probability  tiut  irs  samples 
of  size  10.  the  largest  value  z  will  be  less  than  or  equal  to  p  i  1.5o r. 
and  a  95%  probability  that  the  largest  value  will  oe  less  than  or  equal  to 
|i  i  Z.  7c r.  Similar  statements  apply  to  other  sample  sizes  for  arbitiary  p 
and  cr. 

it  should  also  be  realized  that  in  samples  of  small  size,  consider¬ 
able  uncertainty  exists  in  estimates  of  p  and  e.  As  an  illustration  of 
material  to  be  explained  in  Section  5  of  this  report,  for  samples  of  size 
n.  the  true  mean  value  p  is  bounded  by 


Prob^u  <5  t  s^jnj  =  I  -  ® 


(4-  2&J) 


where  o  i  desired  level  of  significance  (e  g..  1%  or  5%)  and  t  is  taken 
from  the  "l"  distribution  with  (n-1)  degrees  of  freedom,  see  Sections 
5.2.3 and  5.3.3.  The  quantity  (1  -»J  is  a  confidence  coefficient  of  ICOfi-ai 
percent  (*.g.,  99%  or  95%).  For  samples  of  size  n.  the  true  standard 
deviation  cr  is  bounded  by 


ProbftT  <  *Jn/x;l  =l-o 


{■*-  2*4) 


where  X^,  is  taken  from  the  chi-square  distribution  with  (n-1)  degrees  cf 
freedom  at  the  » level  of  significance,  see  Sections  5.2.2  and  5.4.  I.  In 
particular,  (or  *>  =  5%. 


Proh[  p  <  x  *  l-  0  s^jn  ]  =  0.  95 
Prob [ or  <  sjn/x5  q]  =  0. 95 

Then,  since  both  extremes  will  not  occur  simultaneously,  in  general, 
for  X  standard  deviations  from  the  mean  value, 

Probfp  *  \tr<x  *  s\  (t.  0 /^p.)  ♦  X  Jn/xj  Jjj  >0-95 


(4.  265) 


(4.  266) 
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For  example,  for  n  =  10.  corresponding  to  9  degrees  of  freedom, 
one  f tries  front  Tables  5.  5  and  5.  4  at  end  of  Section  5  Ibat  ^  =  1-8 
and  x-  Jj  ;  15-  Hence,  for  a  =  10, 

Proh  f|t  *  ker<x  t  s{o.  5?  *  0.  82  A.)]  >  0.95 

Also,  as  «hn»a  earlier,  for  samples  of  size  10,  if  z  equals  the  maximum 
value,  then 

Probf  7sr  j  =  0. 95 

Hence. 

Prob  [z  <  x  *  2.  Ss]  >  0.95 

This  completes  the  discussion  in  this  section  of  *•»  report. 
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PftOOAIIUTY  «,(*)•  O' (■)] 


HOmML  MMTC  I 

Figure  4.8.  Protakilitici  of  Normal  Extrema? 
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5.  STATISTICAL  TECHNIQUES  FOR  EVALUATING  DATA 


5. 1  THE  ESTIMATION  PROBLEM  AND  HYPOTHESIS  TESTING 

Two  broad  areas  exist  in  the  general  area  of  statistics  which  are 
problems  of  estimation  and  testing  of  statistical  hypotheses.  Estimation 
can  be  further  broken  down  into  that  of  point  estimates  and  interval 
estimates  of  the  parameters  ol  a  distribution  of  interest. 


5.1.1  Estimation  Theory 

The  general  theory  of  estimation  is  quite  an  involved  subject  and  no 
attempt  will  be  made  to  discuss  it  in  any  detail  here.  However,  there  are 
three  qualities  desirable  to  have  in  any  estimate.  First,  one  wants  an 
estimate  to  be  unbiased,  that  is,  the  expected  value  of  the  estimate  should 
be  the  true  value.  Second,  the  variance  of  the  estimate  should  be  a  min¬ 
imum,  as  compared  to  other  possible  estimates,  and  third,  the  variance 
of  th&  estimate  should  approach  zero  for  large  sample  size.  An  estimate 
with  the  second  property  is  said  to  be  efficient;  an  estimate  with  the  third 
property  is  said  to  be  consistent.  The  first  and  third  concepts  have  been 
defined  and  discussed  in  Section  4.5. 

Examples  of  efficient  estimates  are  the  arithmetic  mean  of  a  sample 
of  N  observation  .. 


—  i=  l 

X  e  - 


as  an  estimate  of  the  population  mean  p,  and  the  sample  variance 


2  <*,  -  *2 

2  i=l  ' 


aa  an  estimate  of  the  population  variance  or  The  expected  value  of  the 
sample  mean  is 


E(x)  =  p 
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and  x  is  an  unbiased  estimate  of  p.  However,  in  Section  (5.  3.  1)  it  will 
be  shown  that 


(5-4) 


Therefore,  s'  is  a  biased  estimate  of  cr^.  The  corrected  sample  variance 
to  remove  the  bias  would  be 


(5.5) 


Several  methods  exist  for  obtaining  formulas  to  compu.j  ^rameter 
estimates  from  sample  data.  One  procedure  commonly  used  is  the  method 
of  maximum  likelihood  (see  Reference  [  2],  pp.  68-71).  This  method  gives 
estimates  which  are  often  biased,  but  are  consistent,  asymptotically 
efficient  and  asymptotically  normal  under  general  conditions.  Also  the 
bias  may  often  be  removed  easily  as  for  the  sample  variance  in  Equation 
(5. 5).  Most  of  the  statistical  estimates  in  this  report  are  of  this  type. 

Besides  the  point  estimates  of  a  parameter,  it  is  v.«eful  to  be  able 
to  give  an  interval  in  which  the  parameter  cf  interest  probably  lies.  That 
is,  an  indication  of  the  precision  of  the  estimate  is  desirable.  This  leads 
to  the  concept  ot  a  confidence  interval.  To  be  specific,  given  a  parameter 
8,  and  a  small  predetermined  probability  a,  an  interval  (5*.  8*)  is  desired 
such  that 


Prob  (8*  <  8  <  8*)  =  1  -  a  (5.  6) 

The  probability  (1  -  a)  is  called  the  confidence  coefficient  of  the  confidence 
interval  (8.  r  8^).  The  confidence  intervals  so  confuted  in  a  series  of 
repeated  experiments  could  be  expected  to  contain  8  in  (1  -  a)  percent  of 
the  cases. 
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5.1.2  Hypothesis  Testing 

The  simplest  situation  is  the  test  of  a  hypothesis  against  a  single 
alternative.  To  be  more  specific,  suppose  that  the  variable  in  question 
has  a  probability  density  function  p(x,  0),  while  under  the  alternative 
hypothesis  it  has  a  probability  density  function  p(x,  8n).  That  is,  the 
density  functions  are  completely  specified  and  if  the  parameter  of  interest 
is  not  0  then  it  is  8q.  This  is  known  as  a  simple  hypothesis.  If  any  other 
parameters  exist  in  the  density  functions  which  are  n.  *  known,  or  if  the 
alternative  to  0  is  not  completely  specified,  then  the  hypothesis  is  called 
a  composite  hypothesis.  This  is  the  more  common  situation  and  would 
be  illustrated  by  the  hypothesis  that  the  mean  of  a  normal  distribution  is 
fi  with  the  alternative  hypothesis  being  that  ;t  is  either  p0  >  (i  or  pQ  t  p. 

That  is,  jiq  is  not  completely  specified. 

The  hypothesis  tested  is  often  the  null  hypothesis.  This  would  be 
something  such  as:  The  parameters  0  and  0^  are  the  same.  Stated  in 
another  equivalent  way.  there  is  no  conclusive  evidence  that  parameters 
6  and  0q  are  not  equal.  After  selecting  a  null  hypothesis,  the  next  step 
is  to  select  a  region  such  that  if  the  observation  falls  within  this  region  the 
hypothesis  is  accepted  This  is  the  region  of  acceptance.  The  comple¬ 
mentary  region  where  the  hypothesis  is  rejected  is  the  critical  region  or 
region  of  rejection. 

To  choose  these  regions  one  first  decides  upon  a  small  probability 
a  such  that  the  hypothesis  will  be  rejected  a  percent  of  the  time  when 
it  is  really  true.  This  error  a  which  can  be  made  is  known  as  the 
Type  I  error.  The  numerical  value  a  is  known  as  the  level  of  significance 
of  the  test  and  is  usually  chosen  to  be  0.  05  or  0.  01  (5%  or  1%). 

Suppose  the  random  variable  under  consideration  has  a  probability 
density  function  p(x,  0),  associated  with  a  hypothesized  parameter  6.  Then 
the  critical  region  would  be  to  the  right  of  a  value  xc  determined  by 

,  0)  dx  =  a  (5.  7) 

xc 
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Figure  5.  1  below  illustrates  these  concepts. 


Figure  5. 1  illustration  of  Critical  Region  and  Level  of 
Significance  (Type  I  Error) 

Another  type  of  error  may  be  committed  when  testing  a  hypothesis. 
Namely,  if  the  hypothesis  is  really  false,  it  still  might  be  accepted.  This 
error  is  known  as  the  Type  11  error.  For  instance,  suppose  instead  of 
p(x,  6),  the  random  variable  actually  has  a  probability  density  function 
p(x,  8q),  wher«  0Q  £  0,  located  somewhat  to  the  right  of  p(x,  0)  as  illus¬ 
trated  in  Figure  5.  2.  Then  there  is  a  certain  probability  0  that  the 
observation  may  fall  to  the  left  of  xc  ami  be  accepted.  This  Type  II 
error 0,  see  Figure  5.  2,  is  given  by 

f  C  p(x,  0q)  dx  =  0  (5.  8) 

v'-oo 

The  probability  (1  -  0)  is  called  the  power  of  the  test.  Clearly,  for 
a  given  value  of  a,  it  is  desirable  to  have  0  very  small.  However,  0  is 
generally  made  small  only  at  the  expense  of  increased  sample  sizes. 


ASD  TR  61-123 


5-4 


Figure  5.  2  Illustration  of  Type  II  Error 

Two  variations  for  a  statistical  test  often  arise.  A  test  in  which 
the  critical  region  is  located  only  at  one  tail  of  the  distribution  as  in 
Figure  5. 1  is  referred  to  as  a  one-tailed  test.  In  many  situations,too 
large  a  deviation  in  either  the  positive  or  negative  directions  would  be 
damaging  to  the  hypothesis.  In  these  cases  the  critical  region  would  be 
divided  into  two  parts,  one  at  each  tail  of  the  distribution,  and  the  region 
of  acceptance  would  be  the  interval  between  these  two  points.  The  left 
and  right  critical  points  would  then  be  selected  such  that  the  area  under 
the  probability  density  function  tor  each  critical  region  is  »/ 2.  This 
maintains  the  level  of  significance  at  a,  and  is  referred  to  as  a  two-tailed 
test. 
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5.  2  SPECIAL  PROBABILITY  DISTRIBUTIONS  FOR  STATISTICAL  TESTS 

Four  probability  distributions  arise  very  frequently  in  the  application 
of  classical  statistical  techniques.  These  are  the  normal  distribution, 
the  chi-square  distribution,  the  '*£*  distribution,  and  the  F  distribution. 
They  will  be  discussed  bclcw  in  this  order.  Section  5.  2  will  emphasize 
their  mathematical  properties  and  Section  5.  3  their  physical  applications. 


5.  2. 1  The  Normal  Distribution 

The  most  important  distribution  arising  in  both  applied  and  theoretical 
statistics  is  given  by  the  probability  density  function 

(x  -  p)2 

J^_V|=_L_e  2°-2  (5.9) 

l  •r  I  <ry2s 

or  the  corresponding  distribution  function 


.  (t  -  p)2 


(5. 10) 


The  distribution  was  originally  deduced  in  1733  by  the  mathematician 
DeMoivre  as  the  limit  of  the  binomial  distribution.  The  distribution  is 
often  credited  to  Gauss  who  did  much  work  with  it  at  a  later  date.  As  a 
result,  a  random  variable  having  a  distribution  function  given  by  Eq.  (5. 1C) 
is  often  referred  to  as  having  a  Gaussian  or  normal  distribution,  see 
Section  4.  3.  3(b). 

The  mean  and  variance  of  the  distribution  are 


E(x) 


Var(x) 


(x  -  p)2  d*  '  °~Z 


(5.11) 


(5.12) 
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a  random  variable  has  a  normal  distribution  with  mean  p  and 
standard  deviation  {.«  d.  }  or.  it  is  often  spoken  of  as  being  normal  (p,  tr) 
for  the  sake  of  brevity.  The  standardized  variable 


z 


x  -  n 


(5-13) 


then  is  normal  (0, 1}  with  the  distribution  function 


*{z)  =  ,=k  fZ  e~t  /Z  dl  (5.14) 

\]2r  -oo 

-xZ/2 

The  density  function  p\x)  =  (l/^jzit)  e  Z  is  unimodai  and  symmetric 
having  points  of  inflection  at  1 . 

Equation  (5. 14)  is  well  tabulated  for  many  values  of  z.  However, 
due  to  the  symmetry,  #(z)  -  *(-z),  the  tabulation  is  frequently  given  only 
for  positive  values  of  z.  Also,  the  tabulation  often  only  goes  up  to  z  =  3 
since  the  probabilities  of  exceeding  this  value  is  very  small.  See  Table  5. 1 
at  the  end  of  Section  5  for  a  fairly  comprehensive  tabulation  of  the  normal 
distribution  in  this  way.  In  Table  5. 1 ,  for  i^O,  the  area  of  the  normal 
curve  is  defined  by 


Area 


dt 


For  z  >  0,  the  distribution  function  ♦(z),  as  defined  in  Eq.  (5. 14),  is  now 
given  by  l(z)  =  0.50  *  Area. 

A  useful  definition  is  that  of  the  p  percent  value  of  the  normal 
distribution.  This  is  the  unioue  root  A.  of  the  equation. 

-  -  p 

Prob  { |x  -  p  j  >  Aptr)  =  p  (5.  15) 

In  words,  Eq.  (5.  15)  yields  the  probability  p,  in  percent,  that  a  r.ormJjWy 

distributed  variable  will  deviate  from  its  me  in  in  either  direction  by  more 

than  A  times  its  s.  d.  See  Table  5.  2  at  end  of  Section  5  for  a  tabii?aticn 

P 

of  this  type. 
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For  later  applications,  one  should  note  that  a  linear  function  ax  +  b 
of  a  variable  x  which  is  normal  (;i,  «r)  will  be  normally  distributed 
(ap  +  b,  [a|cr). 

The  normal  distribution  derives  much  of  its  usefulness  because  of 
the  well  known  “Central  Limit  Theorem”,  see  Section  4.  3. 3{b)  This 
essentially  states  that  sums  of  independent  random  variables  under  fairly 
general  conditions  will  be  approximately  normally  distributed,  regardless 
of  the  underlying  distributions,  when  the  sample  size  is  large.  Since  many 
physically  observed  variables  may  actually  be  the  sums  of  many  less 
obvious  variables,  or  when  the  means  of  large  numbers  of  observations 
are  considered,  the  normal  distribution  often  applies  in  unexpected  areas. 

5.2.2  The  Chi-Square  Distribution 

Let  X| .  x _ _  xn  be  n  independent  random  variables,  each  of 

which  has  the  same  normal  distribution  with  zero  mean  and  unit  variance. 
The  sum  of  their  squares 


2 

y  =  x 


xf  + 


x2  * 


*  * 


(5.16) 


is  called  chi-square  with  n  degrees  of  freedom  (d.  f. )  Tee  number  of 

d.  f.,  i.  represents  the  number  of  independent  or  "free"  squares  enter- 

-  -  ^  r  2. 

mg  into  the  expression  for  \  - 

The  variable  y  has  the  probability  density  function 


PR(y)  = 


l 

2n/ir{n/2) 


y[(n/2)-l]  e-(y/2) 

;y  >  o 


=  0 


:y  <  o 


(5. 17) 


where  I*(n/2)  is  the  well  known  Gamma  function.  (See  Reference  [4]  for 
discussion  of  the  Gamma  Function).  For  n  =  1  and  n  =  2,  pQ(y)  is  a 
monotcnicaily  decreasing  function  for  positive  y.  For  n  >2,  the  function 
is  unimodal  and  non- symmetric. 
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The  mean  and  variance  of  this  distribution  are 


E(x2)  =  a 


Var(X 


i\Zi  =  2a 


(5. 18) 

(5. 19) 


The  probability  that  the  random  variable  y  -  x  assumes  a  value 


exceeding  a  given  quantity  yQ  -  x~  **  given  by 

P°° 

Prob(y  >  yo)  =  j  PR(y)  dy 

rn 


(5.  20) 


Conversely,  if  one  wants  to  find  a  quantity  y^  =  x^  ***ch  that  the  probability 
takes  a  given  value,  say  p.  then  the  following  equation  must  be  solved: 


Prob (y  >  y  )  = 

?  V 


-o> 


Pr(y)  dy  -  P 


15.  21) 


The  unique  root  ^  ^  ®f  this  equation  is  called  the  p  percent  value  of 

X2  for  n  d.  f.  Essentially  the  same  definitions  will  be  -_,.d  for  the  t 
and  F  distributions  which  are  discussed  below.  A  tabulation  of  some 
of  these  values  of  for  the  chi-square  distribution  appears  in  Table  5.3. 


5.  2.  3  The  Student "t"  Distribution 

Let  Y  and  Z  be  independent  random  variables  such  that  Y  is  normal 
(0, 1)  and  Z  has  a  x2  distribution  with  n  d.  f.  The  variable  Z  will  therefore 
always  be  positive,  and  a  variable  t  can  be  defined  as 


t  =vjn  -L  (5.  22) 

jz 

where  the  positive  square  root  is  taken.  The  distribution  of  the  variable 
t  is  known  as  Student’s  “t”  distribution  with  n  d.  f.  It  was  first  studied 
by  the  statistician  W  Cosset  who  wrote  under  the  pseudonym  "Student”, 
hence  the  name. 
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he  probability  density  function  of  t  is  given  by 


where 


(5.23) 


(5.24) 


The  mean  is  finite  for  n  > !  and  the  variance  is  finite  for  b  >2.  These 
are  given  by 


Eft)  =  0  n  >  I  (5.25) 

V ar(t)  -  — —  a  >2  (5.26) 

»  -  2 

As  in  the  previous  section  a  p  percent  value  of  the  t  distribution 
is  defined,  where  p  is  expressed  in  percent,  by  the  root  t^  of  the 
equation 


f\to 

Prob(t>t  )=  \  p_|t)  dt  =  p  (5.27) 

p  Jv 

Also,  as  for  the  parameter  n  is  the  number  of  d,  f.  A  tabulation  of 
values  of  t  as  a  function  of  r.  and  p  is  given  is  Table  5. 4.  Some  care 
must  be  taken  is  using  other  available  tables  of  the  ”t"  distribution  in  the 
same  manner  as  Table  5.  4.  Some  texts  *’lil  have  Prob{  1 1|  >  t^)  =  p  in¬ 
stead  of  Prob{t>tp)  -  p.  Eq.  (5.27),  since  the  "t”  distribution  is  sym¬ 
metric,  i.  e.  Pa(t)  =  PR(-  :).  In  this  case  a  value  for  p  in  Table  5.4 
would  correspond  to  a  value  tor  2p  in  other  tables  constructed  con¬ 
sidering  deviations  in  both  tails  of  the  probability  density  function. 
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5.  Z.  4  The  F  Distribution 

2. 

Given  two  independent  variables  U  and  V  trhiefa  have  % 
distributions  »s;h  m  and  n  d.  f.  respectively,  the  distribution  of  the 
variable 

(42S> 

V/et  m  V 

is  known  as  the  F  distribution  with  tas,  n)  d.  f.  Since  F  is  positive,  the 
density  function  of  F  is  zero  for  F<  0.  while  for  F  >  0.  the  density 
function  is  gives  by 


where  C  is  an  appropriate  constant  depending  only  on  m  and  n. 

As  for  and  t.  where  p  is  expressed  :s  percent,  a  p  percent 
value  of  the  F  distribution  is  defined  by  the  root  Fp  of  the  equation 


Prob{F 


>fj=  r 


P„_  f  F)  dF  -  p 
n»P  s 


15.30) 


Some  values  of  F  as  a  function  of  m  and  n  and  p  are  given  in  Table  3.  5. 


5.  3  SAMPLING  THEORY  AND  APPLICATIONS 

The  distributions  defined  and  discussed  in  Section  $.  Z  will  now 
be  illus'rated  as  sampling  distributions.  They  will  be  discussed  in  the 
context  of  their  most  usual  applications,  with  additional  areas  of  appli¬ 
cation  indicated  which  are  particularly  appropriate  for  analysis  of  vlbra 
tion  data. 

A  sampling  distribution  may  be  defined  in  general  as  follows: 

Let  X  be  a  random  variable  with  a  distribution  function  F{x).  Let 
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x. . x_,  se  2  i£sde  of  X  sbte.-vtd  value*  of  X.  Aar  «di 

t  4  « 

defined  function  of  these  variables,  **?  t(*. .  _ ,  x.,1  ritj  be 

»  2  r» 

a  simple  of  (be  rmdtfr.  variible  gCX^.  X7. _ _  3^.5  rfctrt  e%d»  X. 

has  the  same  fstrlbeiiaa  bo.ctioc  Fix).  The  proMdilf  distribution 

of  jjXj .  . Xj.)  is  called  she  san^isf  ditfribetioc  of  the 

quantity  gfXj.  ...  x^). 

If  samples  of  N  values  tre  repeatedly  drawn,  a ad  if  the  rh*r- 

acterisiic  gf=,.  x?. _ _  x,.|  is  computed  for  each  sample,  a  Mficacc 

is  obtained  of  (he  observed  values  of  the  randoms  varUke  g«X, .  X„ 

_ _  X^.}.  Is  ihis  way  every  sample  characteristic  i*  associated  *itt 

a  certain  rasdan  variable.  Ote  mar  then  tti'v  ef  tee  sampling  distri¬ 
bution*  of  quantities  such  as  the  •rithmtiiJ  tree  of  a  sample  |»«ea 
by  £c.  {5.  i}  and  tee  sample  variance  gives  by  Eq.  (5. 2J. 

la  principle,  she  sampling  characteristic  mar  be  determined 
by  the  distribution  function  F(x)  ot  the  basic  random  variable  X. 

In  practice.  ho*sver.  it  may  be  difficult  to  lied  an  explicit  expression 
for  the  result. 


5.  3. 1  Estimate*  cf  the  Mean  and  Variance 

As  has  bees  implied  ia  preceding  discussions,  p  and  tr  will 
denote  the  true  mean  and  standard  deviation  {*.  d. )  o.  a  distribution 
corresponding  to  a  random  variable.  The  estimates  of  these  values 
as  computed  from  a  sample  of  fixe  St  will  be  denoted  by  r  (or  m) 
and  s  respectively.  The  Creek  letters  p  and  <r  will  often  be  re¬ 
ferred  to  as  the  population  or  universe  values  as  opposed  to  their 
sample  estimates  x  and  s.  It  is  important  to  understand  and  keep 
ia  mind  this  distinction  between  true  values  and  sample  estimates. 
Any  true  population  value  is  some  fixed  real  number  whereas  lit 
estimate  computed  from  a  sample  will  have  s  sampling  distribotiou. 

Consider  first  the  sample  mean 


(5.  31) 
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Bf  obttrvjif  tfc*i  :.%<  sample  r.tte  is  *  kcw  c»wairJ?.t5  af  S 
viriioifj  k.«  a»d  i^wj  CM  v«i:  fcM^>  iddiiice  titorrr.  i*r 
ise  variance*  of  incfpjrjdfst  rwjwe  TtrUHes,  cm  ^jCW 


£{*)  2Z  Rx.i  -  ~  l*+t  '  & 

x  H  i  *  * 


ir.  SZ* 


Ac  so. 


Vm!*J  =  <T§  -  “4(Ka-i|  -  — 

‘  i  IT  St*  K 


J5.  JiJ 


nr 


Tfatf,  cVt  tjftcut  v»i«t  oc  be  umf'.e  characteristic  i  is 
u  it*  irst  moa  M*at  jl  Meresrer.  tiect  tike  eusttri  devia¬ 
tion  is  s»f*«dy  fr<fortiea*i  M  ytf.  ti*  sarnie  wt3>  *  is  a  «rr 
precise  estimate  sf  j>  («r  :ar|t  K.  Ttai  is,  ;Je  tfcstriWiiae  oi  x 
«ili  Ve  concentrated  tr.  Du  vidtily  af  s  etae*  it  will  :  i.*  a  verv 
smaii  i.d  itf  Urge  K.  A!se.  is  foliates  (ram  tic  tnletl  limit 
tfceoresrv,  that  far  U«g*  K  (be  dUtrihiUw  ef  2  wtil  W  appr&cirrsMeJy 
oermti  ut,  0-/v^Q. 

Ctjetjder  r.ixl  !a*  um^tc  variance 
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choose 


i  "  V* 

2_,  w. 


(5.  38) 


where 


wi=~ 

°"i 


(5.  39) 


The  variance  of  the  distribution  of  x  then  is 


Var(x)  = 


(5.40) 


5.  3.  2  Tne  Chi-Square  Goodness  of  Fit  Test  as  a  Test  for  Normality 


(a)  General  Remarks 

In  certain  situations  such  as  comparing  a  normal  distribution 

with  a  frequency  histogram  of  some  observed  data,  it  is  desirable  to 

be  able  to  evaluate  the  discrepancy  between  the  observ^u  and  expected 

frequencies.  It  is  customary  in  such  problems  to  compute  a  statistic 

which  measures  this  discrepancy  and  study  its  sampling  distribution. 

2 

A  good  statistic  at  hand  for  this  problem  is  x  ,  or  chi-square  (see 
Section  5.2.2). 

For  subsequent  discussion,  the  following  notation  will  be 
adopted: 


f.  is  the  frequency  observed  in  the  ith  class, 
Fi  is  the  expected  frequency  in  the  ith  class. 


Then  define  the  statistic  x  by  the  sum  of  weighted  squares 


i=l  F. 


(5.41) 


where  there  are  k  class  intervals. 
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Since  Sf.  =  Sf:,  the  quantity  22  (f.  "  ®*-)  cannot  be  used  as  a 
1  1  1  ^  2 
measure,  and  the  square  must  be  used.  It  is  apparent  that  x  will 

give  some  measure  of  the  difference  in  frequencies  as  compared  to 
the  expected  frequencies.  Obviously,  a  large  value  for  x^  indicates 
a  larger  probability  of  genuine  difference  from  the  expected  distribu¬ 
tion. 

The  limiting  distribution  for  \  "  depends  on  one  other  parameter, 

2 

the  number  of  independent  squared  variables  in  x  •  called  the  number 
of  "degrees  of  freedom  (d.  f. )."  There  exists  a  family  of  curves,  one 
for  each  number  of  degrees  of  freedom.  Each  independent  linear 
restriction  imposed  on  the  observations  decreases  this  parameter  by 
one.  For  instance,  with  k  class  intervals  and  a  sample  size  N,  one 
can  always  compute  the  frequency  in  the  last  class  interval  after  the 
first  k  -  1  are  known.  So  in  this  case  one  is  left  with  (k  -  1)  d.  f. 

Also  in  the  present  case  of  interest,  the  normal  distribution  must  be 
fitted  to  a  frequency  histogram  which  required  the  computation  of 
the  mean  and  variance.  This  imposes  2  additional  restrictions  re¬ 
ducing  the  number  of  d.  f.  to  {k  -  3)  d.  f.  For  each  parameter  esti¬ 
mated  from  the  observations,  an  additional  restriction  is  imposed, 
and  in  general  there  are  (k  -  a  -  1)  d.  f. ,  where  a  the  number  of 
estimated  parameters. 

Tables  for  the  x"  distribution  normally  give  the  value  of 
that  will  be  exceeded  p%  of  the  time  for  (n)  d.  f.  The  percentage  p 
is  often  selected  as  5 %  and  the  null  hypothesis  (i.  e. ,  there  is  no 
conclusive  evidence  that  the  observed  values  were  selected  from  a 
non-normal  distribution)  is  accepted  if  the  computed  x^  value  is 
less  than  the  appropriate  table  value. 

(b)  Applying  the  Test 

The  null  hypothesis,  as  mentioned  above,  is  always  considered. 
If  this  hypothesis  can  be  accepted  at  the  p%  level  of  significance,  then 
one  may  reasonably  conclude  that  the  parent  population  is  indeed 
normal,  if  supported  by  other  evidence.  There  is  at  most  a  p%  prob¬ 
ability  of  rejecting  the  hypothesis  when  it  is  true  (Type  I  error). 
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The  first  step  is  to  group  the  observations  in  some  selected 
class  intervals.  These  may  or  may  not  have  been  previously 
selected,  but  may  have  to  be  modified  for  this  test.  The  choice  of 
the  number  of  intervals  affects  the  sensitivity  of  the  test  and  com¬ 
mon  practice  has  indicated  10-25  equal  class  intervals  is  a  desir¬ 
able  selection,  subject  to  certain  restrictions. 

For  the  5%  level  of  significance  the  follc**dng  tables  below  have 
been  developed  to  assist  in  selecting  the  number  (k)  of  class  intervals 
as  a  function  of  the  sample  size  N  and  the  expected  frequency  in  each 
class,  see  Ref.  |c|. 


Minimum  Optimum  Number  (k)  of  Class  Intervals 
(5/4  Level)  for  Sample  Size  N 

N  200  400  600  800  1000  1500  2000 

k  16  20  24  27  30  35  39 


Recommended  Expected  Frequencies 
for  Each  Class  Interval 


N  =  Sample  Size 

200 

400 

600 

800 

1000 

1500 

2000 

*  Minimum  F. 

i 

5-1C 

5-10 

5-10 

5-10 

5-10 

5-10 

5-10 

** 

Maximum  *\ 
i 

12 

20 

25 

29 

30 

40 

49 

The  end  intervals  may  have  an  expected  frequency  as 
small  as  one,  pool  (if  necessary)  to  obtain  F.  >1. 

Do  not  pool  to  obtain  F.  >  5. 

Maximum  F.  may  be  exceeded  slightly  but  in  no  case 
should  F.  exceed  50. 

l 

Experience  has  also  suggested  the  follcv/irg  practical  rules  of 
thumb. 

1.  If  there  are  two  or  more  d.  f.  and  the  expectation  in  each 
cell  is  more  tknn  5,  the  chi-square  table  assures  a  good 
approximation  to  the  exact  probabilities. 
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2. 


If  more  approximate  probabilities  are  acceptable,  an 
expectation  of  2  in  each  cdi  is  acceptable. 

3.  With  more  than  2  d.  f.  an  expectation  of  one  in  the  tails 
of  the  distribution  is  satisfactory  if  the  interior  intervals 
have  an  expectation  of  5  or  more. 


The  sample  mean 


N 


(5.42) 


and  the  standard  deviation 


s 


N 


2>i  -  !>* 


N 


(5.43) 


must  be  computed  and  the  normal  distribution  can  now  be  "fitted"  to  the 
histogram.  The  class  interval  end  points  should  now  be  converted  into 
standard  deviations  from  the  mean,  i.  e. ,  where  x.  is  the  ith  end  point 
compute  =  (x.  -  x)/s.  The  leftmost  interval  should  be  considered  to 
be  from  {-oo,  z.)  end  the  rightmost  (  zk  {  ,  oo)  when  reading  tables  of 
areas  under  the  normal  density  function  to  compute  tl 1  expected  fre¬ 
quencies  .  Proportions  of  N  expected  to  lie  in  each  class  interval  may 
now  be  found  in  a  table  of  areas  under  the  normal  density  function. 
Merely  multiply  these  by  N  to  obtain  the  expected  frequencies.  Some 
intervals  may  have  to  be  pooled  in  order  to  meet  the  previously  sug¬ 
gested  expected  frequency  minim  urns.  Now  compute 


2 


X 


<fi  -  Fi>* 
F. 


(5.44) 


Then  compare  with  the  chi-square  table  value,  x^*  under  n  =  (k  -  3) 
d.  x.  at  the  5%  (normally  used)  level  of  significance.  If  x^  1*  less  than 
X^  one  may  conclude  there  is  no  good  reason  for  believing  the  data 
comes  from  a  non-normal  distribution,  and  a  hypothesis  of  normality 
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2  2 

is  therefore  accepted.  If  x  >  Xp?  itiC  hypothesis  of  normality  would  be 
rejected  at  the  pfa  level  of  significance. 

It  is  sometimes  convenient  to  remember  that  the  expected  value 
of  v2  is  n,  so  if  the  computed  value  for  x"  is  less  than  the  number  of 
d.  f.  it  is  unnecessary  to  consult  the  table  and  it  rnay  be  concluded 
that  the  discrepancies  between  observed  and  expected  frequencies  is 
negligible. 

When  n  >  30,  may  be  computed  via  the  normal  distribution 
since  \jlx'  is  approximately  normal  with  mean  V^2n  -  1  and  standard 
deviation  i .  Then 


2  1 


2n  -  1  +  X.. 


(5.45) 


where  X,  is  die  2p%  value  for  the  normal  distribution,  i.e. ,  +X, 

2p  —  2p 

would  be  the  number  of  standard  deviations  containing  (100  -  2p)% 
of  the  area  under  the  normal  density  function.  As  before,  the  prob¬ 
ability  that  x^>Xp»  a  one-sided  interval,  is  given  by  p7*. 

(c)  Computational  Examples 

Case  1.  Less  than  30  d.  f. 

Corresponding  to  the  frequency  histogram  (Fig.  5.  3)  there  are 
the  following  set  of  hypothetical  voltages.  (See  Fig.  5.4.)  Compula¬ 
tions  may  be  made  from  the  grouped  data  with  a  negligible  loss  of 
accuracy,  i.e. ,  consider  all  observations  in  an  interval  to  be  located 
at  the  midpoint. 

The  formulas  used  for  x  and  s  are  equivalents  of  the  definitions 
used  for  computational  purposes,  "fx"  indicates  f  observations  at  the 
point  x.  The  formula  for  s  is  obtained  as  follows. 


9Z  _  Sf(x  -  x)2  _  Sfx2  ^.Zx  f:c  +  nV 


(5.46) 
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30 


25  H 


20 


Figure  5.  3.  Frequency  Histogram  of  Hypothetical  Data 
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Figure  5, 4.  Tabulated  Value*  of  Figure  5.  3 


After  the  z.  are  computed  using  the  formula  s.  =  (x.  -  x)/s, 
the  proportion  of  the  area,  A  A,  under  the  normal  density  function 
lying  in  each  interval  is  found  from  Table  5. 1.  Note  that  since  tbe 
normal  curve  is  symmetric  the  table  gives  only  tbe  values  for 
0<  z  <  o»  and  the  areas  for  the  left  half  are  found  using  the  same 
table.  For  example,  for  the  interval  (1.  5,  2.  5)  the  corresponding 
z  values  are  (.  56.  .  92).  From  Table  5.  1.  one  finds  .  3212  and 
2123  for  .  92  and  .  56  respectively.  Subtracting  and  rounding, 

A  A  =  .  109  is  obtained. 

As  shows  in  Fig.  5.  4,  the  expected  frequencies  F^  are  cal¬ 
culated  by  multiplying  these  areas  by  N  =  1 59.  Tbe  computed  value 
of  chi-square  comes  out  to  be  17. 0. 

Looking  at  the  chi-square  table  (Table  5.  3)  under  n  =  10  degrees 
of  freedom,  one  finds 


and  xf0  =  lC-° 

If  the  5%  level  of  significance  is  being  used,  the  data  would  be  accepted 
as  being  from  a  normal  distribution.  However,  if  one  had  decided  to 
work  at  a  10%  level  tbe  null  hypothesis  would  be  rejected  and  non¬ 
normality  assumed.  In  this  case,  other  factors  probably  should  be 
considered  when  deciding  whether  or  not  to  assume  normality. 


Case  2.  More  than  30  d.  f. 

To  illustrate  tbe  computation  of  approximate  values  of 
which  may  be  used  when  n  >  30  use  the  above  value  n  *  10.  Then 
for  the  5%  level,  one  has  from  Eq.  (5.45), 


Xg  =-  |^20  -  I  «■  1.64  =18.0 


where  1.64  =  1,  is  found  from  Table  5.2  for  2p  =  10.  Is  this  case 

2 

the  agreement  is  quite  close  to  the  previously  calculated  x$  =  18. 3, 
but  the  method  is  not  generally  reliable  unless  n  >30. 
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(d)  Other  Applications  of  x- 


Chi-square  tests  may  be  employed  to  compare  any  set  of 
observed  frequencies  with  some  set  of  theoretical  frequencies.  The 
distribution  to  be  compared  against  seed  not  be  the  normal  distribu¬ 
tion  but  may  be  any  one  of  interest.  For  example,  this  test  may  be 
applied  to  a  Rayleigh  distribution,  or  to  a  combined  Rayleigh-Gaussian 
distribution  as  illustrated  by  Eq.  (4.  213  )  in  Section  4.9.  3. 

(e)  Limitations  cf  the  Test 

The  x"  curve  is  only  an  approximation  to  the  true  distribution 
so  care  must  be  exercised  that  the  x"  test  is  employed  only  when  this 
approximation  is  good.  The  previously  mentioned  rules  for  minimum 
expectations  and  class  intervals  should  be  adhered  to,  and  sample 
sizes  should  be  of  the  order  of  200  or  larger. 

Since  there  can  exist  distributions  other  than  the  normal  that 
would  give  similar  expected  frequencies  for  intervals,  it  must  be 
borne  in  mind  that  desired  results  with  the  x2  test  do  not  completely 
justify  assuming  the  parent  population  to  be  normal.  If  possible,  the 
X2  test  should  be  supported  by  other  conclusions. 


5.  3.  3  Applications  of  Student's  **t"  Distribution 


(a)  Introduction 


In  malting  inferences  about  the  mean  p  uf  a  population,  it  is 
necessary  to  take  into  account  the  standard  deviation  (s.d. )  <r  of  that 
population.  In  most  practical  situations  neither  p  nor  a~  are  known 
and  their  sample  estimates  x  for  p  and  s  for  cr  as  calculated  by 


x 


N 


(9-47) 


and 


( 5-  4®  j 
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et.uj?  be  used.  Reliliorishtps  of  x  acd  s  to  ft  and  or  will  be  inveati- 
iittc  is  this  section. 


(b)  Sge  cial  Case  Where  or  is  Known 

Is  tlse  special  cast  where  o~i*  known  and  |i  is  unknosn,  one 
can  apply  the  normal  distributics,  rather  then  the  ~t"- distribution  to 
be  described,  in  maku)  inferences  about  p  from  sample  means. 
Using  Bq.  {5.  32)  and  (S.  33)  from  Section  5.  3. 1.  tbe  mean  of  tbe 
distribution  of  the  sample  means  is 


PJ  =  K 


(5.4*) 


and  tbe  variance  of  tbe  distribution  of  Use  sample  means  is 


(5-50) 


Tbe  s.d.  of  tbe  distribution  of  tbe  sample  means  is  tben 


C5.51J 


One  can  now  **  standardize”  tbe  observations  by  subtracting  tbe 
mean  and  dividing  by  tbe  standard  deviation:  which  gives  the  following 
normally  distributed  variable,  x,  with  mean  zero  and  s. d.  of  unity, 
namely. 


z 


(5.52) 


Tints,  given  a  sample  of  N  observations  from  a  normal  population 
with  s.d.  <r  with  which  to  test  tbe  hypothesis  that  tbe  mean  is  p,  one 
computes  x  from  Eq.  {5. 47)  and  then  s  from  Eq.  (5.52).  Men,  con¬ 
sult  the  table  of  the  normal  distribution  to  obtain  the  percent  of  time  the 
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sample  value  will  lie  outside  the  ruft  *x.  If  this  percentage  is  greater 
than  some  arbitrarily  selected  level  of  significance  a.  say  5$.  ©sc 
would  accept  the  hypothesis  that  the  mean  is  jt. 

Far  example,  assume  a  sample  of  size  X  =  9  from  which  *  *  12.  3 
is  computed.  Suppose  further  that  the  population  »_  d.  is  <r  =  2. 6  and 
one  wants  to  test  the  hypothesis  poll.  Computing  t  from  Eq.  {5.  52), 
one  obtains 


2.0 


In  a  table  of  :he  normal  distribution  (see  Table  5. 1)  one  finds  that 
♦1.05  contains  70.6$  of  the  area  under  the  normal  density  function. 
Alternatively,  the  sample  raise  would  lie  outside  the  range  el. 05 
approximately  2f . 4$  of  the  time.  Therefore,  working  at  the  5$  level 
of  significance  one  accepts  the  hypothesis  that  p  -  13. 

(c)  General  Case  Where  <r  is  Unknown 

For  the  more  common  case  when  both  or  and  p  are  unknown, 
consider  the  following  statistic  a f  the  general  farm 

t  =  (5.53) 

ft 

where  Y  and  Z  are  independent  random  variables.  The  variable  Y 
is  normally  distributed  with  mtie  zero  and  s.  d.  of  unity  while  Z  has 
a  distribution  with  n  degrees  of  freedom.  The  distribution  of  ”F* 
is  known  as  the  "Student*1  or  "t”  distribution.  (See  Section  5. 2.  3.) 

The  "Student -t"  distribution  is  actually  a  family  of  curves  de¬ 
pending  on  a  parameter  n.  the  number  of  "degrees  of  freedom"  (d.f.). 
A  graph  of  the  r -distribution  even  for  small  n,  closely  resembles  the 
normal  density  function  although  actually  having  much  "thicker1’  tails. 
In  other  words,  the  probability  of  large  deviations  from  the  mean  is 
higher  than  in  the  case  of  the  normal  distribution.  The  expectation  of 
t  is  aero  for  n  >  I  and  the  variance  is  n fin  -  2)  for  n  >  2.  For  n  <  1 
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the  meats  is  not  fissile.  «fes!c  the  variance  is  not  fiaitc  for  nd  2.  H**- 
ever,  probabilities  can  still  be  competes  for  ns  f  aaf  tables  of  tbe 
t'distritoioe;  usually  range  from  a  *  f  toes  123.  (See  Table  5.4.) 

Tbe  variable  t  is  asymptotically  normal  with  mean  sere  and 
sail  *.d.  far  large  n.  In  most  practical  situation*  a  >35  is  a  sutfi- 
citr.liy  large  value  to  justify  use  of  tbe  normal  approximation. 

Some  specific  forms  of  Eq.  (5.  5?)  will  now  be  fives  for  testing 
hypotheses  about  meass.  la  samples  of  size  X  from  a  aormal  pope- 
iation  with  meae  a  and  s.<L  o~.  :be  estimates  x  aad  s^  are  isde- 
peadeat.  Tbe  sample  estimate  x  is  aormal  with  me  as  y  aad  s.  JL 
while  Xs^/er^  bu  a  x2  distribatioa  with  (X  -  1)  d.f.  A 
somewhat  intuitive  justification  for  Xs*/o-^  having  a  distribution 
is  as  follows;  Cki-t^urc  is  esseatially  the  ton  of  sheared  deviations 
from  some  fixed  number  -  tae  expected  frequency  -  then  these  sqfrss 
divided  by  some  fixed  aoeaber  -  again  tfce  expected  frequency. 

Far  Chi -square  with  it  class  intervals  one  has 


.  fc 

itl 


if-  -  F.) 

»  s 


15-54) 


For  tbe  variance,  by  rewriting  Eq.  (5.44),  one  obtains 


V 


C5.55) 


Dividing  both  aides  by  tbe  population  variance,  a  fixed  number. 


X 

2> 

i=I 


=)2 


(5.5b) 


Tbe  resemblance  between  Eq.  (5.  54)  aad  Eq.  (5. 54)  is  apparent. 
As  in  x2'  Eq-  (5.  54)  is  a  sum  of  X  squared  variables,  but  with  an 
additional  restriction.  In  ibis  case 
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S«r*  caatKio  «J?  >f£  *  i)  u&egtem 

•«l*«  <  v'  tfiHrib«U9«  t:!*;  fjf  -  SI  d.f. 

CcMiJcr  the  <>*»  variable* 


K}U'c4  Mriatitf 


t  */jT  -lLJ4 
\  -/ 


15.  SS) 


*  Ki‘ 
£  *  — -j- 


!t«tt  <fc*t  Y  is  sUKti  *:!fc  Mt|*  «tro  Md  -Jut  f  •*..  «tt!«  Z  «a*  % 
4i«nb«U*«  *i*>.  {X  -  t}4.f-  :m  rt»triirW  for 

lk<  virUfcir  t  in  £ 5.  Os*  £Mc  w»'  *»itc 


«  .Jh  :« -X , 

a 


~f=* — *  /*7T  • 


?*  > » 


!*- *•) 


rhicfc  h»*  the  t  distribution  with  IN  -  l)  d.  f .  **«  pror;4tt  *  test  for 
Mmptri!*  *  » ten  per  ra**e  x  tftiMt  some  kfjMletktl  papsiitias 

mess  ji. 

Another  enpcrUM  tp»!kt:i««  of  the  :  distribution  is  u  follow* . 

Consider  two  independent  sttnpits  of  site  K  aatf  N .  with  mesas  x 

—  3  i  *  * 

sod  y  sad  viruncts  s,  and  s ,  respectively.  If  Use  two  parent  popol*- 

tions  have  mesas  and  p.^  oad  *  omenui  s.d.  of  <r.  the  feUeeiif 


The  variable 


(5.611 


is  normal  with  mean  %ero  and  s.d. 
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^,!<r  -  o- 
*  ? 


*^cs  s*  osttssed  s$s|  tfc«  prt?:«*Iy  3-.»r^rcsit:  Tr|— ‘c-ir  taec-r±m  far 
rir:jact  *ed  ,{ix  fact  liai  tit  j.d.  at  the  ^tirilctkn  of  £* 

<r/'/X. 

ntM,  the  Tir:ii-e 


{5.i3* 


ha*  a  X  cs^nteies  with  Pi,  t  ?C „  .  2ji.£. 
Ora  cas  irrste 


N.N^N.  *  N2  >? 

N  ns*n2 


*  -  V  -  t*£  -  SijS 

?■  ■■/■■  ■'  j 

*  K2*i 


i  5. 64j 


*hich  Sas  the  t-diiinhstioc  witk  £Ji(  *  S,  -  2)  if.  this  ?ror;dt*  * 
test  for  umjariaf  tec  sample  mesas.  The  otsil  ca*-'  arlil  be  the 
sypMhetit  F|  s  or  Cp,  *  =  0.  sad  the  test  «ili  be  for  eqsrility 

*A  x  *ti  y.  There  are  same  sltjhl  variations  to  the  above  case  siuch 
»iil  be  acted  :r.  the  section  on  applications  beior. 


(d|  Applications 

Several  ilijislf  differ  eat  situabwes*  uitt  £a  appiyi^r  the  t- 
dittriteiioa  to  tests  rr.taei.  Each  case  has  a  different  approach 

for  ’'large  '  or  “small"  *»-tpies.  The  asia  esses  are; 

Case  I.  Tests  about  p  *fete  a~  ;•  '2joffrr. 

Case  2.  Tests  abetst  »j 

:)  Wfc«  <r~.  aad  7*^  arc  Susoars. 

*1)  Vfcec  O',  sad  o*t  arc  tttiuxvs  sst 
pressmet!  tqsial. 
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iii)  When  cr-^  and  are  unknown  and 
unequal. 


Case  3.  Confidence  intervals  for  estimates  of  si. 


The  general  procedure  for  all  cases  is  as  follows.  First,  the 
mean  x  and  standard  deviation  s,  as  given  by  Eq.  (5.47)  and  (5.48), 
are  computed  from  a  sample  of  N  observations.  Then  t  is  computed 
as  given  by  Eq.  (5.60)  or  (5.  64),  whichever  is  appropriate.  Assuming 
one  is  working  at  a  given  level  of  significance,  say  a  =  5%,  one  then 
looks  in  Table  5.  4  under  the  appropriate  number  of  d.  f.  for  t^,  w'hare 
p  =  (c/2).  This  is  for  a  "two-tailed'1  test,  which  is  correct  assuming 
the  sample  mean  can  vary  to  either  side  of  the  hypothesized  population 
mean.  In  other  words,  ?..  5%  of  the  t-distribution  lies  to  the  right  of 
t^  ^  and  also  2.  5%  lies  to  the  left  of  -t^  ^  giving  a  total  of  5%  of  the 
area  in  the  tw'o  tails.  Therefore,  if  j  tj  >  ^  it  can  be  concluded 

that  only  5%  of  the  time  will  a  value  this  large  be  obtained  if  the  means 
are  really  equal  and  therefore  there  exists  a  statistically  significant 
difference,  i.  e. ,  there  is  a  5 *!*  chance  of  rejecting  the  hypothesis  of 
equality  when  it  is  really  true  (Type  I  error). 

A  "one-tailed"  test  is  acceptable  if  the  logic  of  the  problem  in¬ 
dicates  the  difference  in  the  means  could  be  in  only  one  direction. 

Then  for  the  5%  level  of  significance,  one  looks  in  Table  5. 4  under 

t,.  n  since  one  is  concerned  about  a  deviation  in  only  one  direction, 
o.u  2 

Note  that  values  of  t  are  tabulated  in  the  same  manner  as  x  •  For 

n  degrees  of  freedom,  t  gives  the  proportion  of  area  p  under  the 

density  function  for  t  in  the  interval  (t  ,  oo).  However,  the  t 

2  P 

distribution  is  symmetric  whereas  x  is  not.  The  entries  for  n  =  oo 
arc  values  for  the  normal  distribution.  In  most  practical  situations 
as  previously  mentioned,  for  n  >  30,  the  value  for  t  is  close  enough 
to  that  of  the  normal  to  justify  using  normal  tables,  and  n  >  30  will 
be  considered  a  "large"  sample. 
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(e)  Computational  Examples 


Case  1.  Tests  about  p  when  a~  is  unknown. 

Suppose  a  sample  of  N  =  6  observations  has  x  -  12. 3 
and  s2  =  4,  8,  and  it  is  desired  to  test  the  hypothesis 
that  p  =  15  at  the  5%  level  of  significance  with  a  two- 
tailed  test.  Compute  t  by  Eq.  (5.60). 

t  =  yjs -------  =  -2.76 

fas 

In  Table  5. 4  for  5  d.  f.  one  finds  t,  _  =  2.  57.  This 

c.  9 

value  implies  that  +2.  57  w<-  rid  contain  95%  of  the  area 
under  the  density  function.  Therefore,  working  at  the 
5%  level  of  significance,  the  hypothesis  is  rejected 
since  2.76  >  2.  57. 

For  the  case  when  N  is  large,  say  37,  compute  t 
as  in  the  above  example  but  now  refer  to  tables  of 
the  normal  distribution  rather  than  the  t-table. 

Assume  the  same  mean  and  variance.  To  test  the 
hypothesis  p  =  13,  compute 

t  -  ^36  th.lzAL  =  -  1.91 

\f4Ji 

The  2.  5%  value  for  the  normal  distribution  is  |.96 
so  in  this  case  the  hypothesis  p  =  13  is  accepted. 


Case  2.  i)  When  tx-j  and  <r*2  are  known. 

Here  is  a  special  case  similar  to  that  described  in 
Section  5.  5.  3(b).  As  explained  previously,  one  need 
only  refer  to  the  table  of  the  normal  distribution 
after  computing 


xi  ‘  x2  '  "  >i2) 

— m 


— 77 

°~l 

\ 

»1 

N2 

(5.65) 
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to  find  the  percentage  cf  time  the  variable  lies  outside 
the  range  +  z. 


ii)  When  cr^  and  <r*,  are  unknown  but  presumed  equal. 

Assume  two  samples  of  size  Nj  =  11  and  =  12 
with  means  82. 1  and  72. 6  and  variances  276. 16  and 
320.24  respectively.  The  hypothesis  to  be  tested  is 
that  of  equality  of  means.  Letting  (p,  -  p^)  =  ®» 
compute  from  Eq.  (5. 64}, 


t 


(12H11K21) 

23 


_ 82. 1  -  72.6 _ 

V(H)(276. 16)  +  (12)(320. 24} 


1.26 


Looking  in  Table  5.4  under  (Nj  +  -  2}  =  21  d.f. 

one  finds  t_  ,  s  2. 08.  The  value  1 . 26  is  within  the 
2.  9 

region  of  acceptance  so  accept  the  hypotheses  that 
K1  =  r2' 

It  should  be  noted  that  when  samples  are  small  and 
variability  is  large  the  observed  difference  must  he 
very  large  to  appear  significant.  The  failure  to  find 
a  significant  difference  may  be  due  to  the  small 
number  of  cases  examined  rather  than  to  the  equality 
of  population  means. 

For  large  sample  sizes  compute  t  from  the  same 
formula,  Eq.  {5.64),  but  one  may  use  tables  of  the 
normal  distribution  rather  than  tables  of  t  if  con- 
venient. 

iii)  When  <r~^  and  a~ .  are  unknown  and  unequal. 

Discussion  of  this  case  for  small  samples  is  fairly 
complicated  and  will  be  left  for  outside  study. 


Case  3.  Confidence  intervals  for  estimates  of  p. 

Given  a  sample  estimate  x  of  a  population  mean  p 
it  is  possible  to  compute  an  interval  about  x  which 
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has  a  given  probability  of  containing  the  population 
mean  p.  Choosing  some  small  level  of  significance 
ct  in  percent,  usually  or  1 a  confidence  coefficient 
(f  -  a)  is  obtained.  Now  consider  the  expression 


Prob  -l 


W2) ' 


X  -  n 


i/FT 


f<t 


(e/2)J 


=  l-a  (5. 66} 


This  is  read  as  the  probability  of  the  expression  in  the 
parenthesis  is  equal  to  (1  -  a).  By  a  simple  manipula¬ 
tion  of  the  above  inequality  one  finds 


=  (i  -o) 
15. 67) 


A  confidence  interval  corresponding  to  the  sample 
estimate  x  of  p  has  now  beer,  obtained.  For  example, 
choosing  a  =  5  there  is  a  95%  probability  that  p  is 
included  in  the  interval 


x  + 


&TT 


2.  5 


(5.68) 


where  ^  is  obtained  from  Table  5. 4  under  (N  -  i)  d.  f. 

Using  the  hypothetical  values  from  Case  I;  N  =  6,  x  =  12.  3, 
s  =  2. 19  and  t^  -  =  2.  57  one  can  compute  a  confidence 
interval  using  Eq.  (5.68).  The  result  is 

x+  -  t,  e  =  12.3  +  2.57  =  13.4 

^nTT  25  5 

and 

_  s  ■>  iq 

x  —  '  '  -  t,  c  =  12.3  -  --  2.57  =  11.2 

/Frrr  2  5  5 

There  is  a  95%  confidence  that  the  true  population  mean 
p  lies  in  the  interval  (11.2,  13.4). 
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(£)  Other  Applications 


The  t-distribution  arises  frequently  in  statistics.  Another  im¬ 
portant  application  is  for  testing  regression  coefficients  for  significance 
(see  Section  5. 6. 2D). 


5.  3. 4  Applications  of  the  F  Distribution 
(a)  Introduction 

In  applying  the  "t"  distribution  as  a  test  for  equivalence  of  means 
from  two  samples,  it  is  necessary  to  know  v.-hether  or  not  the  variances 
of  the  two  samples  should  be  considered  equal  or  not.  The  F  distri¬ 
bution,  described  in  Section  5. 2. 4,  exists  for  making  this  test  based 
on  computing  the  ratio  of  the  two  variances. 

Consider  two  independent  variables  U  and  V  which  nave  x“ 
distributions  with  m  and  n  degrees  of  freedom  respectively.  The  F 
distribution  as  defined  by  the  variable 


(5.69) 


leads  to  a  useful  test  about  the  ratio  of  two  variances. 

From  previous  considerations  pertinent  to  the  t-distribution 

one  recalls  that  in  samples  from  a  normal  distribution,  the  random 

2.  Z  Z  Z 

variable  Ns  /<r  has  a  g  distribution  with  fN  -  1)  d.  f.  Let  s, 

Z  1 

and  Sy,  be  sample  variances  based  upon  random  samples  of  size 

►  77  2 

Nj  andN^  respectively.  Since  NjSj/cf*‘  and  possess  in¬ 

dependent  x~  distributions  with  (N,  -  1)  and  (N^  -  l)  degrees  of 
freedom  respectively. 


(5.70) 


(5.7i) 
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In  general  the  hypothesis  0““  =  c.o~r  can  be  made  where  a  is 
some  constant.  Eq.  (5.69)  would  then  become 


F  = 


NjSj/atNj  -  i) 
N2*2,/<N2  *  1} 


*5.72) 


which  possesses  the  F  distribution  with  (N,  -  i)  and  (N^  -  I)  d.f. 
A  more  usual  situation  is  the  hypothesis  c*f  =  o~2  and  Eq.  (5.69) 
is  then 


F  = 


N1*1/(K1  '  I} 
N2s^/(S2  -  t) 


(5.73) 


which  also  possess  the  F  distribution  with  (Nj  -  1)  and  (N^  -  1)  d.f. 
This  distribution  is  well  known  and  tabulated,  and  provides  a  test  for 
comparing  sample  variances.  (See  Table  5.  5.)  For  the  special  case 
of  equal  sample  sizes  N.  Eq.  (5.73)  reduces  to  a  simpler  form 


F  = 


1 

“Z 


(5.74) 


•with  iSi  -  i.  N  -  1)  d.  f. 

The  general  random  variable  F  defined  by  Eq.  (5.69)  has  a 
mean  value  and  variance  given  by 

E(F)  =  — —  for  n  >  ?.,  independent  of  m 
n  -  2 


Var(F)  =  t  n  £or  n>4 

m(n  -  Zf  (n  -  4) 

For  the  special  case  of  Eq.  (5.74),  where  n  =  m  =  (N  -  1),  the  above 
becomes 
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E(F)  =£— l-f=t  for  large  N 
N  -  3 


„  4(N  -  i)(K  -  2)  4  .  , 

Var(F)  -  — - 5 - - ixa-—  ior  large  bs 

(N  -  3)“{N  -  5)  N 

T'ius.  lor  large  N,  the  value  of  F  should  be  close  to  unity  for  equiva¬ 
lences  of  variances. 

The  unique  root  F^  of  the  equation 


Prob{F7  F  )  =  P 


(5.76) 


where  p  is  a  given  percentage,  is  called  the  p  percent  value  of  the 
F  distribution,  and  is  tabulated  in  Table  5.  5  for  different  percentage 
values  of  p.  From  the  deilnition  of  F,  it  may  be  show.-  directly  that 


F,  =  — 


(5.77) 


so  that  given  the  value  of  Fp  for  one  side  of  the  distribution,  one  can 
immediately  find  the  value  for  the  opposite  side.  Thus,  the  (i  -  p) 
percent  value  of  the  F  distribution  equals  the  ( 1  -  p)  oercent  value 
of  the  (I/F)  distribution. 

The  F  distribution  also  bears  interesting  relationships  to  the 
t  and  distributions  under  certain  conditions.  When  n  =  1,  for 
example. 


Fo  =  C/2 


(5.78) 


where  F  has  (I,  m)  d.  f.  and  t  has  m  d.f.  This  relation  is  not 

easily  shown  but  can  be  found  in  the  available  literature.  When 

2  2  2  2  2  2 
m— *<®,  s^— +tr"  and  F  will  approach  s^/cr  .  But  ns  j/cr  has 

a  X2  distribution  with  n  d.  f.  Hence, 


(5.79) 
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and 


F  = 


(5.80) 


Therefore,  when  m  approaches  infinity,  F  has  (n,  cx>)  d.  f.  and  F 
follows  a  xVn  distribution. 

(b)  Applications 

Tabulating  the  F  distribution  is  more  complex  than  t  and 
since  there  are  two  degree-of-freedom  (d.f.)  parameters.  This  would 
require  a  three  way  table  so  in  the  interests  of  economy  of  space,  the 
different  percent  values  given  are  limited.  Table  5.  5  is  in  four  parts 
for  the  5,  2.5,  1.0,  and  0.5  percent  values  with  n  and  m  d.f,  for 
numerator  and  denominator  respectively.  By  the  reciprocal  relation 
of  Eq.  (5.??)  one  always  has  the  95,  9?.  5.  99,  and  99.  5  percent  values 
also. 

To  test  for  the  equality  of  variances  from  two  samples  of  size 

K.  ana  N,  one  must  first  compute  sf  and  s^.  It  is  customary  to 

1  £  1  £  ?  2 
compute  F  from  Eq.  (5.73)  with  the  larger  of  s{  and  >n  the 

numerator.  This  is  allowable  due  to  the  reciprocal  property.  Under 

normal  circumstances,  a  two-tailed  test  must  be  used.  Since  the 

hypothesis  is  that  the  variance  estimates  sf  and  s*T  come  from  popula- 

i  c  2 

tions  with  the  same  variance,  too  great  a  discrepancy  between  s. 

2  1 
and  s?  is  damaging  to  this  hypothesis  regardless  of  which  is  larger. 

The  region  of  rejection  must  include  both  tails  of  the  distribution  so 

that  the  hypothesis  will  be  rejected  if  either 

2  2  2  2 
%V*2.  **  very  or  *j/*2  **  very  large 

which  is  the  same  as  if 

sf/sj  is  very  lar^e  or  s^/sj  is  very  small. 

Therefore,  working  at  some  given  level  of  significance  »,  reject  the 
hypothesis  of  variance-equality  if  F  >  F^j . 

5-36 
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Conceivably,  the  logic  of  the  problem  could  indicate  a  one-tailed 

test.  In  this  case  one  should  reject  if  F  >  F  . 

a 


(c)  Computational  Examples 

■V 

Assume  two  samples  of  size  N.  -  21  and  S,  =  11  «ifc  st-  =  250.6 

2  *  4  * 

and  s7  =  63,8  and  one  wants  to  test  the  hypothesis  cr^  =  on,  at  the  5$ 
ievel  of  significance  using  a  two-tailed  test.  Computing  from  Eq.  {5.73), 
one  obtains 


F  = 


20(230, cj 
20 


11(63.8) 

75 


3.75 


In  Table  5.  5b  under  n  s  20  and  m  =  10  d.  f.  one  finds  F^  ^  =  3. 12. 
Therefore,  one  can  discard  the  hypothesis  of  o-j  =  tr^  at  the  5% 
ievel  of  significance. 

In  a  simpler  case  of  equal  sample  sizes,  say  N'  =  N,  =  31, 

2  »  1  ‘ 
with  variances  s  j  =  260.  5  and  s“  -  217.  I  or.e  computes  from 

Eq.  (5.74) 


r  _  260, 5 
217.1 


1.2 


Working  again  at  the  51*  level  of  significance,  one  finds  from  Table  5.  5b 
under  ( 30.  30)  u.  f. ,  F?  .  =  2.07.  In  this  case,  accept  the  hypothesis 
of  equality  of  variances. 

Application  of  Eq.  (5.72)  under  the  hypothesis  <r  j  =  would 
be  identical  to  the  above  computational  procedures  except  for  including 
the  factor  a. 


(d)  Other  Applications 

The  F  distribution  is  applied  extensively  in  the  area  of  analysis 
of  variance.  Variances  for  several  interacting  factors  can  be  studied 
simultaneously  using  these  techniques.  (See  Sections  5.4.2  and  5.  5.7(b).) 


5.4  ST  A";  I5TICA  L.  RESULTS  FROM  REPEATED  EXPERIMENTS 


la  samples  of  vibritbr.  data  takes  from  a  single  of  some 

vehicle,  one  ess  cc!r  make  estimates  of  parameters  of  interest  coe- 
cersis|  that  one  flight.  Some  confidence.  is  the  form  of  a  probability 
statement,  may  be  attacked  to  these  estimates  based  epos  certain 
statistical  considerations  sack  as  the  form  of  a  probability  density 
fsK'ioe  and  sample  sizes.  It  Is  desirable  to  be  able  to  make  some 
statements  as  to  bee  representative  ose  flight  is  of  ocher  flights  of 
tke  same  or  similar  vehicles  seder  similar  conditions.  This  carrot 
be  done  aitWit  repeating  the  experiment,,  £.  e.  ,  the  flight,  which  im 
Sara  can  then  give  some  estimates  of  variation  between  Eights  as 
opposed  to  variation  within  a  Eight.  Statistical  tests  can  be  performed 
to  determine  whether  or  not  the  variability  is  the  same  from  Eight  to 
flight,  and  whether  or  not  an  average  vibration  level  fe.g.  rms 
acceleration}  is  the  same  from  Eight  to  Eight.  Given  the  same  vari¬ 
ability  and  average  vibration  level  from  flight  to  flight  {witkic.  the 
limits  of  allowed  random  variation},  estimates  can  be  obtained  of  the 
over -all  mean  and  variance  {with  a  specific  confidence)  of  tke  entire 
population  of  these  Eights. 

This  section  tf  the  report  discusses  certain  increased  informa¬ 
tion  and  confidence  to  be  gained  is  taking  vibration  samples  from  several 
different:  Eights  as  opposed  to  cdy  one  flight.  Statistical  analysis  of 
the  data  from  a  single  flight  is  described  in  detail  as  well  as  statistical 
analysis  for  data  samples  from  several  flights.  The  distinction  is  ex¬ 
plained  between  a  large  sample  estimate  from  a  single  Eight,  as 
opposed  to  an  estimate  obtained  from  combining  a  number  of  smaller 
samples  from  several  flights.  It  is  shows  that  meaningful  resalts  may 
be  obtained  from  repeated  experiments  dae  to  simultaneous  verifica¬ 
tion  of  important  assumptions  concerning  the  whole  class  of  flights. 

5. 4. 1  Analysis  for  Single  Flight 

Assume  NT  observations  of  some  parameter  exist  for  a  single 
flight  {experiment).  One  can  then  compute,  for  this  "i'Jr3  Eight,  the 
mean 
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Assume  N  observations  are  obtained  from  each  of  k  fiights 
and  one  wishes  to  test  the  hypothesis  of  equals  means. 

That  is 


=  P2  =  . ..  =  pfc  =  p  (5.90) 

If  this  hypothesis  is  true  and  the  assumption  of  normal  populations  with 
equal  variances  is  justified,  then  all  the  observations  may  be  regarded 
as  random  observations  from  a  single  normal  population  with  mean  p 
and  variance  0-2.  The  means  of  the  samples  would  then  be  random 
observations  from  a  normal  population  of  sample  means  for  which 


E(x)  =  p 


and 


(5.91) 


(5.92) 


The  unknown  variance  a-2  can  be  estimated  from  the  variation  between 
the  k  sample  means  (between  groups).  It  can  also  be  estimated  from 
the  within  flight  variances  (within  groups).  The  ratio  of  these  two 
estimates  provides  the  statistic  for  testing  the  hypothesis. 


(b)  Estimate  of  cr2  from  Variation  Between  Groups: 

Let  x.  be  the  estimate  of  the  mean  from  the  ith  sample.  First  com¬ 
pute  the  mean  of  the  means 


and  then 


N  2  (x.  -  x)2 
2  _  i=l 

Ns_  = - 

x 


(5.93) 


(5.  94) 
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since  No~£  =  cr^ .  Equation  {5.94)  is  the  estimate  oi  <r~^  from  the 
between  group  variation.  Note  that  this  estimate  is  based  on  the 
random  variation  expected  in  sample  means  ox  size  N  plus  any  addi¬ 
tional  variation  due  to  real  differences  in  these  means  if  the  hypothesis 
of  equal  means  is  false. 


2 

(c)  Estimate  of  cr~  from  Within  Group  Variations: 

Next  pool  and  average  the  variance  estimates  from  each  flight  to  ob¬ 
tain  the  second  estimate  of  c~^,  the  mean  square  within  groups.  In 
general,  weight  each  sample  variance  according  to  its  number  of  de¬ 
grees  of  freedom  and  divide  by  the  total  number  of  degrees  of  freedom 
which  gives 


2 

s 


(Nj  -  i)sf  +  (N2  -  l)sjj+  ...  +(Nk  -  i)s£ 
N1  *  n2  +  -  -  •  +  Nr  -  k 


(5.95) 


In  the  case  of  equal  sample  sizes  Eq.  (5. 95)  reduces  to 


2 

s 


cn-dE.?  2>? 


i=i 


i=l 


Nk  -  k 


(5.96) 


Alternatively,  one  may  write 


2 

s 


k  N 

I]  S  (*ij  -  *i> 

i=l  j=l  * 


Nk 


(5.97) 


for  computing  directly  from  the  original  data.  Note  that  this  estimate 
will  not  be  affected  by  any  variation  due  to  different  means. 


(d)  The  Variance  Ratio:  Two  independent  estimates  of 

the  population  variance  have  now  been  computed,  namely.  Ns—,  which 

2  * 
has  (k  -  i)  d.  f.  and  s  which  has  (Nk  -  k)  d.  f.  To  form  the  desired 
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ratio  recall  that  k(Ns£)/cr*Z  and  Nk/s“)/o~Z  have  distributions 
with  (k  -  1)  and  {Nk  -  k)  d.f.  respectively.  Taking  for  the  numerator 
the  term  with  the  greatest  expectation,  k{Ns^)/cr*2,  the  F  ratio  then 
is 


k{Ns|)/crZ 

F  -  (k  -  1) 
Nk(s2)/cr^ 
(Nk  -  k) 


(Nk  -  k} 


(k  -  i) 


(5.98) 


or 


k  7 

(x.  -  x) 

i=l  " _ 

k  N  , 

2  2  <*„  -  «i>2 

i=l  j=l  J 


(Nk  -  k) 


(k  -  1) 


Since  a  one  -tailed  test  can  be  applied,  F  is  compared  with  F^  with 
|(k  -  1),  (Nk  -  k)j  d.f.  The  hypothesis  is  rejected  ihe  a  percent 
level  of  significance  if  F  >  F^. 

(3)  Parameter  Estimation. 

(a)’  Mean  Vibration  Confidence  Interval:  Assuming, 
that  at  a  given  level  of  significance,  equal  variances  and  means  from 
flight  to  flight  exist,  statements  can  be  made  about  the  probability 
of  exceeding  certain  values  within  a  flight,  and  the  over-all  mean 
vibration  level  can  be  located  more  precisely.  For  instance,  suppose 
an  interval  with  a  certain  probability  of  containing  the  true  mean  p 
is  desired.  Assuming  k  flights  of  N  observations  each  with  means 
Xj  and  variances  of  sf,  the  over-ali  sample  mean  x  can  be  computed 
by  Eq.  (5.93).  Then  compute  the  variance  of  the  distribution  of  means 
of  samples  of  size  Nk  by  computing  the  population  variance  estimate 
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from  Eq.  (5.96)  and  dividing  by  the  total  sample  size  Nk. 
gives  for  the  standard  deviation  of  the  means 


s 

^Nk 


where 


This 


(5.99) 


To  obtain  a  confidence  interval  that  has  a  probability  of  (i  -  a)  of 
including  the  true  mean  p,  use  the  following  equation: 


Prob 


W*>  jzrr 


v-<x+t 


[ct/  2) 


y  Nk 


(5.100) 


or 


x  +t 


-  <*/2>  i/srrir 


(5.101) 


where  the  value  t^^j  is  obtained  from  the  tables  of  the  t  distribution 
with  (Nk  -  k)  d.  f. ;  that  is,  the  value  defined  by  the  equation 


(5. 102) 


If  (Nk  -  k)  >  30  the  t  distribution  approximates  the  normal  distribution 
closely  enough  so  that  one  may  use 


x  +  y-fLr  (5.103) 

a  yNk 


where  X.  is  obtained  from  the  tables  of  the  normal  distribution. 
a 

To  illustrate  the  two  cases,  suppose  the  sample  size  is  Nk  -  16 
and  one  seeks  an  interval  that  has  a  probability  of  ( 1  -  a)  =  .  99  of 
containing  p.  If  k  =  2,  it  is  scan  from  the  tables  of  the  t  distribution 
under  14d.f.  that  tg  ,.  =  2.98.  Using  Eq.  (5.101) 


*±*0.5 


tfNk  -  k 


=S±[iL2£],  =  xi(. 


3.7 


(.  8)s 
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With  Nk  =  36  and  using  £q.  (5. 103),  kj  «  is  found  to  be  2.  58  and  the 
interval  is 


(b)  Individual  Vibration  Confidence  interval:  To  make 
a  similar  statement  about  the  individual  values  rather  than  the  mean 
value  of  a  flight,  a  tolerance  interval  may  be  computed  using  Eq_  (5.86) 
and  the  procedure  described  in  that  paragraph.  Note  that  now  the 
sample  size  is  effectively  considerably  increased  from  N  to  Kk  and 
as  a  result  the  interval  will  be  significantly  smaller.  Figure  5.  5 
gives  an  indication  of  the  dependence  of  K  on  the  sample  size  for  a 
constant  proportion  P  and  confidence  coefficient  (1  -  a).  The  data 
in  Fig.  5.5  is  a  plot  of  the  special  case  in  Table  5. 6  {at  end  of  section) 
where  P  =  0.95. 
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(c)  Population  Variance  Confidence  Interval:  One  can 
also  obtain  an  interval  estimate  of  the  population  variance.  An  estimate 
of  sZ  with  (Nk  -  k)  d.  f .  may  be  computed  from  Eq.  (5.96).  Then  the 
procedure  described  in  the  analysis  for  a  single  flight  will  give  the 
confidence  interval  for  the  population  variance.  Depending  on  the  sam¬ 
ple  size,  either  Eq.  (5.87)  or  (5.88)  is  applied. 

An  estimate  of  the  population  variance  with  (Nk  -  i)  rather  than 
(Nk  -  k)  d.  f.  may  be  obtained  at  the  expense  of  recomputation  of  an 
sd  directly  from  the  original  data  pooled,  that  is 


2 

s 


Nk 


-.2 
-  *1 


Nk 


(5.104) 


The  danger  in  using  this  method  is  that  the  flights  may  actually  not 
have  the  same  mean  but  by  chance  the  differences  failed  to  be  caught 
by  the  test.  In  this  case  this  estimate  of  the  variance  will  contain 
the  flight  to  flight  variance  and  will  be  larger  than  it  should  be. 


(d)  Results  if  Means  are  Unequal:  Equation  (5.96) 
still  gives  a  legitimate  unbiased  estimate  of  the  within  flight  variance 
whether  or  not  the  means  from  flight-to-flight  are  equal.  Therefore 
tolerance  intervals  may  still  be  computed  for  the  individual  values 
within  a  flight  in  the  manner  described  in  (b)  above. 

One  can  also  estimate  the  variance  of  the  distribution  of  the 
flight-to-flight  means  in  the  following  manner.  The  between  group 
variance  estimate  Ns£  is  an  estimate  of  the  within  group  population 
variance  plus  the  additional  variance  due  to  the  flight-to-flight  varia¬ 
tion.  Letting  s =  Ns^, 


sM*r  a~z  + 


2  r.,  ,2 

cr  =  E(u;  -  p) 


(5. 105) 
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z 

Since  s  as  computed  from  Eq.  (5.96)  is  an  estimate  of  trf' ,  the 
relation 


2 

—  -  Estimate  of 


N 


<r-2 

V 


(5. 1C6) 


is  obtained.  If  the  flight  means  are  normally  distributed,  one  may 
again  compute  tolerance  intervals  using  k  as  the  sample  size.  Note 
the  means  are  being  considered  as  individual  observations  from  some 
population  in  this  situation.  Averages  of  N  measurement;  of  the 
heights  of  k  men  would  be  an  analogous  situation. 

For  the  over-all  mean  x  as  computed  from  Eq.  (5. 93)..  a  con¬ 
fidence  interval  can  be  computed  with  aid  of  the  normal  distribution 
by  the  following  relation: 


Probl  x  +  X 


M 


-  a. 


•Jti k  -  1 


=  i  -  a 


(5.107) 


where  X  is  taken  from  Table  5. 2. 
a 


5. 4.  3  Selection  of  Sample  Size  and  Number  of  Flig.As 

Methods  exist  for  the  selection  of  sample  size  N  and  number 
of  flights  k  so  as  to  minimize  the  total  number  of  observations  Nk 
if  some  additional  assumptions  are  made.  Equation  (5. 105)  indicates 
two  components  of  variance  in  the  estimate  of  variance  determined  from 
the  variation  between  means.  If  the  second  of  these,  <r*^  ,  is  zero, 
then  the  meansare  equal  and  the  hypothesis  is  accepted  (1  -  a)  per¬ 
cent  of  the  time  when  working  at  the  a  level  of  significance.  In  this 
case  the  Type  I  error  is  a  percent.  That  is,  the  hypothesis  is  re¬ 
jected  a  percent  of  the  time  when  it  is  really  true.  For  selection  of 
N  and  k  one  must  also  consider  the  Type  II  error  0.  That  is,  the 
probability  of  accepting  the  hypothesis  when  it  is  really  false.  Tables 
8.  3  and  8.  4  in  Ref.  [o],  based  on  pages  311-314  of  the  text,  determine 
N  and  k  as  a  function  of  a  and  £5. 
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An  alternative  way  of  considering  the  problem  is  given  on 
pages  527,  526  of  Ref.  (Sj.  Here  the  "operating  characteristic" 

(O.  C. )  curve  of  the  test  is  considered.  To  obtain  on  O.  C.  curve 
the  probability  of  acceptance  of  the  hypothesis  is  plotted  versus 
some  measure  of  the  deviation  from  the  desired  value.  Then,  the 
N  and  k  that  gives  the  O.  C.  curve  with  the  steepest  slope,  con¬ 
sistent  with  economically  feasible  sizes  of  N  and  k,  is  selected. 

This  would  be  the  test  that  discriminates  most  effectively  against 
values  that  are  considered  acceptable  and  values  that  are  considered 
unacceptable.  These  O.  C.  curves,  or  "power”  curves  as  they  are 
sometimes  called,  will  be  discussed  more  fully  in  the  next  section 
on  quality  control  procedures. 

There  is  no  real  advantage  in  taking  k  samples  of  size  N 
over  one  large  sample  cf  size  Nk  if  il  is  known  for  sure  that  ail 
the  flights  will  have  the  same  vibration  levels.  However,  if  one 
has  any  reservations  as  to  the  vibration  levels  from  flight  to  flight 
(as  one  certainly  should),  several  flights  must  be  sampled  to  verify 
the  assumptions.  This  is  the  real  worth  of  the  repeated  experiments 
while  at  the  same  time  allowing  the  computation  of  better  estimates 
of  the  mean  and  variance  of  the  population  due  to  the  effectively  in¬ 
creased  sample  size.  When  the  hypothesis  of  equal  means  holds, 
one  is  still  able  tc  pool  samples  while  having  the  assurance  of  a 
given  probability  that  some  of  the  assumptions  have  been  verified. 

Estimating  vibration  levels  for  another  flight  from  a  sample 
of  a  single  flight,  even  though  the  sample  of  data  is  large,  is  at  best 
a  somewhat  tenuous  procedure.  However,  collecting  smaller  amounts 
of  data  from  several  flights  will  still  allow  the  use  of  the  final,  large, 
combined  sample  size  with  the  corresponding  narrower  confidence 
intervals  while  having  much  greater  assurance  that  the  estimates 
to  other  flights  arc  reasonable. 

5.4.4  Computational  Example 

Assume  the  hypothetical  data  in  Tig.  5. 6  below  has  been  ob¬ 
tained  from  5  flights  with  sample  sizes  of  1 5. 
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Figure  5.6.  Computational  Example 

First,  compute  the  estimates  of  the  mean  and  variance,  Xj  and 
s?,  from  Eq.  (5.81)  and(>.8ij,  for  cash  flight. 


11 

> 

t 

4* 

*4 

x£e  .07 

x3«  .0? 

x4  6 

-.07 

xs  *  -.93 

B  2. 109 

s|  s  1.925 

s?  s  1.525 
> 

■4- 

.995 

=  2.065 
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hi  so  compete  the  svtr-iii  tseas  x  from  (5.93). 


x 


k 


-.2? 


(1)  Viritece  Test 

The  uu  «si:  be  assumed  so  be  ukes  from  a  eensal 
piKctla^cs  so  the  first  hypothesis  to  be  tested  is  s~?  =  <r^  =  tr|  =  <r^  =  o*^. 
For  this,  use  £q.  ( 5.  S?j  and  «KRj«de 


s'  2.  CSS 
max 


max 


2.  OS 


*2. 

mis 


.935 


Is  Table  5.7  for  Sc  s  5,  and  3  =  H  *  t  -  !4d.f. .  F  *  4.7  is  f«usa 

IRIX 


for  the  5$  level  of  ssg sificanee.  Since  the  computed  va!st  Is  2.  OS. 
accept  the  hypothesis  of  a  common  variance  at  the  55  level  of  sig¬ 
nificance. 


(2)  Equality  of  Means  Test 

The  next  hypothesis  to  test  is  Hj  =  ^  -  -  -  -  =  =  p. 

To  do  this  first  compote  the  estimate  of  the  variance  from  the  between 
group  variation  from  Eq.  (5. 94). 


fc 

k 


,  isc. 

5 


149)  -  2. 24 


The  second  estimate  of  the  variance  from  within  group  variation  is 
computed  from  Eq.  (5.9b).  This  gives 


2 


k  ■> 

2*f 

J _ ‘  2.109*  1.925  -s  1.525  *  .995  •»  2.0&S 

k  5 


1.72 
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w»*3»  las  F  ri'io  is  frees  £c.  JS.f?*; 

F  3  —  ~  *  |.5J 

n.m  ~- 

Is  ubUri  v>  :tr  F  csscrifessios  erfrr  Js  -  if  »  1  isf  f£k  *  k)  *  ?S 
«L  £.  ese  Ess  »r  !st  Serd  of  ^silkisei  F„  ^  |4,  7 S$  *  2.  53. 
SsOse  tire  cscr.?;'.«  eahse  1$  less,  accept  &e  krf-p-~~jtrzis  of  eossa! 
gels*. 

f  31  Sfeas  ¥sr«:se  CssHdtsce  Issercal 

To  ebeaSss  a  cocrfritscf  IsCercal  ;ka  has  a 
of  |l  -  of  *  _♦?  e:  costal  sfc=w:  ike  Ira*:  orer-all  ssseas  =_  £-q_  !5ij 
Is  ss«i  4sce  Kk  >  55, 

;n.  Q-^=»i-.zri*z.rn2^-mi-.zn  +t.m 

-  1Bv»  “  £.£S 

w&ere  *  asss  s  are  coer.pst-ro  frets  S«g.  ?>.*J1l  ass*  jS.'JiJ  rcspoeStreif, 
TBs*  eEcsiresS  isterea!  is  shea.  f-.S4s„  -  52J. 

(4)  Isditristl  VHo-aisos  Cesiifocc  IssereaS 

A  !-£rrirrc<:  jilem;  may  be  cj.T.pUni  for  ike  is> 
cvlc-uI  vilarJ  for  2  Tie  sstervi!  shat  will  eoeuis  F  ~  *fS 

of  see  raises  ft  -  o)  *  95>  of  she  ;isa  i#  e^useei  «*:=./  £q_ 

Is  Table  5.S  lie  firior  K  for  a  sample  ssae  ef  Silk  «  75  Is  3. M2, 
ilslsf  *  from  Eq.  |5.f  3f  ase  s  from  £q.  C5.?i), 

(x*KfJ  =  (-.27J  ♦i5.S3*sfi.3U  »  C-.27J  *C3-f?* 

Tsai  is.  Che  Interval  (-4. 20.  3.  t<>i  will  eoEiais  1?$  of  ike  raise*  is 
IS  os!  of  ICO  Jsci  ssterrajj  ihi;  ere  easp,!i«. 

(5)  PopsUliss  V?,r:i-.cc  Osfidesee  Interval 

For  as  interval  eisimaie  of  she  population  ssasdard 
deviation  <r  Eq.  fS.SS)  is  wed  sr!h  JCk  as  she  sample  size, 
a  eesfidrsee  of  WS 
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For 


—  «  US  — fS.IS  «-.2» 

^  “  12.2 


*  #■*. 


and  ihrzs  the  IsservaS  Is  f  S_®2.  *_  5fJ.  IH*  eesscSoets  l_Mr  exassp^e. 


>.5  CrfALUT  CCEItOI, ?*(KEDSJtES 


Ssfce  areas  stasistirs  -=t=~  are  prsssisesi  maisdy  £s  (^salftv 
€*^r®i  wrrk  rear  Sai-c  ssetsl  afplieMiflffiS  so  she  stsslssscs!  assSysS*  of 
v-kraS-m  data.  "‘Csetrol  dmtf8  «iici  arc  often  applied  :t  I adcstrsal 
processes  will ««  dEstessed  sere.  Tewc  yield  resorts  sSssilar  to 
the  sasIfSiS  *s  'rtr—fttc  Sesfcss^ses  dsscss*rd  ls«  'it  previous  scctSos 
css  repeated  experssaesfs.  They  slrr  lie  advastatge  *ff  Sreeag;  extremely 
easy  so  apply.  ssad.  although  theory  of  their  ceestc^scsiss  is  iuii 
sc  saa-pSes  fr$e=  a  normal  -mrvers-r.  bare  pr wta  Co  he  r!/tr;:rc  £s 
samp&tg  froes  sos-serrsaj  dsscreVelsoss. 

“Inspect  bos  sampling  j!ks“  okidb  or%isitied  I»  vac  area  ol 
Gfrality  eamrol  s:  rsassfecesred  items  cax  he  tad  s»e  bees  extended 
»  other  areas  suck  as  ecwdrpl  of  tjjes*  -Uui«  is  office  paperwork. 
Ikes*  SJesjCis^f  piass  is  fiber  simplest  seers  et££S  he  £scssh£  autre. 
TM*  will  retire  a  description  of  the  Screes.-*.:.  P-oissee.  lef  hyper- 
geeescirsc  £i:nbc::jrj  *H<fc  is  themselves  suite  rrar.-y  other  lgpli- 
ciSisst.  A  particular  see  of  a«e  fa-rplirg;  pises  is  cssally 
for  a  s»rt:«lir  jafe  os  fiat  basis  of  Ess  Ks?crais|  characteristic-’ 
so.c.l  arre. 

ms  O.C.  csrve  is  a  plot  of  eke  probability  of  accepting  as  Is- 
owas|  EI«B  of  same  product  «r*s*  ike  pere escape  of  defective 
iles*  is  Sitt  let.  H**e O.C.  Ssrm  also  exist  for  statistical  tests 
ssek  as  the  test  for  fibi  difference  setwees  tee  sseass.  For  this 
appiicatisc.  lit  probability  of  accepting  ike  hypothesis  of  equal  means 
is  plotted  against  tie  actual  oditig  difference  is  ike  means.  Til* 
curve  ikes  indicates  Is  a  graphical  form  that  large  actsal  differences 
lead  to  a  smaller  probability  iff  accepting  the  hypothesis  of  equal 
means.  These  O.C.  csrves  are  often  called  '"paver"  curves,  asd 
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sec  <*&5*iss*4  m  a  cssISae  msswee  for  «c &tr  t«*.i  ssscfe  s-  dbe  "p’* 
tea  assti*-*  ;•»  «St5e^sg;  <5rgfcrescO  Si*t*rccs  e-*»  essSsscfca..  A  ss&rc 
^ttiilea  ^ecsjvito*  sf  ifcfeM  fesrygJ  =fS  sgg>rtr  »tkw. 


5.  5.  S  Csasrd  CtAsti 


|s5  TUcSey  SssE  Csaa-issatlt*^ 

A  caeir@8  eisa  £*  3s  s8«  **  AasssjEe  ssseia*  *L  «£  US 
*£i*crr»£5S«s*  *siar3s  fe*s s  aecfeecgegsaassy  pr&ctts.  Is  *fs»ii£f  csa^e^el 
*crfs  K  g*  sfegJlff  s»a*B.  irf  *r«firr  -S  <0-  Sw  aasi  d*  SEesfie  «a*t  Ijtlr  tssf- 
&a*jsce  Vttw-rr*  i2>r  ftmai  asi  lease  *»&*«*  la  else  J3Sss#S «#  u  sa«S 
as  5  sseapere  «f  tae  s&ssser*l*is.  Fee  assail  sashes  »odb  **  ^**s« 

Sac  »«Ttrt  M  a  reafifisa&iy  fcdcies*  casasse  *f  tic  ^recess 

ssas*£a«S  £esi«i«.  Afeer  Scwsrai  SassfSc*  are  u&h c  stwea  si*  |«®e- 


css  the  cecr-ili  s=*aa 
* 

s*l  S 


3t  * 


Iklifl 


is  »?*£»««£  m»S  ??*«*■£  ea  sic  ti*rt  As  «*siss*se  %£  zht  Efface#* 
aas&rc  6tr^j#a  r  la  Acs  fsws  sic  as«r Jf  c  «f  tie 

esst££*  Is  *Sbr  l#H#*t3a£  atesrr.  P.  B.  PassS Ik  {*«  X«f-f$Jl 
is*  »!ms  5&W  Sic  »|3*sifc  m£  si*:  aecragc  sasge  §r*m  ».  aea»*l 
siserllssssas  te»  *  4iarslctsS«s:  tkae  Se  »ffr*ii.ellilr  •£  Sic  ®asa 
«f  x~-  P«Ms»*fc  fca*  *»w3ce41  «nft  eeer*e.fis8»  JaWcr*  4,  i*«  T*&S*  1 1) 
f$r  carf^ss  #iajr>  Jixt#  S  &***«  «ot  as  srersee  *f  k  ra=f«.  *ses 
s&e  Kiaitr^  «ierI**S*«  esay  W  c*=|i;trl  fr«s  :fcc  lemsl* 


|S.  S®f} 


As  "sfper  o^j?!  Itelt"  jLCU  aewi  "Jaw  e^ral  issif  JICI4 
arc  (sea  te  !ic  esestrel  etan  a*  foil***.  Is  s*  *tll  l®e«B 

;V*j  the  of  gc  *kb^s  ate*  frssess  asy  ^?=:i':o£ 

aarnsaSitf  rtii  a  «ss4»r4  <sciu:»= 
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ss_  Hi; 


asg  sseis  si  a*  gc  fefesassfeg  :ir£r.  Tt*  csarsl  limits  are  asorsEsSy 
SiSjeS  as 


HeL*s*  65-ISII 

VS 

»*fi 

s-£L*x-s~lr  IS.  ns 

V^c 

T&ese  are  5  Sfaj&eere  e-crsaeascss  **■«■  frees  toe  se**s  a®£  wosWI  l«  ex- 
i-rtirl  seSy  ajytmfaKtSr  .  S3-  *c  :ie  sis&e.  Os  toes  ^asSs.  £1  £  sample 
tafcas  :t  iaa£  £t’^  VJZfO*:  Else  c«arsl  Hsst«  EE  is  sssoasel  :s«: 

west  «stt  eclitr  toas  ris^ses  ^alKMe  to  toe  effect.  Of  c*sr*« 
for  toese  small  Sample*  sie  asossassp «i*m  «f  :i*  MnsEl  distriVstiec. 
sstsss  &e  scrloxsly  <foest£s«sciSi  tef  .  5S  is  ^rtiiKr  r.VL  as  accurate 
^fissMt  sJ  toss  >rK*V.;:'.T  of  a  Aeesatora  art  is  toes  iV^i!£  k  «wsc- 
tr  7i>e  fats  statist  fcr^c-rrr.  toae  txftrstsct  «u  itCsitly 

jtr-iyres  eextrol  :tuti  »k:  ia£f«;ae  of  :r»*K:  is  a  process 

sees  #®r  latU  sample  saxes  «f  4  a»d  §>.  F%sre  S. T  ilbsrxet  a  typ¬ 
ical  eactrsl  ciirt. 

Tit  rarge  to  ceases  raiser  toas  tie  tusdtrf  dntKioe  tor  ^uli'.y 
coasrel  »»rk  J«e  to  toe  ease  of  aapittsite.  Hoetvtr.  toe  raogc 
loses  dBcitsqr  rapier  as  toe  sample  sixe  Wcotses  as  large  as  15 
or  I  t.  ss  to*:  toe  JUtitri  itrixloe  ttosi  It  esnyatef  dt  recti-  tor 
sieves  of  tost  site.  Tie  larger  stafit  sixes  are  rabtlle  also  is 
tots  f&e  dtotziaaitos  of  toe  attas  »2I  iecsese  closer  to  em«*L  Is 
toss  ease  of  a  large  sample  sixe.  toe  sample  susitrd  ans- 

ailass  for  sereral  sssyia  are  Jmst  art raged  to  toils  s  to  s*e  tor 
toe  esstrol  limits. 
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Figure  5.7.  Control  Chart  for  Mean  Values  (k  =  12,  N  =  5) 


(b)  Application  to  Flight  Vibration  Data 

The  control  chart's  application  to  flight  vibration  data 
should  be  as  a  rough  visual  aid  to  obtaining  indications  of  a  drift  of  the 
mean  vibration  level  over  a  flight  phase  or  as  an  indication  of  some 
unusual  occurrence  if  a  measured  mean  value  were  to  exceed  the 
control  limits.  Flight-to-flight  means  could  also  be  plotted  this  way, 
but  it  is  doubtful  if  enough  "flights”  would  be  conducted  other  than  in 
laboratory  experiments. 

The  control  chart  may  also  be  used  as  a  rough  test  for  random¬ 
ness  of  data,  since  non-random  effects  should  be  caught  as  point  outside 
of  the  control  limits  on  the  chart.  It  should  be  noted  that  with  fairly 
large  sample  sizes,  say  N  >12  or  preferably  N  >30,  the  control  charts 
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are  safely  applied  whether  or  not  the  underlying  distribution  is  normal. 
On  this  basis  the  control  chart  may  often  be  useful  when  other  tech¬ 
niques  are  not. 

The  control  chart  for  mean  vibration  measurements  is  only  one 
of  many  different  variations  of  this  technique.  See  Ref.  [5]  for  a  more 
exhaustive  discussion. 

(c)  Comparison  with  Analysis  of  Variance 

The  analysis  of  variance  technique  described  in  Sec¬ 
tion  5. 4  concerning  repeated  experiments  is  comparable  with  a  mean 
and  standard  deviation  control  chart  in  many  ways.  They  are  not 
exactly  equivalent;  however,  they  both  give  a  test  for  equality  of 
several  means.  The  control  chart  has  some  advantages  in  that  it 
gives  a  visual  picture,  it  more  or  less  pinpoints  the  exact  position 
of  the  offending  mean  values,  and  is  of  course  somewhat  simpler  to 
apply  and  understand. 

However,  the  control  chart  is  most  useful  where  observations 
are  easy  to  obtain;  that  is,  not  time  consuming,  reasonably  inexpensive, 
and  plentiful.  The  analysis  of  variance  technique  is  much  more  use¬ 
ful  when  the  maximum  amount  of  information  must  be  obtained  from 
the  minimum  amount  of  data.  This  indicates  that  for  limited  flight 
vehicle  vibration  data,  the  analysis  of  variance  will  probably  be  the 
necessary  technique. 

5.  5.  2  Inspection  Sampling 

The  situation  may  arise  where  it  is  convenient  to  measure  some 
vibration  parameter  in  terms  of  whether  or  not  it  exceeds  some  safe 
or  acceptable  level.  In  this  situation  the  observation  may  be  interpreted 
either  as  "acceptable"  or  as  a  "defect".  Under  these  conditions  sam¬ 
ples  of  N  observations  could  be  considered  as  coming  from  an  accept¬ 
able  or  unacceptable  population  having  a  certain  percentage  of  defects  p. 
This  is  assuming  for  instance,  that  if  some  vibration  level  is  exceeded 
only  a  certain  small  percentage  of  the  time,  then  no  damage  will  be 
done. 
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Under  these  conditions  the  application  of  inspection  sampling 
techniques  may  be  useful.  These  techniques  basically  consist  of  in¬ 
specting  the  sample  of  N  items,  and  rejecting  the  population  as  ex¬ 
ceeding  some  percent  defective  if  the  number  of  detective  items  is 
larger  than  some  predetermined  number  of  allowable  defects  c.  With 
the  sample  size  N  and  "acceptance  number"  c  determined,  an  O.  C. 
curve  may'  be  plotted  to  indicate  exactly  the  probabilities  of  accepting 
or  rejecting  a  population  with  a  given  percent  defective.  To  discuss 
these  sampling  plans  and  consider  methods  of  computing  various 
O.  C.  curves,  it  is  necessary  to  first  review  briefly  three  important 
discrete  probability  distributions:  the  binomial,  Poisson,  and  hyper- 
geometric  distributions. 


5.  5.  3  Binomial  Distribution 

The  binomial  distribution  is  a  discrete  distribution  arising 
from  an  expansion  of  (p  +  q)  where  p  may  be  thought  of  as  the 
probability  of  a  success  and  q  =  1  -  p  the  probability  of  a  failure. 

The  ••experiment"  having  these  two  possible  results  is  repeated  N 
times,  and  the  outcome  of  the  experiment  is  alw'ays  independent  of 
the  past  results.  These  repetitions  arc  known  as  Bern--“»Ui  trials. 

That  is,  repeated  independent  trials  with  only  two  possible  outcomes 
for  each  trial  and  their  probabilities  remain  the  same  throughout 
the  trials.  Writing  S  for  success  and  F  for  failure  with  p  the 
probability  of  S  and  q  the  probability  of  F,  it  is  clear,  since  the 
trials  are  independent,  that  the  probability  of  any  given  sequence 
of  successes  and  failures  is 

Prob  £(SSF5  . . .  FS)]  -  ppqp  . . .  qp  (5. 1 13) 

where  S  and  F  are  just  replaced  with  p  and  q  respectively. 

If  N  is  the  total  number  of  trials  and  k  the  number  of  successes, 
the  probability  of  any  one  sequence  of  k  successes  in  N  trials  is 


k  N-k 


P  q 


(5.114) 
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To  consider  the  probability  of  the  total  number  of  successes  k  out 
of  N  trials,  the  numb  cr  o*  different  ways  of  distributing  k  letters 
S  in  N  places  must  be  computed.  This  is  just  the  number  of  com¬ 
binations  of  N  things  taken  k  at  a  time.  That  is. 


n; 

k!  (N  -  k>! 


(5.115) 


Then  the  probability  b(k;  N,p)  that  N'  Bernoulli  trials  with  probabilities 
p  for  success  and  q  for  failure  result  in  k  successes  {0<  k<  N)  is 


b(k:N.p) 


k  N-k 
P  q 


(5.116) 


That  is,  multiply  the  total  number  of  possible  favorable  events  by  the 

probability  of  cr.e  favorable  event.  In  particular,  the  probability  of 

N 

no  successes  in  N  trials  is  q  ,  and  the  probability  of  at  least  one 
N 

success  is  (1  -  q  ).  Equation  (5. 116)  represents  the  kth  term  of  the 
binomial  expansion  of  (q  +  p)**,  therefore  the  name. 

In  the  application  of  the  binomial  distribution  to  inspection  sam¬ 
pling  it  is  convenient  to  rewrite  Eq.  (5. 116).  Let  jt(c/N)  stand  for 
the  probability  of  c  defective  items  in  a  sample  of  size  N  when 
sampling  from  a  population  with  a  fraction  defective  p.  Then  Eq.  (5. 116) 
can  be  written,  replacing  q  by  1  -  p  and  k  by  c. 


P 


N  PCU  -  P)N"C  = - — -  PC(1  -  P)N‘C  (5. 117) 

c  c!(N  -  c)i 


If  p"  =  c/N  is  taken  as  the  variable  in  the  binomial  distribution  the 
expectation  can  be  shown  to  be  (see  Ref.  [5j), 


E(p')  =  p 


(5.118) 


and  the  standard  deviation  is 


PC* P> 

N 


(5. 19) 
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5.  5. 4  Poisson  Distribution 


Calculations  using  the  binomial  distribution  become  quite  cum¬ 
bersome  for  large  N.  Therefore,  approximations  to  the  binomial 
are  quite  helpful  in  applications.  In  inspection  sampling,  where  N 
is  large,  p  is  usually  quite  small,  and  the  condition 

X  =  Np  ,  X  =  constant  (5. 1Z0) 

is  often  reasonably  satisfied.  In  such  cases  an  approximation  of 
b(k;  N,p)  due  to  Poisson  is  convenient.  Note  that 

b(0;N.p)  =(i  -p}N  (5.121) 

Now  substitute  Eq.  (5.  120)  which  gives 

X.  N  . 

b{0;  N.p)  =  (1  -  ±-)  c  *  (5. 122) 

N 

for  large  N.  By  simple  algebraic  manipulation  the  following  relation 
is  obtained: 


b(k;  N.p)  _  p(N  -  ktl) 
b(k  -  l;N,p)  qk 


(5.123) 


From  the  assumption  of  Eq.  (5. 120),  Eq.  (5. 123)  may  be  rewritten 
in  the  form 


b(k;N,p)  _  X  -  (k  -  l)p^.  X 
b(k  -  1 ;  N,  p)  qk  k 

since  when  p  is  close  to  zero,  q  is  close  to  one,  giving  the  above  re¬ 
lation.  Fork  =  1,  Eq.  (5.124)  and(5.122)  yield  that  b(l;N,p)«^Xe  \ 
For  k  =  2,  one  finds  b(2;N,p)*r(X^  e*51)/^,  and  generally  by  induction 

b(k;  N,  p)«=  —  e  K  (5.125) 

k! 
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This  is  the  desired  Poisson  approximation  and  is  usually  designated 
by 

Xk  -X 

p(k; X)  =  —  e  *  ;  .V  =  Np  (5. 126) 

k! 

For  inspection  sampling  it  is  more  convenient  to  let  P(c/N) 
stand  for  the  probability  of  c  defective  items  in  a  sample  of  size 
N,  and  write  here 


(-|=— 

In/  c: 


Np 


(5. 127) 


1  ci 

—  I  is  the  probability  of  c  defects  in  a  large  sample  of 
size  N  with  a  small  fraction  defective  p  such  Shat  Np»)i.  For 
example*  suppose  N  =  500  and  p  =  .  02.  Then  Np  =  10  and  the 
probability  of  c  defects  in  a  sample  of  size  500  is 


|  c  |  _  ioc  *~10 

1500/  c5 


The  mean  value  of  the  number  of  defects  c  in  N  items  is  X  and  the 
standard  deviation  is  \/xT  (See  Ref.  [!§.)  In  terms  of  the  variable 
p*  =  c/N  introduced  previously,  Eq.  (5. 118)  above. 


E(p')  =  X 


°  p.  =  v’x 


15. 128) 


5.  5.  5  Hypergeometric  Distribution 

A  different  distribution  is  sometimes  useful  in  computing 
probabilities  of  finding  the  numbers  of  defects  in  a  sample  from  a 
small,  finite  population.  Suppose  the  total  population  size  is  S 
and  it  contains  m  defects.  Assume  a  sample  of  size  N  is  taken 
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and  the  probability  of  finding  c  defects  is  desired.  First  consider 
the  total  number  of  combinations  of  N  units  each  that  may  be  made 
from  S  units.  This  is  the  total  number  of  different  samples  of  size 
N  that  may  be  drawn  from  a  population  of  size  S,  namely. 


s: 

n:  is  -  N)i 


(5.129) 


Second,  note  the  total  number  of  combinations  of  N  units  that  may  be 
made  from  (s  -  m)  units,  i.  e.,  the  number  of  possible  samples  from 
the  "good”  units  in  the  population.  This  would  give  the  probability 
P{0/N)  of  a  sample  of  size  N  with  zero  defects  as 


IS  -  ml  (S  -  m)! 

p/0 1  _  1  N  /_  N!(S  - m  - N)  _  (S  - m)!(S  -  N).'  (5.i30) 

W  Is  1  s;  (s  -  m  -  n).'s: 

UJ  NI(S  -  N)1 

In  other  words,  P(0 /U)  is  the  ratio  of  the  number  of  possible  ways  a 
sample  with  no  defective  items  can  occur  to  the  total  number  of  ways 
all  samples  can  occur. 

To  proceed,  consider  the  total  number  of  ways  a  sample  of 
size  (N  -  1)  may  be  drawn  from  the  (S  -  m)  good  units.  Multiply 
this  by  the  number  of  ways  1  item  may  be  drawm  from  the  m  defective 
units.  This  would  give  the  total  number  of  ways  a  sample  with  (n  -  1) 
good  units  and  one  defect  may  be  drawn  from  the  population.  Then  the 
probability  of  a  sample  with  one  defect  is  the  ratio  of  this  number  of 
combinations  to  the  total  number,  or 


P 


/S  -  m 

(m| 

(S  -  m)f 

ml 

In  - 1/ 

1  1/ 

_  (N  -  1)!(S  -m-N  +  l)i 

!  !(m  - 1)! 

Si  s- 

N /  N!(S  -  N)f 
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(5.131) 


The  above  relation  illustrates  the  value  of  the  notation  /—I  for  com- 

lb) 

binations,  and  the  complete  expansion  on  the  right  in  Bq.  (5. 131)  will 
be  avoided  henceforth. 

In  general,  if  a  population  contains  S  units  with  m  defects,  the 
probability  ?(c/Nj  that  a  random  sample  of  size  N  wili  contain  c 
defects,  where  c  of  course  is  less  than  the  total  number  of  defects 
m,  is 


(5. 132) 


This  gives  what  is  known  as  the  hypergeometric  distribution  since 
it  is  the  general  term  in  the  series  by  that  name.  It  can  be  seen 
that  computations  might  become  quite  cumbersome  with  Eq.  (5. 132). 

If  the  ratio  of  the  sample  size  to  the  population  size  is  less 
than  0. 10,  the  binomial  is  usually  used  as  an  approximation  to  the 
hypergeometric.  If  the  sample  and  population  size  are  both  large 
and  the  number  cf  defects  in  the  population  is  not  too  small,  a 
normal  approximation  may  be  used.  The  mean  (see  Ref.  [5])  of 
the  normal  approximation  would  then  be  the  fraction  defective  p, 
and  the  standard  deviation  would  be 


o-  =  |-P(-X-~  P)  Ml  ( 5. 1 33) 

P  \  N  |  S / 

The  probability  of  c  or  less  defects  in  a  sample  of  size  N  then  is 
given  by  the  value  of  the  standardized  Gaussian  distribution  function 


«(x) 


r  u//i} 

(J  -CD 


exp  (-t  /2)  dt 


where  z  is 
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7.  =  i(c  *  0.  5)  = 


(5.134) 


c  -fr 


0-5\ 


~P 


The  factor  {c  +  0. 5)/K  rather  than  c/N  is  to  account  for  dividing  the 
distribution  into  intervals  having  c  as  a  midpoint;  that  is,  for  the 
probability  of  exactly  c  defects,  compute  $£z(c  -r  -  5}j  -  $|z(c  -  .  5}| 
to  obtain  the  area  in  the  interval  (c  -  0. 5,  St  0. 5). 

The  three  previously  described  distributions  all  occur  in 
sampling  plan  computations  with  the  Poisecr.  often  being  the  most 
convenient.  However,  various  situations  arise  where  it  is  necessary 
to  apply  either  the  binomial  or  the  hypergeometrie  for  reasonably 
accurate  computations. 


5. 5. 6  A  Sampling  Plan  and  its  Q.  C.  Curve 

Several  types  of  sampling  plans  are  used  in  quality  control 
work.  However,  for  purposes  of  applications  to  vibration  data,  only 
the  simplestwill  be  considered:  The  "single  sampling  plan.'*  Their 
employment,  as  previously  indicated  in  Section  5-  5.  2,  ..111  probably 
be  limited  to  areas  where  vibration  data  is  judged  as  being  either 
acceptable  or  unacceptable.  The  O-C-  curves  associated  with  these 
sampling  plans,  and  their  generalization  to  other  statistical  tests 
>r.  Section  5. 5.  7,  are  applicable  also  to  many  other  physical  prob¬ 
lems. 

A  sampling  plan  might  be  stated  as  follows;  select  a  random 
sample  of  N  =  100  from  a  given  population,  accept  the  lot  if  the 
number  of  defects  c  is  2  or  less,  reject  if  3  or  more.  The  O-  C. 
curve  for  this  plan  is  shown  in  Fig.  5. 8  below  where  is  the 
probability  of  accepting  the  population  as  satisfactory,  and  p  is 
the  population  fraction  defective. 

For  p  =  -01,  note  that  =  .92.  Therefore,  if  a  fraction 
defective  of  p  =  .  01  was  considered  as  being  satisfactory,  this 
sampling  plan  could  be  interpreted  as  a  test  of  the  hypothesis  p  =  .01 
at  the  8%  level  of  significance.  That  is,  the  probability  of  rejecting 
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Figure  5.2.  O.C.  Curve  for  Single  Sampling  Plan 

the  hypothesis  when  it  is  really  true  (Type  I  error)  is  <r  =  .08.  The 
interpretation  for  the  fraction  defective  in  vibration  data  analysis 
could  be  something  such  as  the  percentage  of  time  some  vibration 
parameter  is  exceeded;  »nd  that  exceeding  this  level  one  percent  cf 
the  time  is  not  considered  harmful. 

if  a  fraction  defective  of  .  05  was  considered  unacceptable  (see 
Fig.  5.8).  the  Type  n  error  0  would  he  1Z%.  That  is.  the  probability 
of  accepting  the  hypothesis  when  it  is  really  false  (for  the  value  p  =  .  05) 
i*  0  —  - 12.  When  the  acceptable  value  and  the  unacceptable  value  p^ 
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of  the  fric:ie=  defective  ore  decided  spoa,  xr.d  voices  of  a  zed  p 
selected  the  desired  sampling  p'an  would  be  ose  fciTi^  os  O.C. 
esrre  passing  throcjb  these  teo  polats.  The  ideal  case  Is  to  have 
e  =  0  aad  3  =  C  for  seme  fates  of  p,  art  of  course  tfcir  Is  as* 
possible.  As  o  asd  5  arc  decreased  aad  and  f*  are  brought 
closer  together,  the  samps—  slse  must  be  irscreasec  to  obtain  the 
desired  O.  C,  curve. 

Sar.pbsj  plaa  O.  ..  ...  rve.  are  usually  comprise  with  aid 
of  the  Peisses  distributes,  rteearer,  eecasiswaJiy  tfcs  &jrpe r- 
js«:*tric  or  binoesiai  matrlbstioes  might  U  respired  ceperdir^,  sa 
the  cocditioas.  Table  5.  ?  gives  some  sates*  based  oss  the  Poissos 
distribution  for  so«i>s«  a  desired  pises  *ssa  a  :  .C-y  sad 

8s.  10.  Siace  latcgrai  rates*  of  X  arc  e  are  respired,  ass  escact 
solution  mar  ret  always  edit  bet  ess  car  ssualiy  obtala  a  satis¬ 
factory  approximative.  Table  5.^  appears  at  tec  of  asttiv:  5. 

Application  of  Tabic  5. 9  Is  as  follows.  Suppose  a  pits  Is  de¬ 
sired  with  p  e  .01,  p,  a  .OS,  or  =  .05,  sac  fS  s  .  £0.  First  corpus 
o  P 

tfee  ratio  ?-f which  la  this  case  is  S.  la  the  right  hard  column 
of  the  table  it  Is  found  that  $  lies  between  the  value  !0.9s  for  c  *  £ 
asc  e.  50  for  c  s  2.  For  a  fixed  value  of  X.  choosir-  r  *  !  will  la 
effect  give  a  Sever  O.  C.  carve,  '.r— i  Is,  decrease  for  all  values 
of  p.  Choosing  c  s  2  for  the  same  fixed  value  of  X  will  ia  tars 
raise  she  carve,  la  any  case  It  must  now  be  decided  whether  to  have 

the  carve  pass  precisely  through  she  ps:r.:  fp  .  >  -  of  is  which  case 

o 

the  second  column  for  p  X  is  used,  or  {p„3  ia  which  ease  the  third 

o  H 

column  for  s^.N  Is  used.  T  ea  X  is  computed  from  either 

(PgJX 

or  —Z — «X  |5- 13^ 


where  a  K  or  pJs  is  obtained  from  the  appropriate  column  la  Table  $.9. 
•op 
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tee  ci»:t  fedsargires  resslts  frees  t fee  vanses  cioitM 
reeuiae'iJ  Is  the  iiort  enrr.^t. 


c 

-  £ 

c  = 

2 

k*M 

h* 

(p  .  1  -  0}  held 

tk 

|Pra  &*2d 

I  -  o|  held 

S=P^/-M 

X  s  p^/.C! 

X  =  p^/.6» 

X  =  p#S/.9! 

=  J.lf/.Sl 

=  .353/.0! 

=  5.32/.0* 

= .SiS/.Oi 

**4? 

■»36 

art* 

»*t 

Tec  actual  e1*  awl  Jp*  as  coespsEed  (root  the  PoUms  tottiktioa 
gives;  by  E$.  f  5.  E27J  are  sis mg  Icier.  For  these  cow  or*  arioso  1  = 

or  \  =  as  appropriate  aaj  Eke  tens*  for  c  =  0,  £  or  c  =  6.  1.  2 
as  appropriate  are  ssauatd.  For  sostaoce,,  the  probability  of  acceptance 
as  p>  b  p  far  she  plaa  X  =  4*.  c  *  1  wsM  be 


r  a  J-.  tour  ®nc 


Ike  PeJsos  fisuibaioo  has  bees  well  ufalauf  so  perfoniuy  these 
coseps&atsoes  is  a  relatively  simple  muter.  Results  arc 


Plan 

0 

i 

1. 

X  =  49.  c  =  1 

,C« 

.10 

2. 

M  =  *.  c  =  1 

.05 

.23 

3. 

X  =  67,  c  =  2 

.03 

.10 

4. 

X  =  *2.  c  =  2 

.05 

.04 

Fifare  5.9  below  shows  the  actual  O.C.  curves  for  these  foer  plaet. 
Note  that  plan  4  with  the  largest  sample  sire  gives  the  desired  level 
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.m  .os 


Fiprs  i.t.  O.  C.  Carres  for  Sfcrr.pl  Plfess  Cwr-pr'-cf  is  Tti? 


$,5i.T  Ogerasigg  CS>raeen*S£  ferra 

Tse  O.  C.  ?§rres  sfcscs  for  Ise  s^spluy  a3ls$  la  i^e  er edsas 
lect'.rs  bvr  eerrirrjM^t  for  «r  sutifua!  :esi  ef  a  bT?>i's«if. 
TM*  ob  r  vc  for  i  river  test  sosldbe  a  ?"fr:  of  lie  prciol>;’:!y  of 
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ic£'«iy;  ilse  bfpsC&rsis  rerfef  i«iis  ecease re  cf  eteiafies  fra®  l>» 
cTp-jCixrifi  sassr  tcj:.  For  :rstte:e«-p  Use  s-sEsSriartiss  rrcar  be  site 
co  :45c  sS*  Extols  sfctt  art  tful,  bmdee 

steaaie  ci'.=ri’.«  cf  iitx  s»e*rs.  £s  z'-is  cU'  if  list  sseass  are  realty- 
ibiS  is  »,  -ju  *#,  iSsere  is  £  if  {S  -  ej  of  aeeepeis® 

Sfee  b^aisms  *h*ss  «srki=p  as  tic  «■  Etrd  c£  s%*£fie*sce.  Xcir  if  tit 
esears  *rs  rtsKr  tEfSeresSasasssely  §  — £  -  g^f  >  5,  site  yrt'ttVIIi’.y  of 
i££^:qj  the  krp&ckczis  is  rtm^.K  less  this  f£  -  o}.—  Tkix  prefcii-Btir 
if  aecepsasee  is  £f:tTtc  Jbr  tide  ealse  ef  J  pg  -  p^  I  *3a^  *  cf 
cictc  raises  wssslsi  jsrt  Cir  ©_  C.  esrrt  for  she  t-sesi.  IS  is  ir£rii£rfcr 
dear  Eras  lirj.Tr  sacrpS*;  sires  "ssll  Increase  Ube  slope  of  tHs  csrrc 
so  £fe*S  Esc  rrs&aSESiSp  of  see  bseebtfis  for  cf 

|p,  *  p,|  :Vuv"  x<rc  crirtit a  xagcfSf  as  Jp,  -  p^f  Escreascs.  £s 
fact,  if  il  is  fiesired  Ee  fcaee  £  specific  proiiictcCT  of  accepsisg  Use 
IbypsUbesis  £c r  soese  ir&israre  valce  js^  -  p>|  ,  £  ctrucs  mSreesm 
Steeple  Si  re  is  rtsrcrtil  isf  ss*r  be  eslcrlteefl 

|a|  O.C.  Ci~t  fsc  E-fers 

Fifare  5.  IS  *as*s  Use  O.  C-  car re  for  sic  :-:ct:  of  sbe  ferpaefcesis 
p  <*  50  S  ■  25,  <*  *  .05.  srtai  She  ^fdKiss  ssasdarf  ftrissise  is 


FlfsreS.  IS.  O.C.  Ci-e  f;‘r  T^-o*T?iIed  l-Tes 


ASO  iR 
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This  curve  goes  to  either  side  of  the  hypothesized  value  p  =  50 
since  both  positive  and  negative  deviations  are  possible.  Note  that 
to  calculate  this  curve  the  population  standard  deviation  or- is 
assumed  to  be  known.  This  ol'  course  is  not  usually  the  case;  how¬ 
ever,  or~may  often  be  estimated  closely  enough  to  indicate  what  the 
test  is  really  accomplishing. 

The  curve  in  Fig.  5. 10  would  be  constructed  in  the  following 
manner.  First,  the  (1  -  a)%  interval  around  the  hypothesized  mean 
value  pQ  is  computed  from 


Prob  a 
*o 


2(lV2)|/F<X<1‘o 


=  1  -  fi¬ 


ts.  136} 


where  a  is  the  level  of  significance.  The  values  for  Fig.  5.  10  give 
the  interval  (46. 1, 53.  9).  Next,  assume  the  true  mean  value  p  is 
different  from  50,  say  52.  For  a  true  mean  vaiue  of  52,  the  probability 
for  a  sample  mean  exceeding  53. 9  is  clearly  larger  than  a  =  2.  5% 

In  fact,  the  probability  will  be  ( 1  -  p)  as  found  from  the  equation 

Probfz  >z  ]=1  -  p  (5.137) 

L  Pj 

where  z  is  a  normal  variate  as  given  by 


z 

P 


o-//n 


{5.138} 


p  =  true  mean  value 


+  z 


q— 

(l-u/2)  ^ 


{5.139} 


In  the  example  N  =  25,  <3~  -  10,  pQ  =  50,  p  =  52,  and  p^  =  53.9. 
The  method  for  finding  P  is  now  as  follows.  From  Eq.  (5.  138), 

a 
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compute  (53.  9  -  52)/2  =  .  95  =  z^.  In  Table  5, 1  of  the  normal  probability 

distribution  the  area  to  the  right  of  z  =  .95  is  found  to  be  .  17.  The 

P 

area  to  the  left  of  the  other  end  of  the  interval,  46. 1,  from  a  mean  value 
of  52,  will  be  negligible.  Therefore,  the  probability  of  finding  a  value 
x  inside  the  limits  (46. 1,  53.9}  is  .83  when  p.  =  52.  This  gives  the 
desired  value  for  P  when  p  =  52.  Other  values  are  computed  similarly. 

(b)  O.  C.  Curve  for  Analysis  of  Variance 

The  same  type  of  curves  may  be  computed  for  the  F  test  for 
variances.  As  a  particular  example,  some  O.  C.  curves  will  be  illus¬ 
trated  for  the  analysis  of  variance  technique  described  in  Section  5. 4 
on  repeated  experiments.  Here  the  test  is  for  equal  means  from  sam¬ 
ples  of  size  N  from  k  flights.  A  variance  estimate  is  computed  from 

the  variation  of  the  sample  mean  of  these  flights.  The  estimate  sf 

M 

contains  two  components: 


(5.140) 


2  J 

where  a-  is  the  population  variance  and  o--  is  the  variance  due  to 

any  real  difference  in  the  means.  For  equal  mea:  ■:  c -  0,  otherwise 
2 

cr^  becomes  larger  ?.s  the  difference  in  the  means  increase.  Using 
the  ratio 


2 


<r 


as  a  measure  of  the  real  differences  in  the  means,  an  O.  C.  curve  may 
be  constructed.  Of  course,  <r"  will  probably  be  unknown,  and  must 
be  estimated  as  well  as  possible. 

Different  curves  can  be  computed  for  various  sizes  of  N  and 
k,  and  an  C.C.  curve  may  be  selected  which  discriminates  most  highly 
in  the  region  of  interest  with  Nk  made  approximately  a  minimum. 
Minimum  Nk  implies  smaller  number  of  samples  and  flights.  Fig.  5.  11 
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below  shows  some  O.  C.  curves  for  a  few  values  of  N  and  k  where 
the  probability  of  accepting  the  hypothesis  51^=...  =  =  p  is 

plotted  against  A . 


Figure  5. 11.  Selected  O.  C.  Curves  for  Analysis  of  Variance  Test 

A  comparison  of  the  curves  for  (N  =  4,  k  =  8)  (N  =  8,  k  =  4) 

reveals  that  the  second  of  these  is  more  "powerful"  for  smaller  values 

of  A  but  less  "powerful"  for  large  values  of  A  .  That  is.  for  values 

of  A  between  zero  and  approximately  0.9  the  second  curve  has  smaller 

probabilities  of  accepting  the  hypothesis  when  it  is  really  false  (Type 

II  error}.  However,  for  values  of  A  larger  than  0. 9,  the  first  curve 

has  smaller  probabilities  of  accepting  the  false  hypothesis.  Ail  cases 

have  the  same  probability  of  accepting  the  hypothesis  of  equal  means 

if  it  is  really  true.  That  is,  P  =0.95  when  A  =  0,  or  there  exists 

a 

a  Type  I  error  here  ot  5%  independent  of  N  and  k.  This  comparison 
gives  an  indication  that  the  same  total  number  of  observations  can 
perform  different  functions.  If  A  could  be  expected  to  be  small, 
choose  N  =  8  and  k  =  4;  however  if  A  is  expected  to  be  large,  N  =  4 
and  k  =  8  would  give  a  more  powerful  test.  Also  notice  that  for  values 
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of  A  larger  than  approximately  1. 4,  (N  =  4,  k  =  8)  gives  about  the 
same  P  's  as  (N  =  16,  k  =  4).  Therefore,  if  very  large  values  of  A 
were  expected,  32  observations  could  do  the  job  as  well  as  64. 

The  curves  in  Fig.  5. 1 1  may  be  constructed  using  Tables  8.  3 
and  8.4  in  Ref.  [6j  and  the  procedures  described  there  on  pp.  311-313. 
These  tables  give  values  of  a  function  o  such  that 


2 

A2=  _  p[o,3,  k  -  1,  k(N  -1)]-1 

O-"  N 


(5.142) 


where  p  would  be  the  Type  II  error  corresponding  to  the  real  value 
for  A2.  Therefore,  when  values  for  e,  N,  and  k  are  selected, 

A  may  be  plotted  against  p.  This  value  for  p  equals  P  . 

(c)  O.  C.  Curve  for  F  Test 

These  same  tables  in  Ref.  [6]  may  also  be  used  for  computing 
O.  C.  curves  for  the  F  test  as  a  test  for  detecting  a  difference  in  two 
variances  a~~  and  o~2  in  the  following  manner.  For  this  case,  when 
a,  Nj ,  and  are  selected,  the  quantity 

p(a.0.  Nj  -  1 ,  N2  -  1)  =— j  (5.143) 

°~2 

Therefore,  P  may  be  plotted  against  values  of  °~|/cr2'  ^*or  exsrnP^e* 
if  a  =  .05  and  Nj  =  =  16,  p  =  1.685  is  found  in  Table  8.  3  of  Ref.£6j 

for  P  =  .75.  Figure  5.  12  below  is  the  O.C.  curve  for  the  above  values 
of  a,  N} ,  and  when  a  "one-tailed"  F  test  is  used. 
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Figure  5.12.  O.  C.  Curve  for  One-Tailed  F  Test 


5. 6  MULTIPLE  REGRESSION  TECHNIQUES 

This  section  discusses  basic  multipie  regression  techniques 
which  may  be  useful  in  correlating  input  parameters  to  output  vibra¬ 
tion  levels.  A  derivation  is  presented  of  the  least  squares  equations 
for  obtaining  an  optimum  linear  fit  to  k  variables.  The  solution  of 
the  equations  and  the  computation  of  important  statistics  are  carried 
out  in  detail  for  the  important  special  case  of  three  variables.  A 
brief  generalization  to  k  variables  is  then  discussed,  followed  by 
methods  for  fitting  to  nonlinear  models  by  appropriate  linear  methods 
Since  an  electronic  computer  becomes  an  important  tool  in  cases  for 
many  variables  due  to  the  large  amount  of  computations  involved,  an 
alternative  calculating  scheme  is  presented  without  justification 
which  is  helpful  for  computer  programming. 

Multiple  regression  is  a  statistical  technique  whereby  it  is  de¬ 
termined  to  what  extent  one  variable  may  be  related  mathematically 
to  several  others.  A  general  relation  between  several  variables  is 
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usually  assumed  which  involves  unknown  coefficients,  and  the  co¬ 
efficients  of  the  variables  are  then  calculated  by  some  suitable  method, 
such  as  the  method  of  "least  squares".  This  method  minimizes  the 
sums  of  the  squares  of  the  deviations  of  the  observed  values  from  the 
predicted  values. 

The  assumed  mathematical  relation  is  quite  often  chosen  to  be 
linear.  For  the  linear  case,  if  it  is  desired  to  find  a  relation  between 

k  variables  x.(i  =1,2, _ _  k),  the  coefficients  a.(i  =  0,2,3,  ...  ,  k) 

of  the  following  equation  are  determined: 

X1  =  ac  *  a2X2  +  a3X3  *  •  •  ■  *  Vk  (5- I44) 


where  xj  would  be  thought  of  as  the  predicted  dependent  variable,  and 
x ....  Xj^  as  the  independent  variables.  It  must  be  noted  that  inde¬ 
pendent  and  dependent  are  not  defined  here  in  the  statistical  sense,  but 
rather  more  as  a  concession  to  common  usage.  In  geometry,  Eq.  (5. 144) 
would  be  a  hyperplane  in  "k-dimensional  space". 

Assume  now  that  N  observed  sample  values  of  are  obtained. 

By  the  methods  of  least  squares,  the  coefficients  a.  would  now  be 
selected  so  as  to  minimize  the  sum  of  the  squares  of  ’.he  deviations 
of  the  observed  values  of  x^  from  the  predicted  values  *j.  That  is, 
the  a.  must  be  such  that 

i 

-  x')^  =  minimum  (5. 145) 

where  the  sum  here  ranges  over  the  N  sample  values. 


5.6.1  The  Least  Squares  Equations 


It  is  more  convenient  to  work  with  the  variables  as  measured 
from  their  sample  means  x.  where 


x. 


j=l 


xij 


N 


(5.146) 
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Therefore  let 


X.  =  x.  -  x.  (i  =  1,  2,  . . .  ,  k)  (5. 147) 

Also  note  that  if  XJ  =  x‘  -  x^ , 
then 


Xj  -  xj  =  Xt  +  Xf  -  (x;  +  Xj)  =  Xt  -  X[  (5. 148) 

Now  the  small  x's  can  be  expressed  in  terms  of  the  capital  X's  and 
Eq.  (5. 144)  may-  be  written  with  appropriate  coefficients  b.  in  place 
of  a.. 


X'l  =  b0  *  b2X2  *  b3X3  +  ■  •  •  bkXk  (5‘  i49} 

Equation  (5. 149)  is  known  as  a  regression  equation.  Equation  (5. 148) 
indicates  that  minimizing  ^  |(X^  -  Xj)2  is  equivalent  to  minimizing 
yi(x,  -  x'.)2  Hence,  determining  the  b.  to  minimize  the  sum 
y^(X,  -  Xj)  will  effectively  give  the  a.  determined  b,  minimizing 
the  sum 

From  Eq.  (5. 149)  one  obtains  a  function  of  the  b.  as  follows: 

(X,  -  XJ)2  =  f(bQ.b2 . bk)  =  (Xt  -  b0  -  b£X2  -  -  bkXk)2 

(5.150) 

Next,  in  order  to  minimize  f  with  respect  to  the  b.,  the  partial  deriva¬ 
tives  of  f  are  taken  with  respect  to  the  b.  and  set  equal  to  zero,  giving 
the  following  system  of  equations. 
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-*£(*,  -b0-t,X2-...  -  bkXk,  =  0 

-  2£X,(X,  -  o0  -  b.X2  -  . . .  -  bkXk)  =  0 


(5.151) 


-  2£Xk(X,  -  b0  -  b2X2  -  . . .  -  bkXfc)  =  0 


Now  these  equations  are  multiplied  by*  i/2  and  the  first  sum  is  trans¬ 
posed  to  the  right  which  gives 


NbQ  *  b2$]X2  *  ...  +  bk2x|(  =  5>f 

*>0SX2  +  hZ^Xl  +  -  ■  *  bkSX2Xk  =  SX2X1 


boS*,,*  b2SXkX2  ♦  ....  ^=2% 


Since  the  sum  of  deviations  from  a  mean  is  zero. 


5>i  =  2Z(xi-5i)  =  o 


(5.  *53) 
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Vk2S2  *  b3rk3S3  +  *  Vkksk  =  rklSI 

The  set  of  Eq.  (5. 152)  may  now  be  solved  to  obtain  the  coefficients 
b.  for  the  regression  Eq.  (5. 149).  Solving  these,  of  course, 
effectively  gives  the  coefficients  a.  for  Eq.  {5. 144)  also.  The  genera! 
procedure  discussed  above  will  now*  be  illustrated  on  the  important 
simple  special  case  for  three  variables. 
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5. 6, 2  Special  Case  for  Three  Variables 


A.  Regression  Equation  Coif:;c;cr.;j 
The  desired  ecucrior.  to  be  obtained  is 


X1  =  a0  *  a2X2  *  *3*3 


or  the  cesiv2iest  expression 


iS.  157} 


X,  =  b.X,  -  bOC, 
S  2  2  >3 


is.isa) 


where  the  coffaci^i»s  are  obtained  tret n  the  foHoiHsg  set  of  conations: 


b,ZX  ”  =  2^2^! 

b2^X3X2  *  s  SX3X! 


J5. 1 59} 


To  solve  for  the  2,,  substitute  -  x.J  for  X._  Then 

I  S  *  £ 


(x(  -  Xj)  =  *o,{x2  -  xz)  *■  hj!*-  -  Xj) 


XI  =  xi  *  b2*2  '  b3*3  *  b2X2  *  b3X3 


This  gives  the  coefficients  a.  as 


{5.  UO) 
(5.  Ibl) 


*0  =  Xf  -  b2x,  -  b3x5 


*2  =  2 


is.  162) 


a3  =  b3 


Equations  J  5. 1 59/  may  be  solved  by  many  methods.  A  systematic 
method  will  be  demonstrated  that  conveniently  gives  other  quantities 
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the  csdtble  correlation  coefficient  lie  fee  defined  bt:c.v).  First  coss- 
pote  She  swnsic  tr.e£3S  x.  wd  susdsrd  dtvutscas  Kote  Scat  !*a 
s£  qszeiines  tad  'X^  are  ootijsta  its  she  process  of  skb- 

paSisj  the  standard  devaSicos  tod  mast  fee  seared.  Xrxl  sfoe  tens* 
yXxr  JjX2Xt.  tsd  y!x,X.  may  be  cosp^el  from  the  fc!!a*?!» 
forrr.di; 


Sxixj  =  S«*-s  -  x£h*.  -  *y  *  Zvj  *  Kxi*j  55- I&5) 


To  solve  the  system  Ec.  (S.  5  55  j  5*9  sets  of  tadlitr*  «s*::«a; 
may  be  first  fensei.  namely. 


C2>S^>  *  s  * 


IS.  f£4J 


c2J2>!  *  « * 

«wEw ‘n&j  * 1 


a.  asi 


The  sofosiofs  of  Eq.  f  5.  le-f)  are 


2>;S^  -  iSW 


IS.  S65J 


Sx| 

2>*2>j  -  <T.xtx/ 
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Frees  £5. 


c“ '  -  tS>2*/ 

Kov.  cxv^cte  the  “*  fceas 

®2  ”  ■*■  cn2^^j 

b3  =  *  C31^-“XiX£ 

Fiaalir.  tee  a‘<  for  the  original  rtgreMioa 
Eq.  (5.  I62|. 

B.  SUetod  Petittiees  of  tie  b*s. 


(5.1*7) 


(5.1€«) 


else  susdard  dewlasfos  of  toe  iistrilntioa  of  the  b's  css  1ms  skews 


to  a*z 


*&2  =  *1.23 
*b3  =  *I.23^33 


(5.IW) 


where  *,  „  is  the  tuadud  demtioe  for  the  fleet  of  re- 

1.  id  ^ 

gressios  of  x(  os  sad  Xj.  Use  ^uetitr  *j  **  coengweed  (ten 
(see  Kef.  [5jh 


*1.23 - - 


(5.170) 
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has  an  F  distribution  with  n^  =  2  and  n^  =  N  -  3  d.  f.  Therefore 
the  multiple  correlation  coefficient  may  be  tested  for  being  signifi¬ 
cantly  different  from  zero  at  the  a  level  of  significance  by  comparing 
F  wi.h  F  obtained  from  the  tables  of  the  F-distribution  with 

»v 

{2,  N  -  3)  d.  f.  The  hypothesis  of  the  population  value  being  zero  is 
rejected  if  F  >  F^. 

This  test  of  significance  for  the  multiple  correlation  coefficient 
arises  from  a  partition  of  the  variance  cf  the  observed  values  of  x^ 
from  its  mean  .  One  sum  of  squares  has  2  d.  f.  (k  -  1  in  general) 
and  the  other  N  -  3  (N  -  k  in  general)  leading  to  the  F  ratio  given. 


E.  Interpretation  of  Results  and  Restrictions 
The  main  assumption  present  in  obtaining  the  preceding  results 
is  as  fellows.  For  each  point  (x^,  x^)  the  variable  to  be  predicted, 

Xj ,  is  a  random  variable  with  a  normal  distribution  about  some  mean 
which  depends  on  the  point  (x^,  x^),  but  the  standard  deviation  is  the 
same  for  all  values  of  (x^,  x^).  Also  it  is  assumed  that  if  the  sampling 
is  repeated,  the  same  set  of  (x^,  x^)  would  be  observed  each  time  with 
again  the  random  variable. 

The  interpretation  of  the  multiple  correlation  coefficient  was 

A  2 

mentioned  previously.  That  is,  the  square  Rj  ^  gives  the  per¬ 
centage  of  variation  which  is  "explained"  by  the  variables  x_,  x_. 

a  2  c  i 

Stated  another  way,  1  -  (R^  ,^)  is  the  percentage  of  variation  due 

to  other  sources  or  left  unexplained.  From  Eq.  (5. 172), 


sl.  23 
S1 


\| 


A 

1  -  (R 


1.23 


(5.178) 


In  this  sense  Eq.  (5. 178)  gives  an  indication  of  the  size  of  the  ratio 
of  the  deviations  of  observed  x^  from  the  predicted  values  x^  as 
compared  to  the  deviations  of  Xj  from  its  mean  Xj.  Since  this  ratio 
is  less  than  unity,  it  yields  a  measure  of  the  improvement  in  the 
precision  oi  prediction  when  using  a  regression  plane  as  compared 
to  the  mean  value  of  x^. 
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The  regression  coefficients  and  represent  the  effect 
on  x^  of  a  unit  increase  in  x^  when  x^  is  held  constant,  and  a  unit 
increase  in  x^  when  x^  is  held  constant,  respectively.  The  co¬ 
efficient  Sq  merely  accounts  for  the  means  not  being  zero.  The 
b's  being  significantly  different  from  zero  indicates  whether  or  not 
the  predictor  variables  involved  have  significant  effects  on  the  vari¬ 
able  to  be  predicted. 

Large  sample  sizes  are  normally  quite  necessary  to  obtain 
significant  results  in  multiple  regression  problems.  That  is,  one 
prefers  sample  sizes  of  N  =  100  or  preferably  even  larger.  Also, 
the  full  range  of  interest  of  the  variables  must  be  sampled.  It  is 
very  seldom  that  one  can  extrapolate  his  results  beyond  the  range  of 
values  which  have  been  obtained.  Figure  5. 13  below  gives  an  indica¬ 
tion  for  the  two  variable  case  of  what  could  happen.  The  range  that 
was  observed  can  be  fitted  very  well  by  a  linear  equation,  but  clearly 


rigur,-  *  ;  *  True  Quadratic  Relation  2nd  Linear  Estimate 

Obtained  in,n;  Res::  i'-.ed  Data 
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5.  6.  3  Computational  Example 


Tlie  following  table  of  hypothetical  data  for  3  variables  will  serve 
to  illustrate  application  of  the  preceding  equations. 


k  =  3  H  =  25 
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xi=— ■ ~  =  2-9  (xj2-8.41 

N  L 

—  T!x2 

X2  =  ~_^~  =  ^9  (x2)2  =  8.4i 

N  * 

2> 

x3= - ~  =  2*  8  (x,)2  =  7.84 

N  J 


xlx2  =  8-41 

xlx3  =  8- 12 
x2x3  =  8. 12 


2xf  =  5Zxi  '  N(*i>2  =  295  -  2,0.  25  =  84. 7S 
Sx2  =  Sx2  "  N(x2)2  *  283  *  210.  25  =  72.75 
Sx3  =  2E>3  "  N(x3)2  *  259  -  196.00  =  63.00 
2>1  X2  =  &ix2  -  Nxix2  =  286  '  210.  25  =  75.75 
2ZXiX3  =  2>1x3  -  Nxi^3  =  289  -  203. 00  =  66. 00 
2ZX2X3  =  2jX2x3  "  Nx2x3  =  ZC'5  -  203. 00  =  62.00 

From  the  preceding  data,  the  following  computations  are  made: 
from  Eq.  (5.159), 

b2  72. 7  5  +  b3  62. 00  =  75. 75 

b2  62.00  +  b3  63.00  =  66.00 

Solution  of  auxiliary  Eq.  (5. 164)  and  (5. 165)  by  Eq.  (5. 166)  and 
(5.167): 
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Le:A  =  y!x^yx^  -  (Sx,x3)2  =  {72. 75M63. 00)  -  (62. 00)2  =  739.25 


-62.00  .-62.oq..  08)9 

^  ^  A  *>7ll  **  C 


A 

739. 25 

63.00 

63.00 

A 

739.25 

72.75 

72.75 

A 

739.  25 

.0984 


Then  b^  and  are  obtained  from  Eq.  {5.  168) 


b2  =  {75. 75}(.  0852)  +  {66.  00){-.  0839)  =  .9165 


b3  =  {75. 75){-.0839)  =  {66. 00)(.  984)  =  .1390 
and  from  Eq.  {5. 162) 


aQ  =  2.9  -  (2. 9)(.  9165)  -  (2.8){.1390)  =  -.1471 


Next,  using  Eq.  {5.170): 


s2  -  84-75  -  (.9165X75. 75)  •  {.  1390)(66.00)  _  Z46Q 
1.23"  Z5 


st  23 =-4960 


and  with  Eq.  (5.  IbV) 


s.  =  .4960  1/.0852  =  .  1437 

n  _  * 


s,  =  .  4960  t/,0934  =  .  1545 
b3 
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Now  Cj  =  (84.75/25)  =  3.  39  and  using  Eq.  (5. 172): 


(R.  ,)2  =  1  .93 

3.39 


and  with  Eq.  (5. 173) 


(R  ,)2  =  —  (.93)  =  l.Oi  -  .09  =  .92 

4  22  22 


R1 . 23 


=  .9b 


In  practice,  it  would  bo  quite  unusuai  to  obtain  a  correlation  co¬ 
efficient  this  large. 

To  test  the  b:s  for  significance  compute  "t"  from  Eq.  (5. 175): 


for  b2. 
for  b^. 


t=/^l65j.[i2|=5.56 

1.1437/  [25/ 

,.1^12*21.  (HI. 

1.1545/  (25/ 


From  the  tables  of  the  t-distribution  with  22  d.f  -  =  -ids  5  =  ^-07. 
Therefore,  working  at  the  5%  level  of  signifies-  »;  b^  •«.  -hly  sig¬ 
nificant  while  b^  is  not.  This  would  indicat'  >..at  the  variab.  *,  has 
no  significant  effect  on  ^ . 

To  test  Rj  23*  compute  F  from  Eq.  {5. 177): 


126.  5 


In  the  tables  of  the  F-distrib-  tion  one  finds  Fj  q  (2,  22)  =  99. 46  so 
even  at  the  level  of  si?  .icance  the  multiple  corz  elation  coefficient  is 
significant. 
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5.6.4  General  Case  for  k  Variables 


A.  Regression  Coefficients 

The  auxiliary-  Ea,  (5. 164)  and  (5. 165)  given  for  solution  in  the 
three  variable  case  actually  are  equivalent  to  finding  the  inverse  of 
the  matrix  of  the  given  sums  of  cross  products.  That  is,  letting 

x..  represent  the  sum  3”’x.X.  where  i,  i  =  2.  3, _ _  k,  the  c..'s 

represent  a  matrix  such  that 


X22  X23  *  *  ’  X2k 

C22  C23  "  •  C2k 

x32  X33  * "  X3k 

c32  c33  c3k 

x42  x43  ‘  ’  *  x4k 

• 

c42  c43  c4k 

xk2  ^3  ' "  *kk 

Ck2  ^3  '  *  *  Ckk 

§  I  0  0  0 
&  0  1  0  0 
■  0010 


0  0 


0 

C 

0 


(5.179) 


After  the  multiplication  is  performed,  columns  can  be  equated  to 
columns,  and  k  -  1  sets  of  k  -  1  equations,  each  set  with  k  -  1  un¬ 
knowns, are  obtained. 


*22  C22  *  X23  c23 


+  x2k  C2k  =  1 


X32  C22  +  X33  c32 


+  x3k  ck2  =  v 


X.  ,  +  X,  _  C,, 

x2  22  k2  32 


xkk  ck2 


etc.  for  the  other  k  -  2  columns  of  the  matrix. 


(5. 180) 
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Of  course,  the  amount  of  computation  involved  as  the  number 
of  variables  increases  becomes  quite  extensive  and  a  digital  computer 
becomes  a  very  desirable  tool.  Another  computational  method  will 
be  given  without  justification  in  Section  5.  o.  6  which  is  suitable  for  pro¬ 
gramming  on  a  digital  computer. 

To  continue  from  Eq.  (5. 180}  the  b.‘s  are  compiled  by  per¬ 
forming  another  matrix  multiplication.  That  is. 


\ 

C22  C23  C2k 

X2I 

i 

c32  C33  "•  C3k 

X31 

- 

| 

. 

- 

- 

bk 

ck2  Ck3  Ckk 

’‘kl 

- 

C5- 181) 


This  gives  the  generalization  of  Eq.  (5. 168): 


b2  =  c22  X21  *  c23  X31  *  ' ' '  *  c2k  xkl 
b3  =  c32  x2!  +  C33  X31  +  •  +  c3k  Xkl 


bk  =  ck2  X21  *  Ck3  X31  *  "  *  +  ckk  xkl 

Let  B  be  the  £(k  -  I)xlJ  regression  coefficient  vector,  X  the 
|{k  -  I)x(k  -  i)J  matrix  of  sums  of  cross  products  for  the  predictor 
variables,  and  Y  the  f{k  -  l)x  i!  vector  of  the  cross  product  sums 

v  J 

involving  Xj,  the  predicted  variable.  Then  the  r  'ceding  can  be 
concisely  expressed  as  the  matrix  equation 

SB  s  Y  (5.183) 
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with  the  solution 


C.  Multiple  Correlation  Coefficient 

The  sample  multiple  correlation  coefficient  R{  ^3  -K  is 
given  by  the  square  root  of 


The  unbiased  estimate  is  then 


_  CN  -  1) 
(N  -  k) 


1. 23  ...  k' 


tZ  k  -  1 


O.  Tests  for  Significance 

The  "t"  test  for  the  regression  coefficient  becomes 
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with  'he  solution 


C.  Multiple  Correlation  Coefficient 

The  sample  multiple  correlation  coefficient  P.  ^  ^  is 

given  by  the  square  root  of 


* 


The  unbiased  estimate  is  then 


...  i? 


Z  -  tw  ^  »)  >o  t2  fc  2  * 

*  t*V|  >t  Jr' 

(N  -  h)  •”  *  N  -  h 


f5. 188) 


D.  Tests  for  Significance 

The  "i"  test  for  the  regression  coefficient  becomes 
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(5.1  M) 


(K-k)  S'°i 

where  t  feu  2  “t“  distribution  with  (fi  -  k)  d.  f. 
For  the  multiple  regression  coefficient; 

r.  <*..»■„/  . 

£-|S,a  /  (k-D 


{5.  Ir?) 


where  F  has  an  distribution  with  (k  -  I,  N  -  k)  d_  f. 

See  Ref.  [5]  for  the  above  feeeralixatioct  to  k  variables. 


5. 6.  5  gfonlinear  Regression 


Powers  or  cross  products  of  the  predictor  variables  may  be 
attached  to  the  regression  equations  as  additional  variables.  For 
instance,  in  the  three  variable  case  for  linear  regression  one  must 
solve  Eq.  (5. 1591.  If  it  is  suspected  that  an  inlera  -ha  exists,  a 


term  in  the  form  of  could  be  attached  as  a  fourth  variable  x^_ 
Then  instead  of  two  equations  in  two  unknowns,  the  dimension  of 
the  problem  has  been  raised  and  there  would  now  exist  three  equa¬ 
tions  in  three  unknowns.  Powers  such  as  x^  and  x|  could  be  at¬ 
tached  as  variables  x.  and  x,  if  so  desired. 

?  t» 

If  an  exponential  relation  is  proposed  such  as 


could  be  attached  as  a  fourth  variable  x. 


xi  =  *1*2 


IS.  1911 


then  logarithms  of  Eq.  (5, 191}  may  be  taken  to  linearise  the  relations 


log  Xj  =  I o*  +  b.  log  x^  +  bj  log  Jtj 


C5. 192) 
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as£  this  *t stem  is  clearly  iciiojcc*  to  £sj.  f$.  1ST).  Tee  least  squares 
fit  obtained  to  S?-  ■$.  £92)  is  not  precise!?’  the  same  as  that  obtained 
by  fitting  directly  to  Eq.  {S.  191}-  Horr.tr,  de  error  is  generally 
small  essosgk  co  that  Use  Hsetrisadoe  by  logarithms  is  csefal  la  practice. 


5,fe.fc  Alternative  CamptMi  Scheme 

Fores  Use  following  matrix  of  th*  correlation  coefficients  r.. 

2JJ 

sfecre  r..  is  defined  by  £q.  |5.  *55). 


rll  r£2  r|3  rik 

r2£  r22  r23  r2k 

r3l  r32  r33  ‘3k 


IS.  £93) 


|  rk£  rk2  rk3  ‘  '  rfck 


Compote  tbe  inverse 


A  -  R 


-£ 


If  a.,  are  tbe  densest*  of  the  matrix  A.  the  following  may  be 
computed: 

(1)  Tbe  regression  coefficients 


(2)  Tbe  multiple  correlation  cocifictst 


R£.23...  k 


./■ 


15.  £9*) 
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{V;  fist  starvtfjrd  ecrfifes  of  toe  ernr*  c: 


'S.2J  ...  k 


«5.1f7j 


\?*££ 


{4}  Tee  jiiedir-i  drrutics  of  tor  rtjretJia  eoeudtsu 


£  |*I1*B**I_S 


i*2-3.  ...  .k  f5.I^I 
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gt 

Tisle  5-  I  Areas  c£  tit  rit»rrr%*S  &m.  Arcs  =  — - —  |  e  *  ^  st 

VS  -i 

Jic  tense  of  <rc«rt»5 


«re*  j 

=  |  Area 

- r - 1 

x  |  Area  j 

so 

.3933 

.45 

.1734 

-5®  1 

.3159 

.3* 

.tw 

.43 

.1772 

.91 

.3134 

.32 

.3338 

.47 

.1333 

-92 

.3212 

.33 

.3120 

.43 

.1344 

.93 

.3233 

.04 

.314C 

.49 

.1379 

.94 

.3244 

.33 

.3133 

.59 

.1915 

.95 

.3239 

.33 

.3234 

.51 

.1953 

.94 

.3315 

.37 

.3279 

.52 

.1935 

-97 

.3343 

.33 

.3319 

.53  1  .2319 

-93 

.3345 

-St 

.3359 

.54 

.2554 

-99 

.3339 

.13 

.3393 

.55 

.2333 

!.'88 

:  >413 

.EE 

.3433 

.53 

.2*22 

1.31 

.3433 

.12 

.3473 

-57 

.2157 

1.32 

.3441 

.13 

.3517 

.53 

.2143 

1.33 

.3435 

.14 

.3557 

-59 

.2224 

1.04 

.3533 

.S3 

.3594 

.30 

.2257 

1.05 

.3531 

.13 

,3434 

.41 

.2291 

1.05 

.3554 

.17 

.3375 

.32 

.2324 

1.07 

.3577 

.13 

.3714 

.33 

.2357 

1.03 

.13 

.3753 

.34 

.2339 

1-09 

.3421 

.23 

.3793 

.35 

.2422 

1.10 

.2)443 

.21 

.0332 

.43 

.2454 

I-U 

.3445 

.22 

.3371 

.57  -  .2403 

1.12 

.3434 

.23 

.39*3 

.33  -  .2517 

1.13 

.3733 

.24 

.0943 

.39  ,  -2549 

1.  14 

.3729 

i  .23 

.3937 

.70  1  .2533 

1.  15 

-3749 

[  .23 

.1324 

.71  1  .2311 

1.14 

,3773 

J  .27 

.1344 

.72  1  .2342 

1.17 

.3759 

*  ym 

.1173 

— T  1 

i. 

,S$l& 

-24 

.1141 

.74 

.2733 

1.19 

.3333 

.33 

.1179 

-75 

.2734 

1.20  |  .3349 

.31 

.1217 

.73 

.2754 

1.21  I  .3349i 

.32 

.1255 

.77  I  .2794 

1.22 

.3333 

.33 

.1253 

.73 

.2323 

i-23 

.3907 

.34 

.1331 

.79  j  .2352  i 

1.24 

.3925 

.35 

.1333 

1  -33 

.2331 

1.25 

.3944 

.3* 

.1403 

.31  1  .2913 

1.24 

*  .3962 

*  37 

.1443 

.32 

.2939 

1.27 

[  .3930 

I  .39  I  .1433 

.33 

.2947 

1.23 

-  i7?» 

.3f 

.1517 

.34 

.2995 

1.29 

.4015 

I  .43  1  .1554 

.35 

.3323 

1.33 

.4332 

.41 

1591 

.3351 

1.31 

.4049 

I  .42 

.1423 

.37 

.3373 

1.32 

.4044 

1  .43  i  . 1344  * 

.33 

-3i§4 

1.33 

.4342 

I  •« 

-  ITSO 

! 

.39 

.3133 

1.34 

JM* 

1  *wn 

AS©  Tfl  M.U| 


5*^7 


Area 


.4878 
■  488! 
.4884 
.4887 
.4890 

.4893 

.4896 

.4898 

.4901 


1.48 

.  4306 

1.49 

.4319 

1.50 

.4332 

1.51 

!  .4345 

1.52 

.4357 

1.53 

.4370 

1.54 

.4382 

1.55 

.4394 

1.56 

.4406 

1.57 

.4418 

1.58 

.4429 

1.59 

.4441 

1.6f 

.4452 

1.61 

.4463 

1.62 

.4474 

1.63 

.4484 

1.64 

.4495 

1.65 

.4505 

1.66 

.4515 

1.67 

.4525 

1.68 

.4535 

1.69  ; 

.4545 

1.7C 

.4554 

1.71 

.4564 

1.72 

.4573 

1.73  1 

.4582 

1.74 

.4591 

1. 75  ; 

.4599 

1.76 

.4608 

1.77  i 

.4616 

1.78  1 

.4625 

1.79  1 

.4633 
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.4906 

.4909 

.4911 

.4913 

.4916 

.  49*8 
.4920 
.4922 
.4925 
.  4927 

.4929 

.4931 

.4932 

.4934 

.4936 

.4938 

.4940 

.4941 

.4943 

.4945 


.4961 


Table  5. 1  (concluded) 


rs:*.'«.  tabic.  ?*.c  Ktieic 


Table  5. 2  p- percent  Values  of  Normal  Distribution 


The  probability  that  x  differs  from  its  mean  by  more  than 
Xp  times  the  s.d.  is  equal  to  (p/2)%.  Alternatively,  p  +  X^o" 
contains  (iOO-p)%  of  the  area  under  the  normal  probability 
density  function..  K». for «.  [-J.  p.  274. 


p 

X 

P 

100 

0. 0000 

95 

0. 0627 

90 

0.  1257 

85 

0.  1891 

80 

0.2533 

75 

0.  3186 

70 

0.  3853 

65 

0.  4538 

60 

0.  5244 

55 

0.  5978 

50 

0. 6745 

45 

0.  7544 

40 

0.  8416 

35 

0.  9346 

30 

1.0364 

25 

1.  1503 

20 

1.2816 

i5 

1.4395 

10 

1.6449 

5 

1.9600 

i 

2.  5758 

0.  i 

3. 2905 

0.01 

3.8906 
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Table  5.4 


n 

1 10.0 

i 

3.08 

2 

1.89 

3 

1.64  j 

4 

1.53 

1 

6 

1.44 

7 

1.42 

8 

1.40 

9 

1.38 

10 

1.37 

12 

1.36 

14 

1.34 

»6 

1.34 

18 

1.33 

20 

1.32 

22 

n 

24 

1.32 

26 

1.32 

28 

i.3i  ; 

30 

1.30  . 

ao 

1.28  1 

For  a  more  comprcl 
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Values  of  "Student's  t"  Distribution 


*5. 0 

*2.5 

*1.0 

*0.5 

6.31 

12.71 

31.82 

63.66 

2.92 

4.  30 

6.96 

9.92 

2.35 

m 

5.84 

2. 13 

MB* 

4.60 

2.57. 

3. 36 

■sa 

1.94 

2.  45 

3.14 

3.71 

1.89 

2.36- 

3.00 

3.50 

1.86 

2.31 

2.50 

3.36 

1.83 

3.25 

1.81 

3. 17 

1.78 

2. 18 

2.68 

mai 

1.76 

2.  14 

2.62 

2.98  | 

1.75 

2.  12 

2. 58 

na 

1.73 

2. 10 

2.55 

!  2.88 

1.72 

2.09 

2.53 

2.85 

2.07 

2.51 

2. 82 

1.71 

2.06 

2.49 

2.80 

l.’l 

2. 06 

2.48 

2.78 

1.70 

2.05 

9959 

1.70 

2.04 

i  2.46 

*  2.75  | 

1.65 

1.96 

B9 

UCEJ 

p.  465. 


Table  5.  5  F  Distribution 


n  »  d-  f.  for  numerator 


m  =  d.  f.  for  denominator 


{a) 


(b> 


5.0 


5 


V 

5  J 

20 

OO 

m 

5 

10 

20 

30 

OO 

5 

mm 

4.74 

4. 56 

4.  50 

4.  37 

: 

5 

7.  15 

6.62 

6. 33 

6.23 

6.02 

1G 

PSif 

2.98 

2.77 

2.70 

2.54 

m 

t.  24 

3.  72 

3.42 

3.31 

3.08 

20 

n 

2.  35 

2. 12 

2.04 

r.  84 

I 

3.29 

2.  77 

2.46 

2.35 

2.09 

30 

I.  53 

2.  16 

1.93 

1.84 

1.62 

30 

3.03 

2.  51 

2.20 

2. 07 

1.79 

oo 

i.  2i 

1.83 

1.57 

1.46 

1.00 

a 

2.57 

2.05 

1.71 

1.57 

1.00 

(c) 


(d) 
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1.0 


0.5 


ss 

5 

— 

20 

30 

CD 

14.9 

13.6 

12.9 

12.7 

12. 1 

6.87 

5.85 

5.  27 
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4.64 

20 

4.  76 

3. 85 

3.  32 

3.12 

2.69 

□ 

4. 43 

3.54 

3.01 

2.82 

2.38 

hi 

3.  35 

2. 52 

2. 00 

1.79 

1.00 

ss 

5 

10 

20 

30 

oo 

11. 0 

10. 1 

9.55 

9.  38 

Da 

m 

5.64 

4.85 

4.41 

4.25 

ESI 

□ 

3.37 

2.94 

2.78 

isifl 

a 

3.  70 

2.98 

2.55 

2.  39 

2.01 

CL 

3. 02 

2.32 

1.88 

1.70 

1.00 

Prob(F  >  Fp)  =  p 

For  a  more  comprehensive  table,  see  Reference  [oj,  p.878. 
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Table  5.6  Tolerance  Factore 
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For  ft  more  comprehensive  table,  see  Reference1  [bj  ,  p.  lOH. 


Table  5.7  Values  for  Variance  Equality  Test 

95th  and  99th  Percentile  Values  of  F_,„  =  [s“  in  a  Set  of  k  Mean  Squares 

max  *  mix  /  minj 

each  based  on  n  Degrees  cf  Freedom.  Upper  Value  is  95th  and  Lower  the  99th  Per¬ 


centile  in  each  cell. 


Po~  n  more  eo3iorftI;«  B«!w.  see  Reference 
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Ti-ble  5.  £  factors  for  Converting  Sample  Range  to 
Sample  Standard  Deviation 

Values  of  ci,.  The  sample  standard  deviation  s  =  ft/d^  where  R 
Is  based  on  the  average  of  k  sample  ranges  computed  from 
samples  of  size  M. 


feather  of 
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1.28 

1.81 

2.15 

2. ho 

2.60 

2-77 
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For  a  more  comprehend,"'  table,  see  Reference  [»].  n.874 
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Table  5.9  Factors  for  Computing  Sample  Size 
and  Number  of  Defects 


*  For  a  more  comprehensive  table,  see  Reference  832. 
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6.  ANALYTICAL  PROCEDURES  FOR  DETERMINING 
VIBRATION  ENVIRONMENT 

The  procedures  for  determining  the  vibration  environment  at  a 
single  point  on  the  structure  of  a  modern  flight  vehicle  may  be  divided 
logically  into  two  pnrts: 

Part  £.  the  procedure  for  analyzing  the  pertinent  statistical 
properties  of  a  single  vibration  time  history  record. 

Part  2.  the  procedure  for  establishing  tne  over -all  vibration 

environment  gives  the  statistical  properties  of  each  of 
a  collection  of  vibration  time  history  records. 

Section  6.  t  will  describe  an  over-all  recommended  procedure  for 
Part  1  while  Section  6. 2  will  discuss  a  recommended  procedure  for 
Part  Z. 

o.  1  PROCEDURE  FOR  ANALYZING  INDIVIDUAL  VIBRATION  RECORDS 

The  over-all  recommended  procedure  for  analyzing  the  pertinent 
statistical  properties  of  a  single  vibration  time  history  record  is  sum¬ 
marized  In  Fig.  n.  I .  Each  Mock  in  Fig.  S.  1  will  be  discussed  in  tins 
section.  The  discussion  will  be  is  terms  of  analog  techniques  and  in¬ 
strumentation.  but  any  part  of  the  recommended  proced_s.e,  or  all  of  it. 
could  be  accomplished  by  digital  techniques. 

Actual  procedures  to  accomplish  the  functions  shown  in  Fig.  6.  1 
have  in  many  cases  been  covered  in  other  sections  of  the  report.  The 
discussions  here  will  then  often  consist  of  simply  defining  the  need  of  the 
function  in  the  over -all  procedure  while  referring  the  reader  to  another 
appropriate  section  of  the  report  for  details. 

A.  1. 1  Vjhration  Transducer 

The  first  step  in  the  procedure  obviously  is  to  obtain  an  analog 
signal  of  the  physical  parameter  of  interest  as  noted  by  block  A  in  Fig.  a.  1. 
The  physical  parameter  of  interest  will  probably  be  some  measure  of  vibra¬ 
tion  response  at  a  point  on  the  structure  of  the  vehicle,  such  as  acceleration, 
velocity,  displacement,  or  stress.  The  transducer  would  then  be  an  accel¬ 
erometer,  velocity  signal  generator,  displacement  signal  generator  fif  such 
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pijur*  6,1.  ©v*r-»U  lUcomroondod  X*roc*«li<r «  lor  An*ly*Ing  Individual  Vibration  Rtoordi 


a  :nrjcncer  eKtUi}.  or  sirsls  |i{(.  Ks*«rer,  tic  sr«cciirc  Es  see 
limited  to  pfsstti^re  «  sirstfsnl  rcj^eotc.  tia  iKsyfeet? 

cassis!  in*  >x  well  ho.  for  eonsple,  4  rr.:<r<^o«t  *h;cS:  gm-rntes  a 
vvlUjc  »;i«I  ?f*ec.n;osii  te  aeosHial  »ss!  prwjirs-  k  seme  jala: 
Inside  the  reside. 

Ice  siriu'ii  cfcirtrtcr-jtic*  of  ccssr«s£«®s*!  !s^$4sct»  tjyltciSle 
to  esc  3i|ie  vci-cit  vifera: loss  profeictr:  ire  dttsiri^  Sis  Sccusc  7. 1.  pj&H- 
ElosaS  di*esssl«5*  fcsccrriq;  the  *ctct:t=  ©c  t raasoscers  are  yrc*«i«i 
Is  Section  3.4. 


®.  S_  2  V^rSfee  Data  Sesgittc 

£ts?’.rf  of  the  ssi%  signal  icons  Use  transducer  msit  it  obtained 
fcy  Some  procods  re  u  sKtf  fey  block  B  Is  F;{.  £_  £_  The  length 

of  c«a  tints  kiata-ry  sample  obtained  is  of  direct  Importance  so  the  «*- 
iceratr  of  the  analyses  to  follow.  Use  desired  sample  I ength  T 
will  sc  SUiaiic!  for  each  sjpc  of  a®aSysI*. 

Os  :sc  <»A<r  hand,  tse  asster  of  sample*  obtained  ad  lie  r-artrr 
Is  which  they  are  *c»wttf  :i  of  direct  i^^Hiscc  to  tsuKiisisg  tfct  ertr- 
a'.i  elfeeatloss  eevsroismest  »I  a  J*eis£  ss  Site  stmetcre  of  the  rrMcIc. 

Is  general,  It  wit;  be  rfeammestei  that  sample*  be  fey  either  *ct 

losg  eooeioaoo*  record,  or  fey  a  set  e£  short  record*  of  predetermined 
each  selected  rasdesip  Csr:*^  a  flight..  This  caire  reject.  :=* 
tidirt  a  description  of  a  «;:ai;c  random  samplis^  iSctkc.  will  he  de¬ 
tailed  Is  Section  (,  2. 


o.  I.  3  Storage  and  Transmission 

After  tke  vibration  time  history  aaspltt  are  chtaircf.  she  tasplei 
nssts  either  he  a*.ih”td  directly  or  recorded  and  scored  «s  staftdst  tape 
for  seme  other  satiable  means  of  ftarajcJ  for  later  analysis.  A*  will  fee 
secs,  the  over-all  analytical  procedure  and  atasp:*  sccsci^ci  recom¬ 
mended  here  will  retire  a  repeated  ssreiti|*llw  of  each  time  history 
simple.  Aiih$s;s  direct  analysis  of  vibrilioa  time  history  iijral*  was 
sometime*  doers  a  few  year*  ago.  approach  is  c*  longer  feasible.  The 
recording  and  storage  of  the  time  history  signals  will  definitely  fee  re¬ 
paired.  Magnetic  tape  recnrdlsg  is  s .-comm. -mend  since  It  offer*  the  ss#n 
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tiarKc  sued  eemremeat  mease  ivil'i&ie  as  fee  prrfesl  time  for  stotisf 
sfils  sjife  afspSI&sde  asd  fre^cser  ris|*f,  A  diicssKoa 
c-f  maj=<:£r  u;<  ^sordief  ts  prere^d  b  5e discs  7 .2. 2. 

Trbc  x&ratios  Etta*  Msl«r  ~:j»4  fee  recorded  os  magnetic 

im  trrfeb  Use  eeMde  er  Srssjftrs*^  !«>  fee  |road  If  Eder.etry  aa4  rt- 
c^rdtc  ;lere.  Tie  rtiarety  of  as  Is-UijM  sapstUc  u^e  rtcsfdb;  is 
<H£cs  s«  pcsstsle,  paeticsiariy  is  the  case  c£  pilotless  missiles.  E«s 
is  smaller  ?£'.wt£  sirplaees.  as  airisrse  us>«  recareer  asjr  s«  fee  p*r- 
ssftaei  feecasse  cf  sirs  Ko-rr/tr,  :l  it  rccontstadei  ii'. 

sample  reurdr  be  ol;*bi’4  irtiUr  Is  £%«e  Ly  as  airaerse  r'-'-erder 
*Ss*s  feasible.  A  telemelry  system  Is  as  additional  sarree  e£  ciiikrsbc 
error  as  meli  as  a  u;r«  os  test  ixS-r*  dee  ts  malfsocsions,  asd  sfeoaid 
fee  tss'eetd  «f.y  wises  ^iwhreiy  seeessary.  A  dtsesssioc  «f  lt»ejr,«rr 
Is  presetted  1=  Sectisa  7.  Z.  S. 

5.  S.4  rQ>f>i  Leek""  Asiivrb 


Tate  erer-aTS  rirerstMef  *we*:ri  retires  at  feis  poise  feat 
fee  sample  records  !be  prided  iaeo  two  categories:  records  *t:tk  are 
rasdses  axd  recci*  *hA  are  roeriscass.  As  explicit  statistical  proce- 
dsre  for  esrabiisrisg  wSaefecr  or  as*  a  record  Is  random  is  proposed  is 
fee  rest  secies.  Haro*,-,  Ware  proceedis*  wife  Assailed  analysis.  it 
wssiife:  desirable  to  sake  a  -^sick  look"  at  fee  -riferaiioa  time  eisrery  so 
see  if  fee  record  Is  oferfossiy  wKwasdem  as  IsaiicaSed  fey  Hock  D  is 
Fig.  0,1.  TJ:»  may  fee  dose  fey  tSsyia* Is^.  ;*c  record  Os  a  cat&sde  ray 
ofdiiviopc  or  a  kiffe  ircfiescr  gafrasometcr  oscificgraplt.  if  strong 
perils  sompoeesss  are  ebriossly  preset*,  site  sample  record  may  fee 
rejected  immediately  as  fedag  saaratikei  eiUmi  wnstixg  srse  os  more 
detailed  analysis. 

Tie  "ystd  look*  analysis  step  may  fee  as  elaborate  as  desired. 

For  example,  a  fregocacy  spectres  display  »il!  reveal  fee  presence  of 
ptRSdcses  is  a  signal  to  fee  experienced  vibration  engineer,  eee  sfees 
fee  amplitude  of  fee  periodic  compsseat.  is  qv-.*.e  small  xelaiixe  to  fee 
random  saiie  oac&grocnd.  Direct  rita!  dtfef  spectrsns 
itsalyxer*.  *i:c=  as*  ectsmerclally  anildrk,  **Ss  fee 
ideal  far  skis  applieatles.  Of  corrit.  more  advanced  detecica  teeksdgees 
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such  as  autocorrelation  analysis  could  be  employed,  but  elaborate  anal¬ 
ysis  of  that  type  is  net  justified  at  this  early  stage  in  the  over-all  pro¬ 
cedure.  In  any  case,  sample  records  which  are  obviously  nonrandom 
should  be  transferred  to  block  Q  in  Fig.  6.  1,  to  be  discussed  later. 

6.  1.  5  Test  for  Randomness 

Those  sample  records  accepted  as  possibly  being  random  by  the 
"quick  look"  analysis  must  now  be  investigated  more  rigorously  as  in¬ 
dicated  by  block  £  in  Fig.  6.  1.  It  is  necessary  that  one  have  considerable 
confidence  that  the  sample  record  is  random  because  analysis  procedures 
to  be  later  recommended  will  involve  statistical  procedures  based  on 
randomness.  One  suggested  method  of  testing  a  sample  record  for  ran¬ 
domness  is  the  Run  Test  which  will  now  be  described. 

Suppose  in  tossing  a  coin  20  times  the  following  sequence  is  ob¬ 
served: 

H  H  T  H  T  T  HHH  THTTHTTHTTT 
1  2  3  1  5  6  7  8  9  10  11  12 

A  run  is  defined  as  a  sequence  of  identical  symbols  which  are  followed 
and  preceded  by  different  symbols  or  no  symbols  at  all.  In  the  above 
example,  the  number  of  runs  is  12.  The  total  number  of  runs  in  a  sample 
of  any  given  size  gives  an  indication  of  whether  or  not  the  sample  is  ran¬ 
dom.  If  very  few  runs  occur,  a  time  trend  or  some  bunching  due  to  lack 
of  independence  is  suggested.  If  a  great  many  runs  occur,  systematic 
short-period  cyclical  fluctuations  are  indicated. 

Let  nj  =  the  number  of  elements  of  one  kind,  and  n 2  =  the  number 
of  elements  of  another  kind,  the  total  number  of  elements  being  n  =  n^  +  n.,. 
In  the  above  example,  n^  would  be  the  number  of  heads  (n^  =  9),  and  n^ 
the  number  of  tails  (n^  =  11).  Let  r  equal  the  number  of  runs  as  defined 
above. 

For  nj  and  larger  than  20,  it  can  be  shown  (Ref.  [7]  and  [8]) 
that  for  random  data  a  good  approximation  to  the  sampling  distribution 
of  r  is  the  normal  distribution  with  mean  and  variance  given  by, 
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For  example,  suppose  =  40  and  =  60.  Then  =  49  and 

o~T^  5.  Thus,  for  a  95%  confidence  level,  the  value  of  r  should  fail 
in  the  interval  between  39  and  59 .  Stated  another  way,  if  r  lies  outside 
this  interval,  the  data  may  be  considered  nonrandom  at  the  5%  level  of 
significance. 

For  vibration  data  analysis,  if  n  discrete  measurements  of  the 
instantaneous  amplitude  value  are  taken,  the  number  n^  may  be  taken 
as  the  number  of  measurements  which  lie  above  the  average  value  of 
the  n  amplitudes  at  hand,  while  n2  may  be  taken  as  the  number  of 
measurements  which  lie  below  this  average  value.  A  single  run  would 
he  defined  as  a  sequence  of  above  average  (below  average)  measure¬ 
ments  which  are  followed  and  preceded  by  below  avera>/»  f above  average) 
measurements  or  no  measurements  at  all.  The  total  number  of  runs 
may  be  denoted  by  r,  as  before,  and  the  sampling  distribution  of  r 
described  by  £q.  (6.1)  and  (6. 2),  assuming  n^  and  n2  are  larger  than  20. 

When  instantaneous  amplitude  values  of  the  vibration  data  are  re¬ 
corded  continuously,  the  effective  number  of  samples  is  n  =  2  BT  where 
T  is  the  sample  length  in  seconds,  and  B  is  the  frequency  bandwidth 
in  cps.  The  quantity  n,  would  be  obtained  by  multiplying  the  percentage 
(Pj)  of  time  per  unit  time  tJ.at  l, Ye  instantaneous  amplitude  values  lie 
above  their  average  value  by  n.  Thus,  n^  =  P^n.  Similarly,  n2  =  P2n 
where  P2  is  the  percentage  of  time  per  unit  time  that  the  instantaneous 
amplitude  values  lie  below  their  average  value. 

For  example,  suppose  T  =  5  seconds  and  B  =  100  cps.  Suppose 
also  that  Pj  =  P2  =  50%.  Then, 
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n  =  2BT  =  1000 
rij  =  P  jfi  =  500  = 


V- 


r 


i‘:2 


*  i 


n 


501 


CT  =, 


2n;n,{2n1r»2  -  n) 

~ 


n  (n  -  1) 


15.8 


Then,  for  a  95^  confidence  interval,  if  the  record  is  random,  the  value 
of  r  (the  number  of  times  that  the  instantaneous  amplitude  values  pass 
through  their  average  value)  should  fall  in  the  interval  between  and 
533  If  the  value  of  r  falls  outside  this  interval,  the  record  may  be 
rejected  as  nonrandom  at  the  5*4  level  of  significance  (that  is,  probability 
of  Type  I  error  equals  5*4). 

The  application  of  th*;  Run  Test  to  vibration  time  history  records 
will  require  only  a  few  instruments.  Because  an  explicitly  defined  signal 
bandwidth  B  is  required,  the  record  will  have  to  be  filtered  through  a 
low  pass  filter  with  an  extremely  sharp  high  frequency  cutoff.  If  the 
filter  does  not  have  a  cutoff  of,  say,  at  least  60  db  per  octave,  the  trans¬ 
fer  function  for  the  filter  should  be  determined  to  calculate  the  equivalent 
noise  bandwidth  of  the  signal  as  described  in  Section  4. 9. 2.  The 
noise  bandwidth  B^  should  then  be  used  for  obtaining  the  number  of  de¬ 
grees  of  freedom  n  for  the  record  by  the  formula  n  =  2BnT. 

The  quantity  r,  which  is  the  number  of  times  the  instantaneous 
amplitude  values  pass  through  some  arbitrary  level  in  either  direction, 
might  be  determined  by  using  a  polarity  device  followed  by  a  counter. 

For  convenience,  the  polarity  device  should  be  centered  over  the  average 
value  of  the  signal  record  so  that  n^  will  equal  n^.  The  quantity  r 
could  aiso  be  determined  by  simply  obtaining  a  visual  recording  of  the 
instantaneous  signal  amplitudes  on  an  oscillograph,  for  example,  and 
manually  counting  the  number  of  average  value  crossings  occurring  in 
the  record  length  T. 

It  is  conceded  that  the  proposed  Run  Test  is  not  a  totally  fool-proof 
method  for  establishing  randomness.  Obviously,  a  specially  selected 
sinusoidal  signal  with  an  appropriate  frequency  will  be  accepted  by  the 
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Run  Test  as  being  random.  Furthermore,  it  would  not  be  surprising 
if  the  Run  Test  fails  to  perform  properly  when  the  signal  record  being 
analyzed  has  sharp  peaks  in  its  power  spectral  density  function.  These 
possible  factors  will  have  to  be  investigated  experimentally  in  a  con¬ 
trolled  laboratory  program,  as  outlined  in  Section  8,  before  the  Run  Test 
for  randomness  can  be  incorporated  into  a  standard  procedure.  Never¬ 
theless,  it  is  believed  that  the  Run  Test  when  augmented  by  good  engineer¬ 
ing  judgment  and  experience  will  permit  the  detection  of  nonrandom 
sample  records  with  a  high  level  of  confidence. 

Sample  records  which  are  found  to  be  nonrandom  by  the  Run  Test 
are  transferred  to  block  Q  in  Fig.  6. 1,  to  be  discussed  later. 

6.1.6  Tests  for  Stationary 

Sample  records  which  have  been  confirmed  to  be  random  must  now 
be  divided  into  two  categories:  records  which  are  stationary  and  records 
which  are  nonstationary.  This  is  necessary  because  analysis  procedures 
to  be  recommended  later  will  involve  statistical  procedures  which  re¬ 
quire  that  the  data  be  stationary.  An  explicit  statistical  procedure  to 
establish  whether  or  not  a  random  vibration  time  history  sample  record 
is  stationary  will  now  be  proposed,  as  indicated  by  block  F  in  Fig.  6. 1. 

First,  it  is  required  to  define  clearly  what  stationarity  means  in 
terms  of  a  single  random  signal  record.  In  Section  4, 4,  stationarity  is 
defined  for  a  random  process  consisting  of  a  collection  or  ensemble  of 
records.  However,  a  somewhat  different  concept  is  involved  when  sta¬ 
tionarity  is  considered  for  a  single  record  from  the  ensemble.  These 
matters  will  now  be  discussed. 

Suppose  a  single  experiment  is  performed  yielding  only  one  output 
vibration  record,  say,  the  vibration  amplitude  as  a  function  of  time. 
Furthermore,  suppose  that  it  is  not  convenient  or  possible  to  obtain 
other  results  which  would  generate  an  ensemble  of  records.  Thus,  it 
is  now  meaningless  to  perform  ensemble  averages,  or  to  compare  time 
averages  from  this  one  record  with  any  other  record.  Pictured  below  is 
a  sketch  of  the  single  available  record. 


SINGLE  RANDOM  RECORD 
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What  does  the  word  "stationary"  imply  with  reference  to  a  single 
record?  The  answer  to  this  question  is  obviously  a  different  interpreta¬ 
tion  for  "stationary"  than  considered  previously  in  Section  4. 4.  To 
distinguish  this  case,  the  terms  "stationary-within-itself  or  "self- 
stationary"  will  be  introduced  because  these  terms  convey  the  idea  of 
breaking  up  the  single  record  into  a  reasonable  number  of  shorter  sub¬ 
records  and  comparing  their  statistical  properties  as  obtained  by  time 
averages  in  each  subrecord.  If  all  statistical  properties  from  the  sub¬ 
records  agree  with  one  another,  then  the  original  record  will  be  said 
to  be  strongly  self-stationary;  if  only  the  mean  values,  mean  square 
values,  and  autocorrelation  functions  are  in  good  agreement,  then  the 
original  record  will  be  called  weakly  self-stationary.  Thus,  the  class 
of  weakly  self-stationary  records  has  as  a  subclass  the  class  of  strongly 
s  If-stationary  records.  If  the  amplitude  values  from  the  subrecords 
f<  How  a  Gaussian  distribution  and  if  the  record  is  weakly  self-stationary, 
t‘  en  the  record  will  also  be  strongly  self-stationary.  Thus,  for  the 
C  uissian  case,  weakly  and  strongly  self-stationary  are  synonymous. 

Single  records  which  are  not  weakly  self-stationary  will  be  said  to  be 
self-nonstationary. 

It  is  important  for  the  reader  to  keep  clear  the  essential  distinctions 
between  such  ideas  as  "stationary",  "ergodic",  and  "s^f- stationary". 

The  latter  term  applies  to  a  single  record;  the  first  two  terms  apply  to 
a  random  process,  that  is,  an  ensemble  of  records.  If  the  single  record 
is  also  a  particular  member  of  a  random  process,  then  the  random  proc¬ 
ess  may  be  stationary  while  the  particular  single  record  under  con¬ 
sideration  may  or  may  not  be  self-stationary.  For  example,  individual 
records  may  be  self-nonstationary  by  themselves,  but  when  considered 
in  an  ensemble  of  records,  the  entire  ensemble  may  still  be  stationary. 

For  this  to  occur,  special  fluctuations  within  one  record  must  be  balanced 
out  by  different  fluctuations  within  other  records.  Thus,  knowledge  of 
the  properties  of  a  single  record  by  itself  yields  no  information  about 
stationary  nature  of  the  random  process.  However,  if  the  random  proc¬ 
ess  is  ergodic,  the  individual  records  must  be  self- stationary  since  each 
record  is  representative  of  the  original  random  process.  Hence,  if  an 
individual  member  is  not  self-stationary,  then  the  random  process  can 
not  be  ergodic.  On  the  other  hand,  individual  records  of  a  random  process 
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may  be  eelf-stationary  without  the  process  itself  being  ergodic  because 
the  individual  records  do  not  have  to  agree  with  one  another.  Of  course, 
the  random  process  will  be  stationary  when  all  the  individua*  records 
are  self-stationary. 

Figure  6. 2  is  a  display  of  various  categories  for  a  single  record 
and  an  ensemble  of  records,  using  arrows  to  indicate  subclasses. 


J 

Self-nonstationary  i 

Single 

Record 
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Itself 
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- H 
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Weakly  self-stationary  | 

Strongly  self-stationary] 

Ensemble  f 
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Nonstationary 


«|  Weakly  stationary 

Strongly  stationary 

=H 

Weakly  Ergodic 

Strongly  stationary 


H  Strongly  Ergodic  - 


Figure  6. 2.  Categories  for  Single  Records  and  Ensembles 


How  may  one  proceed  to  test  whether  or  not  a  given  random  process 
is  stationary  (weakly  or  strongly)  or  ergodic  (weakly  or  strongly)?  How 
may  one  test  whether  or  not  a  given  single  record  is  self-stationary 
(weakly  or  strongly}?  What  special  properties  should  be  considered  if 
the  given  single  record  is  a  member  of  a  random  process? 

Consider,  first  of  all,  the  case  where  a  given  single  record  is  a 
member  of  a  random  process,  and  suppose  one  has  determined  for  this 
record  that  it  is  either  self- stationary  (weakly  or  strongly)  or  self¬ 
nonstationary.  If  the  record  is  self-nonstationary,  then  the  underlying 
random  process  can  not  be  urgodic,  but  is  otherwise  not  restricted.  If 
the  record  is  self-stationary,  no  conclusions  can  be  drawn  about  the 
random  process  based  on  this  information  alone.  For  a  record  whose 
amplitude  values  follow  a  Gaussian  distribution,  the  record  is  automatically 
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strongly  seif-stationary  if  it  is  found  to  be  weakly  self-stationar  y  if 
the  amplitude  values  follow  a  non-Gaussian  distribution,  weakly  self¬ 
stationary  properties  do  not  imply  strongly  self-stationary  properties. 
Fortunately,  one  is  usually  satisfied  tc  know  merely  whether  or  not  the 
record  is  weakly  self-stationary. 

Consider,  next,  the  case  where  a  collection  (ensemble)  of  records 
is  available  from  a  given  random  process.  Suppose  that  one  has  deter¬ 
mined  for  each  record  whether  or  not  it  is  self-stationary  of  self¬ 
nonstationary.  If  mixed  results  are  obtained,  then  the  random  process 
is  not  ergodic,  but  is  otherwise  not  restricted.  Statements  about  the 
stationarity  of  the  random  process  would  now  depend  upon  performing 
ensemble  averages  of  statistical  quantities  over  the  random  process  at 
different  times,  and  checking  to  see  whether  or  not  these  statistical  re¬ 
sults  are  invariant  with  respect  to  time  translations.  If  every  individual 
record  is  self-stationary,  then  the  random  process  will  automatically  be 
stationary  and  no  ensemble  averaging  is  required.  Furthermore,  if  the 
individual  records  also  yield  essentially  the  same  self-stationary  prop¬ 
erties,  then  the  random  process  will  be  ergodic.  Thus,  determination 
of  self-stationarity  of  each  record  in  a  large  collection  of  related  rec¬ 
ords  will  yield  desired  information  about  the  underlying  random  process. 

It  is  now  necessary  to  develop  a  quantitative  procedure  which  tests 
whether  or  not  a  given  single  record  is  self-stationary.  More  explicitly, 
it  is  usually  of  practical  interest  to  test  only  whether  or  not  the  given 
record  is  weakly  self-stationary.  Towards  this  goal,  the  record  must 
be  broken  up  into  a  number  of  shorter  subrecords,  and  it  is  required 
to  observe  how  closely  the  mean  values,  mean  square  values  and  auto¬ 
correlation  functions  as  calculated  from  each  subrecord  agree  with  one 
another.  For  simplicity,  as  well  as  because  of  its  widespread  occur¬ 
rence  in  random  phenomena,  it  will  be  assumed  that  the  mean  values  are 
essentially  xero  (or  can  be  subtracted  out)  and  that  these  mean  values 
agree  to  within  a  desired  confidence  level.  Also,  it  is  reasonable  to 
expect  that  autocorrelation  functions  from  the  various  subrecords  will 
be  in  close  agreement  if  this  is  true  of  their  mean  square  values,  since 
autocorrelation  functions  are  less  than  or  equal  to  their  associated  mean 
square  values.  Hence,  it  is  deemed  sufficient  to  examine  merely  the 
mean  square  values  from  the  various  aubrecords. 
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Before  proceeding  with  the  detail*  of  %  test  for  weak  self- 
stuioMiit)-.  certain mathematical  relationships  associated  with  the 
mean  square  value  estimation  problem  are  required.  These  relation¬ 
ships  wilt  be  developed  in  detail  in  the  following  subsection  cn  "Analysis 
of  Mean  Square  Measurements”.  Those  not  interested  in  such  mathe¬ 
matical  details  are  advised  to  bypass  this  subsection  and  go  directly  to 
the  next  subsection  entitled  "A  Test  for  Weak  Self-Statiouarity**. 


6. 1.7  Analysis  of  Mean  Square  Measurement* 

Consider  a  random  record  s[t)  of  length  T  (seconds)  to  be  passed 
through  a  squaring  circuit  and  then  through  a  perfect  integrator  where 
it  is  averaged  for  a  time  T  <  T.  Let  the  output  be  denoted  by  y|t).  This 
output  is  an  estimate  of  the  mean  square  value  of  x(l).  See  sketch  bcio*. 
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If  the  record  length  T  is  such  that  NT{  *  T  where  N  is  an 
Integer,  and  if  the  output  is  obtained  only  at  discrete  times  T.  -2Tj. 
....  NTj-  then 
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wo aid  rc?resta  a  discrete  set  of  me-'.n  square  «:pal  values  as  computed 
from  N  different  subreccrds  of  x{t)_  An  alternative  equivalent  repre¬ 
sentation  for  the  above  outputs  is  given  by 


*•  S 

'  I 


y2  = 


* 


x|(0  * 


where  the  range  of  integration  is  now  the  same  in  all  cases  |0.  Tj),  and 
the  different  stsbrecor  ds  x.(t),  in  1,2, _ _  X,  are  indicated  by  the  dif¬ 

ferent  subscripts.  This  set  of  outputs  is  a  special  case  of  Eq.  (6. 3) 
where  t  s  T^,  a  constant,  and  y{tj  *  i  s  1,2,  —  ,!C. 

The  mean  value  of  the  set  of  possible  output  records  £y(t)J,  at 
any  fixed  instant  of  time,  computed  over  (he  ensemble  possible  input 
records  |x{t)| .  is  given  by 


8  E 


H  ■  7  J'  E(-i">J*‘  *  4*°)  *  px|0> 
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where  it  is  assumed  that  xj:)  is  weakly  seIf-sl*»ionary_  The  quantity 
R^iO)  is  the  stationary  autocorrelation  function  R^t)  at  t  s  0  of  x(t) 
as  defined  by 

R^Jr)  -  E^x(t)  x(t  *  t)J  :  independent  of  l  J6. 5) 

Equation  (o.4|  shows  that  y{t}  is  an  unbiased  estimate  of  the  mean  square 
value  of  x$ t). 
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The  variance  ia  the  estimate  y?t|  is  fives  by 
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efiif  the  stationary  relation 

E[*2(*i  *2(v>]  *  »2fv  -  v)  «■  »2(0)  {6.  «I 

which  is  valid  if  a(t)  follows  a  Ganssian  {normal)  distribnlioa  with  scro 
mean  value.  This  relation  is  appronimated  closely  also  by  other  distri- 
v^oos.  From  £4.  {6. 6}  letting  y  **  *  ■«  dy  =■  dv,  one  obtains 
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Hens,  reverse  the  order  cf  integration  between  y  and  «.  See  sketch 
below.  This  yields 
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For  itlwtMuf  1*4  simplicity,  as  «tl!  as  keenest:  of  £tr  wide- 
sprta4  obfcnraicc  s*  physical  plummet*,  ik  astocorrrlatio*  fwtetio* 
trill  be  represented  fcy  a  dm.pcd  oywemiti  ittctior. 
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there  B  may  be  interpreted  as  »  ideal  low-pass  biadeMti:  (cps). 
Subeiilu'Mf  Eq.  (8.  II)  iato  Eq.  (8J().  ud  carrying  os!  tet  simple 
integration. 
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If  the  integration  time  T|  equals  the  fell  length  T  of  the  record. 
Eg.  *6. 12)  shosld  be  replaced  by 
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(b,  12)  *la«*  !k*i  ■ry  aero  u  Tg  feccnecs  large. 
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ehe  R-C  circeit  he  dtaeted  by  x(t).  See  sketch  below. 
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2  2e‘2t/K  P°  f  *  ,  y/K  2u/K  j  , 

-  *= - 7 l  I  R  (y)  eT/  e  '  du  d* 

K  J-t  J-u 


«  f*  p  s/K  su/K  du  dy 

k  Jo  Jo 

-  r  r2(yi  «Y/K[«2t/K  -  «2*/k]  d, 


♦  £^L -  r  KJ(y>  «K/Kre2(«-,)/K  _  ,]  dy 

K  JO 


.1  rV(v)[e-Y/K..-*/KeY/K]dY 
K  Jo 


(6.  22) 


Assume  now  the  same  autocorrelation  function  Rx(y)  specified 


previously  in  Eq.  (6. 11),  namely. 


Rx(y)  =  Rx(0) 


e-2B|Y! 


(6.  23) 


where  B  is  the  bandwidth  (cps)  occupied  by  x(t).  Substitution  of  Eq,  (6.23) 
into  Eq.  (6.  22)  leads  to  the  result 


o~2«  —  —  assuming  t  >4K  and  BK  >  1 
*  2BK 


(6.  24) 
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Direct  comparison  of  Eq.  (6.  24)  with  Eq.  (6. 12)  reveals  that  the 
ef'ictive  integration  time  (T^)  is  equal  to  twice  the  R-C  circuit  tune 
constant  (2K),  that  is,  independent  of  B, 

Tj  =  2K  (6, 25) 

This  important  result  holds  in  the  time  range  t  >4K,  and  all  formulas 
involving  T,  are  valid  for  the  R-C  circuit  in  this  time  range  merely 
byreplacing  by  2K.  In  particular,  Eq,  (6. 24)  indicates  the  mean 
square  fluctuation  to  be  expected  in  z(t)  when  t  >4K. 

6.1.8  A  Test  for  Weak  Self-tjtationarity 

The  test  for  weak  self-statior.arity  to  be  developed  here  is  actually 
a  test  for  whether  or  not  a  particular  record  is  self-nonstationary  at 
some  given  level  of  significance.  The  test  is  applied  by  determining 
whether  measured  mean  square  values  fluctuate  outside  an  allowable 
range  more  than  a  defined  percentage  of  the  time.  Records  which  fail 
to  be  self-nonstationary  by  the  test  will  be  accepted  as  weakly  self¬ 
stationary. 

Let  it  be  assumed  that  the  input  record  is  weakly  self-stationary 
and  occupies  a  frequency  bandwidth  of  B  cps.  The  normalised  variance 
in  the  measurement  of  the  mean  square  value  s^  using  a  perfect  inte¬ 
grator  with  a  finite  integration  time  (equal  to  the  subrecord  sample 
length)  of  T<  seconds  is  shown  in  Eq.  (6. 12)  to  be  estimated  closely 
by 

-i  . 

Variance  =  — y  -  (6. 26) 

ac  BTt 

For  an  RC  averaging  circuit  with  time  constant  K  =  RC,  after  say  four 
or  more  time  constants  have  elapsed,  the  effective  integration  time  Tj 
is  shown  in  Eq,  i6.  25)  to  be  related  to  K  by 

Tt  =  2K  \6.  27) 
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Hence,  after  time  -  4K,  the  normalized  variance  for  an  RC  circuit 
is  given  by 


V  ariance  = 


2BK 


(6.  28) 


The  number  of  degrees  of  freedom  associated  with  a  record  of 
length  Tj(sec)  and  frequency  bandwidth  B  (cps)  is  n  =  2BT.  since  the 
record  can  be  reconstructed  from  its  samples  taken  (i/2B)  seconds 
apart  on  the  time  scale  (Ref.  flj,  p.  57).  Thus,  T.  divided  by  (l/2B) 
or  23Tj  numbers  completely  determine  a  record  which  is  Tj  seconds 
long. 

T1 

n  =  2BT  = - —  (6.  29) 

1  (1/2B) 

For  an  RC  averaging  circuit,  after  time  =  4K,  the  equivalent  number  of 
degrees  of  freedom  becomes 

n  =  4BK  (6.  30*» 


From  other  statistical  considerations  (see  Section  5.  3.  3[c]).  it  is 
known  that  for  samples  with  n  degrees  of  freedom,  the  measured  mean 
square  value  s"  and  the  true  mean  square  value  cr  aie  such  that 


(6.  31) 


follows  a  x2  distribution  with  (n  -  1)  degrees  of  freedom.  Values  of 
X^  are  tabulated  according  to  n  and  a  desired  level  of  significance  a 
(in  per*-»nt)  es  defined  by 

Prob  Jx2 >  xU]  =  a/Z  (6'  32) 

For  example,  if  a/2  =  5%  or  95%  . 
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PrcDjx2>X205j  =  .05 

Pr°bfxJ>/,,j=.95 


Hence,  a  90f«  confidence  interval  is  given  by 


Prob[x295<x2<X205l-=  -90 


In  general,  for  an  arbitrary  confidence  interval  (1  *  a).  in  percent. 


r  .  i  2  1 

Pr°b  [X1  -(o/2) <  X  *  X(o/2)J  = 


{6.  33) 


The  quantities  Xj  (a/2)  an<*  \o/2)  tbe  lower  and  upper  limits  of 

X2  in  the  desired  confidence  interval.  From  Eq.  (6.  31).  equivalent 
expressions  to  Eq.  (6.  33)  are 


in'  •  n  /. 

Prob  s2(-1-5 - j]  =  1  - 

.  \V/2)j  \Xl-(o/2)/_ 


=  l-o 


(6.  34) 


<*.  35) 


(6.  36) 


Equations  (6.  34),  (6.  35).  and  (6.  36)  are  confidence  statements 
about  the  random  variable  ns2/«r2  in  different  form*.  The  confidence 
meaning  in  each  of  these  equations  is  that  if  the  experiment  of  measur¬ 
ing  s2  is  repeated  a  large  number  of  times,  then  the  inequality  in 
question  will  be  satisfied  in  (1  -  o)  percent  of  these  cases. 

To  •■iterpret  Eq.  (6.  36),  one  would  say  that  the  range  interval 
constructed  from  a  measured  s2  by  calculating  *2(n/x2ay^j)  an^ 
s2{n/x2  will  contain  the  true  <r2  with  (1  -  o)  percent  confidence, 

that  is,  in  fl  -  o)  percent  of  the  times  that  the  teat  ia  conducted. 

2 

Similarly,  to  interpret  Eq.  (6.35),  assuming  <r  to  be  known,  one 
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would  say  that  the  measured  values  will  fail  in  the  range  shown  from 

7  7  7  7 

s  (Xj  )/n*  lo  a  (1  -  o)  percent  confidence.  Equation 

(6.  35).  rather  than  Eq.  (6.  36),  is  fundamental  to  the  later  analysis.  First, 
however,  Eq.  (6.  36)  will  be  discussed. 

Table  6.  i  below,  based  on  Eq.  {6.  36),  contains  calculated  values  of 
(n  /x2>  as  a  function  of  n  and  a,  and  thus  provides  confidence  limits  and 
intervals  for  the  true  c fro  n  measured  mean  square  values  of  s'. 

For  simplicity,  only  8 0%  and  95%  confidence  intervals  are  shown,  and 
n  is  taken  equal  only  to  2,  10  ,  20,  40  ,  60,  or  120.  Other  values  arc 
readily  available  from  general  tables.  For  large  values  of  n,  the 
X2  distribution  approaches  a  normal  distribution  with  mean  equal  to  r 
and  variance  approximately  equal  to  2n,  {see  Section  5.  3.  2). 

Table  6,  1,  Confidence  Intervals  for  True  Mean  Square  Values 


No.  of  degrees  of  freedom 

n  =  2 

m 

n  =  20 

OD 

r.  =  60 

n  =  120 

80% 

Confidence 

Lower  limit 

0.43 

0.62 

0.70 

0.77 

0.S1 

0.85 

Upper  limit 

9.48 

2.05 

1.67 

1.37 

1.29 

1.  19 

Inter-,  ai 

95% 

Confidence 

Lower  limit 

0.27 

0.49 

0.58 

0.67 

0.72 

0.79 

Interval 

Upper  limit 

39.20 

3.  07 

2.08 

1.63 

1.43 

1.  31 

Tubulated  Limit  x  Measured  Mean  Square  Value  =  Confidence  Limit 
Confidence  Interval  =  Upper  Confidence  Limit  -  Lower  Confidence  Limit 


To  illustrate  use  of  Table  6*1,  suppose  n  -  6C  for  a  particular 
record  as  computed  from  Eq.  (6.29)  or  Eq.  (6.  30),  and  suppose  the 
measured  mean  square  value  s^  =  3  volts.  Then,  the  60%  lower  and 
upper  chi-square  confidence  limits  for  <r-^  are  equal  to  (0. 8 1 )( 3)  =  2.43 
volts  and  (1.29)(3)  =  3.87  volts,  respectively,  and  one  would  state  here 
with  60%  confidence  that,  if  the  record  is  weakly  self-stationary,  then 
the  true  mean  square  value  lies  in  the  range  2.43  to  3.8?  volts.  That 
is,  in  repeated  measurements  of  the  mean  square  value,  there  is  a  con¬ 
stant  probability  of  80%  that  this  statement  about  the  location  of  the  true 
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mean  square  value  is  true,  and  a  constant  probability  of  20%  that  this 
statement  is  false. 

Table  6.  2  below  (based  on  £q.  6.  35)  contains  calculated  values 

of  (v  /n)  as  a  function  of  n  and  a,  and  thus  provides  confidence  limits 

ana  in*--rvals  for  s^  assuming  knowledge  A  the  true  mean  square  value 
* 

a  ".  Table  6.  2  and  Table  6.  1  are,  in  a  mathematical  sense,  inverse  to 
one  another. 

Table  6.  2,  Confidence  Intervals  for  Measured  Mean  Square  Values 


No.  of  degrees  of  freedom 

n  =  2 

r.  -  10 

n  =  20 

n  =  40 

1  n  =  60  j  n  s  120 

i _ _ !___ _ 

8C% 

Confidence 

Interval 

Lower  Limit 

0. 10 

0.48 

0.60 

0.73 

0.77 

0.84 

Upper  Limit 

2.  33 

1.62 

1.43 

1.30 

1.24 

*.18 

95% 

Confidence 

Interval 

Lower  Limit 

0.03 

0.  32 

0  48 

0.51 

0.67 

0.76 

Upper  Limit 

3.71 

2.04 

1.73 

1.50 

1.39 

1.27 

Tabulated  Limit  x  True  Mean  Square  Value  =  Confidence  Limit 
Confidence  interval  =  Upper  Confidence  Limit  -  Lower  Confidence  Limit 


To  illustrate  use  of  Table  6. 2,  Suppose  n  =  60  and  suppose  the 
true  mean  square  value  is  known  to  be  or"  -  j  volts.  Then  the  80%  lower 
and  upper  chi-square  confidence  limits  for  s^  are  equal  to  (0.77|3)  =  2.  31 
volts  and  (! .  24)(3)  =  3.  72  volts,  respectively.  One  would  assert  here 
that  the  following  statement  is  correct:  namely,  if  the  re-' *rd  is  weakly 
stationary,  and  if  the  experiment  is  repeated  over  and  over  again,  vl 
would  be  expected  that  S0%  of  the  measured  mean  square  value*  would 
fall  inside  the  range  2.  3i  u-  3.  72  volts.  It  follows  that  20%  of  the 
measured  mean  square  values  would  be  expected  to  fall  outside  the  range 
2.  31  to  3.  72  vt  !?s. 

In  applying  Table  6.  2  or  extensions  thereof  to  practical  problems, 

it  is  required  that  n  ar.d  <r"  be  known.  The  matin  problem  is  estimation 
■> 

of  o-**,  the  true  mean  square  value.  Since  the  expected  -'alue  over  a  set 
of  measurements  ol  gives  an  unbiased  and  consistent  estimate  of 
this  is  clearly  the  approach  to  take  to  estimate  a~^.  By  definition,  a  set 
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of  measur«:.?'.ii  of  any  quantity  is  said  to  be  unbiased  if,  independent 
of  the  number  of  degrees  of  freedom  n.  the-  expected  value  is  the  true 
value.  The  set  of  measurements  is  said  to  be  consistent  tf  the  mean 
so-  are  deviation  from  the  true  value  approaches  aero  as  n  approaches 
infinity.  Thus,  one  should  choose  for  cr^  the  average  value  s^  about 
v'hieh  the  different  measurements  oi  s*"  are  -'arying.  In  the  case  of 
an  R;  filter,  only  the  time  history  after  four  time  constants  have  elapsed 
should  be  considered  in  determining  this  avtrage  value. 

Assume  now  that  a  sample  record  of  length  T  and  bandwidth  B 
is  to  be  tested  for  weak  seif-sl  itionarity.  Thr  record  is  divided  into 
K  number  of  subrecords  of  equal  length  T.  -  (T/N)-  Then  the  number 
of  det-ict  of  freedom  for  e-*ch  subrecord  is  n  (2BT/Ni_  Estimate 
the  mean  square  value  s^  for  each  of  the  N  fubrerordt.  Establish 
a  (1  -  a)  chi-square  confidence  interval  and  an  estimated  true  mean 
square  value  <r^  tor  the  entire  record  by  the  procedures  previously 
discussed. 

If  the  sample  record  is  weakly  *  ?lf- station  ary,  it  would  be  ex¬ 
pected  that  oH  of  the  mean  square  estimate*  would  fall  outside  the 
(1  -  a)  chi-square  confidence  interval.  The  number  o&  will  hereafter 
be  called  the  ejected  number  of  violations.  Remember  that  oN  is 
only  an  expected  number  of  violations  and  for  any  given  test  for  Self 
station*  rity  on  a  weakly  seif- stationary  record.  th„  actual  number  of 
violations  q  may  be  somewhat  more  or  less  than  aN.  In  fact,  the  actual 
number  of  violations  q  will  be  distributed  in  sons  undefined  manner 
about  a  mean  of  oN.  If  it  is  assumed  that  t  >«.  undefined  ristribution  of 
q  is  symmetrical,  then  the  mean  oN  will  al,o  be  the  median,  and  q 
will  actually  be  greater  than  oN  in  30 £  of  the  time  that  the  test  is  applied 
to  self-stationary  data.  The  remaining  question  *s  hew  many  violations 
q  should  be  permitted  before  the  sample  rec  . ’-d  is  considered  scif- 
nonstatonary. 

Consider  the  test  for  self-stationunty  ax  a  sc.  of  N  experiments 
where  each  experiment  is  the  estimation  of  a  n.er.n  square  value  s?  fos 
the  ith  subrecord  formed  from  the  original  record  beirg  tested.  Each 
experiment  has  two  possible  outcomes,  the  value  of  sf  will  fall  outside 

:  7 

a  (1  -  o)  chi-square  confidence  interval  (a  failure),  or  the  value  of  s' 
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will  fall  inside  a  (I  -  a)  chi-square  confidence  interval  (a  success). 
Assuming  the  series  of  N  experiments  are  statistically  independent, 
th*  tw-u  may  o'  considered  as  a  set  of  Bernoulli  trials  (see  Section 
j_>  where  the  probability  of  a  failure  is  a  and  the  probability  e£  a 
success  is  (i  -  a).  The  resulting  random  variable  for  the  number  of 
failures  q  (violation  of  the  (I  -  o)  confidence  interval}  will  have  a 
jinsniat  probability  density  function  as  follows. 


h(q)  =  -  o)N_q 

\  nt 


<6.  37} 


The  expression  j^|  is  the  number  of  different  combinations  of  N  number 
of  experiments  taken  q  number  at  one  time. 


k: 


q.1  (K  -  q ).* 


(b.  3S) 


whert  Nl  =  N(N  -  l)(N  -  2)  (3)  (2;  (I). 

Remember  that  the  sum  of  all  probabilities  must  be  one. 


Hence. 

i  <*.»> 

Also,  the  probability  of  any  given  number  of  failures  k  can  be  estab¬ 
lished  a*  folio**: 

2  PUV  -e)N'q  =  b(l)+  b(2)  *  . . .  +b(k)  (6.40) 

q=»  \ni 

Consider  the  fol  t  ving  example.  Assume  the  sample  record  is 
divided  into  K  1 0  suu-e cords,  and  the  mean  square  value  *?  is 
estimated  for  each  of  t.-.i  ten  subrecords  formed  from  the  original  record. 
Any  chi-square  ccnfidec  :e  interval  (1  -  a)  desired  can  be  calculated  for 
the  estimates.  Since  thin  confidence  coefficient  is  of  no  direct  importance 
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to  the  present  example,  use  a  5C7*  rhi- square  confidence  interval  for 
simplicity. 


Then 


(I  -  a)  =  a  =  0.  5,  and  for  N  =  «0. 

/IC*.  c  rtfi-oi  '*0!  M.J!  /10!  1 

b{q>  s I*  j  3. 5**  0.  v  =|  |C«.S|*  '  =  (  I  — - 

\it  I q;  lq/'  iOi 


Kof. 

btq  =  !0*  -  0.001  -  bfq  :  0) 
bfq  *■  9)  =  0.015  =  bfq  =  1) 

bfq  =  *i  =  0.  044  s  bfq  -  2) 

bfq  =  7)  =  0.  1 17  =  b(q  =  i) 

bfq  =  6)  =  0.  20$  bfq  =  4) 

bfq  r  5)  i  0.  246 


It  may  be  said  that  the  probability  of  7  or  more  of  the  ten  mean 
»o»are  estimates  failing  outside  the  $07»chi -square  confidence  interval 
is  bfq  =  7  or  8  or  4  or  i0;  =  0.  1 72.  if  the  original  record  were  self¬ 
stationary.  Hence,  if  ?  or  more  of  the  ten  estimates  fall  outside  the 
50 >  chi-square  confidence  interval,  the  record  can  be  considered  as 
seif -nonstationary  a!  the  17.2 *•  level  of  significance  (Type  I  error 
=  17.  2%).  Higher  confidence  is  obtained  if  a  larger  number  of  estimates 
fall  outside  the  confidence  interval.  The  following  higher  confidence 
statements  could  be  made. 

A.  If  8  or  more  of  the  ten  estimates  fail  outside  the  50J. 
confidence  interval,  it  may  be  said  with  94.  5^  confidence 
that  the  record  is  self-nonstationary. 

B.  If  9  or  more  of  the  ten  estimates  fall  outside  the  50{i 
confidence  interval,  it  may  be  said  with  99 7*  confidtrce 
that  the  recore  is  sclf-nonstationary. 

C.  If  all  10  of  the  estimates  fall  outside  the  50 T*  confidence 
interval,  it  may  be  said  with  99. 9£  confidence  that  the 
record  is  self-nonstationary. 
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If  >1  is  large  a ad  a  :»  xaail,  thts  the  ciaacr'iil  diftriietioe  may 
be  approximated  by  a  Poisson  distribution  {see  Section  5.  5.  -!}.  such 
that 


Ptq)  - 


X  =  a N 


(6.41) 


Toe  expected  value  Efqj  aad  standard  deviation  <r(<j)  of  the  number  of 
failures  q  are  no*  gives  by 

£(q)  =  X  <r(q)  =  41  (6.42) 

A  further  limiting  approximation  of  the  Poisson  distribution  for  large 
1%  and  small  a  leads  to  a  normal  (Gaussian)  distribution  *i’h  the  above 
mean  and  standard  deviation. 

For  example,  suppose  N  =  250  and  o  *  6. 10.  Tbea  5  -  oX  =  25 
asd  <r  =  -15  =  5. 0.  Suppose,  to  a  first  order  of  approximation  that  a 
normal  distribution  applies.  !f  the  record  is  seif -stationary,  then  the 
probability  that  (X  ♦  tar)  -  15  or  more  of  the  250  samples  lie  outside 
the  (I  -  e)  =  90%  chi-square  confidence  interval  is  2.  5%.  Hence,  if 
this  occur*,  the  record  may  be  considered  self-nonstationary  with 
47.  confidence.  The  probability  that  (X  ♦  <rj  *  50  or  more  of  the 
samples  lie  outside  this  same  90%  chi-square  confidence  interval  is 
16 %.  For  this  case,  the  record  may  be  considered  nonstationary  with 
14$  confidence.  Fisiiiy  the  probability  that  X  -  25  or  more  of  the 
samples  lie  outside  the  90%  chi-square  confidence  interval  is  S0%, 

Host,  the  record  would  be  considered  self-nonstationary  with  onlv  50% 
confidence. 

The  seme  ideas  discussed  for  a  sample  recoro  divided  into 
discrete  subrecords  can  be  applied  to  continuous  estimates  of  mean 
square  vaiues  obtained  by  filtering  the  output  of  a  square  law  recti¬ 
fier  with  an  RC  filter  of  time  constant  K.  For  this  tare  attention  is 
directed  to  the  percentage  of  time  per  unit  time  (P^t  tl*at  the  continu¬ 
ous  mean  square  estimate  lies  outside  a  (1  -  oj  chi-square  confidence 
interval.  From  Eq.  (6.27).  the  total  number  of  experiments  will  be 
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givan  by  N  ■  (T/2K)  where  T  ia  tha  total  racord  !  ngt 
numbar  of  failuraa  q  a  P^N. 

From  tha  foragolng  discussion,  ona  might  b  tanr.  tod  to  tast 
for  self-stationarity  at  tha  lowar  self-nonstationai  /  lav  '  of  significance 
to  reduce  tha  risk  of  rejecting  self-stationary  dat>  is  h.  m*  self* 
nonstationary  (reduce  Type  I  error).  However,  i  show'  be  noted 
that  as  the  level  of  significance  for  the  test  is  dec  ‘ease*.  the 
probability  of  Type  1  error  is  reduced),  the  risk  .f  accsw  Iru/  a  record 
aa  self-stationary  when  in  fact  it  is  truly  self-no.-ctationr  v_  la  increased. 
This  risk  of  accepting  a  self- nonstationary  reco*  »  as  sell  stationary  is 
the  Type  11  error  of  the  test  (see  Section  5,  i). 

The  Type  11  error  associated  with  the  teat  or  self-t  •»•>,  *nty 
is  a  function  of  both  the  number  of  statistical  dej  rees  oi  f r  e«oM 
(n  *  ZBTj)  of  the  mean  square  estimates  for  eac  cf  the  ori  tr  *1  aub- 
records,  as  well  as  the  level  of  significance  for  he  test  (T\  ’  i  i  error!. 

A  Type  II  error  ca„  (with  some  reservations,  p  rhaps)  be  r.  c'opcd 
for  this  test  by  using  conventional  quality  contrr  procedure.  • 

cussed  in  Section  5.  5.  However,  if  the  number  ..  degrees  u  freedom 
tor  the  moan  square  estimates  is  reasonably  la.  ;e  (greater  t  say, 
n  *  20)  the  Type  II  error  should  not  be  a  seriou  problem  eve  when 
testing  at  a  level  of  significance  of  1%. 

In  conclusion,  a  specific  analytical  proci  .aire  has  been  ,  reposed 
to  establish  with  defined  confidence  whether  ot  not  a  single  vi>  *ftion 
time  history  sample  record  is  self-nonstationt  •  y.  Those  reco  *fn  not 
rejected  by  the  test  as  self-nonstationary  will  a  accepted  as  b  ir.;* 
weakly  self-stationary.  As  stated  for  the  recr  nmended  test  to  .  *r.- 
domness  (Section  6, 1.  5),  the  general  procedu  ■»  should  be  thov  tvhtv 
investigated  by  laboratory  experiments,  as  OM.ined  in  Section  r 
before  the  test  is  incorporated  into  a  standar  —  v  *  • 

Sample  records  which  are  found  to  be  self-nonst  .i  tonary  oy 
test  for  stationarity  are  transferred  to  block  8  in  Figure  6.1,  to  ie 
discussed  later.  All  other  records  will  be  considered  weakly  sell 
stationary  until  further  tests  for  normality  are  conducted,  also  to  >e 
discussed  later. 
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nv  ments  needed  to  accomplish  the  teat  for  atatlonarity 

incladr  .*  » ,  ta  filter  with  a  very  sharp  high  frequency  cutoff*  a 

av<  '.mating  device  such  as  a  true  rma  vacuum  tube  volt- 

r.v:  •:  *  . 1  ed  in  Section  7.  3*  and  a  voltage  level  recorder. 

6.  1.  9  Ar  -.i V'" .  Probability  Penalty  Analysis 

On«  .  f  fhe  1  mdamental  types  of  analysis  included  In  the  over¬ 
all  rocor  .  endec  rocedure  is  amplitude  probability  density  analysis, 
as  indie*.  I  by  b  •  ck  C  in  Figure  6.  i.  Probability  density  analysis 
has  not  fc  r  •  n  a  c  a  mon  data  analysis  procedure  in  the  past.  This  has 
been  tru  cr  two  *imary  reasons  as  follows: 

(a!  The  eat  cation  of  probability  density  for  the  instantaneous 
ilgnal  a  plitudss  at  three  or  four  times  the  rms  value  of 
the  sign  .  (at  3  or  4  or)  requires  rather  tang  sample 
records,  is  shown  in  Section  7. 5.  For  example,  an 
18.  5  mlr  •  .e  long  record  is  required  to  estimate  the  prob¬ 
ability  *  «ity  with  a  standard  error  (normalised  standard 
deviation  if  30%  at  the  4  cr  point  on  a  normal  (Gaussian) 
probablli  .  density  function. 

Engines  <  end  to  be  readily  receptive  to  the  idea  that  all 
random  t  ponses  in  nature  are  probably  distributed  in  a 
Gaussian  inner  and  that  confirmation  is  not  required. 

■  first  reasn  *  for  avoiding  probability  density  analysis  in  a 
data  v  a  iction  proc ,  -e  has  considerable  practical  support  and  poses 
&  real  oblem.  The  •  cond  reason,  however,  is  not  Justified.  Even 
if  it  c  d  be  ass''tt<*'<  sat  the  underlying  stochastic  processes  pro¬ 
ducts  *.o  structural  iponse  are  nearly  always  distributed  in  a 
Gaubi  ?•  it  manner.  th.i  v s s Sibil ity  of  nonlinear  structural  character¬ 
istic:  *  .ay  sometime'.  »  oduen  a  response  amplitude  probability  density 
funct  .>  that  deviates  v  t  ely  from  a  Gaussian  probability  density  func¬ 
tion.  'he  subject  of  no  inear  structural  response  is  reviewed  in 
JWt:.  9.5. 

.  is  recommend'’  hat  amplitude  probability  density  analysis 
no  v.  vded  early  in  the  *  er-all  procedure  for  analysing  a  sample 
rscord  for  the  following  •  ssons: 
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fa)  Ttc  estimate  of  (kc  prckuil.tf  feaiil*'  fuciiw:  of  . 
ijfspc  rt»rj  ctE  fee  «ftc  tc  test  db  rtcarf  for 
sar=«sijr  .  1st  fact  ;5a*  a  s-  r*i»r<  d»rr  cr 

ifvri  ecj  kwr  a  Gustita  fnsitir  faaaiot 

rc4tn  iar|ioriKK  »sd^;*c  *  concerning  tike  self- 
jutioExriiy  of  :bt  record  foe  ;fce  *car«w  of  ebtr 
types  of  tsflirf ts, u fcfs bfu4*'f«sf *4  is  Section  i.  I.i. 

(i)  £f  **r  pniakUkf  Inaction  of  ikt  hm^Ic 

record  I*  ex  Gasssite.  dr  e=  uieMo!  pwWWIfe  density 
fmexion  mar  fee  mc  of  tike  a»t  ioffifO  «ui«kd  re- 
Hlis  of  tfee  over-all  utlrflx  trondcrc,  {OrtlccUri;  if 
tike  primary  njfctirc  of  Jit  r-jfcyfif  is  Use  prediction  of 
I'.mlrri;  fttifac  life.  For  derails,  see  fie  rrtHe  of 
stmeteral  fatigne  presentre*  s^aJe’l.4, 

Tec  estimation  sf  amplktadc  ff«faVUt:y  density  famishes  of 
■T.tisrpSc  records  fey  anting  lecinipres  is  detailed  s*  Section  T.  S, 

*•  *-  *•  Test  for  Normality 

After  tfee  amp55»*m-  |-fr»>W':ty  4t»iir  kaclfec  of  tike  sample 
record  is  estimated,  the  record  sfeocid  fee  tested  for  os  nullity,  as 
indicated  fey  block  K  i«  Fid.  (.  1.  A  less  for  normality  will  boot  fee 
proposed. 

From  Srctioo  7.  $.  any  give*  cofidscc  istervai  {wnwitf  a 
normal  dtsirifeoiien  of  estimates)  can  fee  csiafcSIsfced  for  tfliruitf  at 
any  pot  at  se  a  prdfcifeility  density  featfsos  «rw.  jit**  tike  signal 
feaodwidtfe  E  aa£  tke  record  length  T.  Let  it  fee  assumed  that  a  sample 
record  fees  a  Cfet»l*e  am  pi  it  vie  probability  dnotty  fattitc.  Calculate 
tfee  wfper  and  lower  anrmal  cwfdtKc  ixtrrtl  limits  desired  for  tfee 
appropriate  rafsrt  of  B  and  T.  as  well  as  tfee  appropriate  amplitude 
window  (A a)  for  llt<  specific  analyser  WU<  «scd.  Floi  a  theoretical 
Ghmju  probability  density  tsuiw  with  tfee  ro^ifnee  limits  at  all 
amplitude  pdas  as  stews  £a  Fi(.  v.  J. 

It  ace  remains  to  determine  if  tfee  estimated  profeafeiltty  density 
Inaction  pfx)  of  tfee  sample  record  mil  properly  fit  a  give*  normal 
confidence  interval  as  shown  us  Fig.  i.  >.  Tfee  ^cstsoe  really  is.  wfeat 
does  a  proper  fit  convey? 

Remember  that  the  estimate  a w  is  actually  a  set  of  estimates, 
each  for  some  different  amplitude  window.  A*.  If  p(n)  is  estimated 
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over  some  amplitude  range  {x?  -  Xj),  the  total  number  of  experiments, 
N,  represented  by  different  j)(x).  will  be. 


w  - 


<x2  -  xl> 

A  x 


(6.  43) 


It  would  then  be  expected  that  aN  of  the  individual  estimates  {J(x). 
would  fall  outside  a  (1  -  a)  normal  confidence  interval.  For  example, 
if  the  amplitude  range  of  p(x)  is  (x^  -  x^)  =  8  cr,  and  the  amplitude 
window  is  A  x  =  0.1  cr,  then  N  =  80.  For  an  80%  normal  confidence 
interval  (a  =  0.20),  it  would  be  expected  that  oN  =  16  of  the  80  esti¬ 
mates  would  fall  outside  the  80%  confidence  interval.  For  a  continu¬ 
ous  probability  density  estimate  curve,  it  would  be  expected  that  the 
estimate  curve  would  be  outside  the  80%  confidence  interval  along 
20%  of  the  range  (x^  -  x^). 

The  procedure  for  establishing  a  level  of  significance  at  which 
$(x)  will  be  rejected  as  non-normal  is  precisely  the  same  as  was 
developed  for  the  test  for  self- stationer ity  in  Section  6. 1.8.  That  is, 
assume  each  of  the  N  number  of  individual  estimates  p(x).  to  be  a 
statistically  independent  experiment  with  two  possible  outcomes, 
failure  or  success.  The  resulting  random  variable  (failure  or  suc¬ 
cess)  will  have  a  binomial  distribution.  As  before,  if  N  is  large 
and  a  is  small,  the  binomial  distribution  may  be  approximated  by 
a  Poisson  distribution  or  further  approximated  in  the  limit  by  a 
normal  distribution.  Appropriate  confidence  intervals  may  be  estab¬ 
lished  as  detailed  in  Section  6. 1.8  to  reject  a  sample  record  as  being 
non-normal  at  any  desired  level  of  significance. 

Remember  that  the  above  proposed  test  for  normality  is  basically 
a  null  hypothesis  test  as  are  the  proposed  tests  fo,  randomness  ar.d 
stationarity.  It  is  hypothesized  that  the  sample  record  1«*  obtained 
from  a  vibration  time  history  with  a  normal  amplitude  probability  den¬ 
sity  function.  A.  test  is  conducted  to  see  if  there  is  strong  —as  >n  to 
believe  that  the  hypothesis  is  not  true,  and  if  so,  the  sampl  record 
is  rejected  as  non-normal  at  a  given  level  of  significance.  The  pro¬ 
posed  test  for  normality  is  then  really  a  test  for  non-normality. 
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Those  records  which  are  not  rejected  as  non-normal  are  accepted  as 
being  normal.  The  confidence  in  the  result  of  the  test  is  a  confidence 
in  a  record  being  non-normal  and  not  a  confidence  in  a  record  being 
normal. 

As  the  level  of  significance  of  the  test  is  decreased*  the  risk  of 
rejecting  records  which  are  truly  normal  as  being  non-normal  (Type  I 
error)  is  reduced.  However,  as  the  Type  I  error  is  reduced,  the  risk 
of  accepting  non-normal  records  as  being  normal  (Type  II  error)  is 
increased.  It  is  beiieved  that  the  arguments  concerning  Type  II  error 
presented  at  Jie  end  of  Section  6. 1.3  also  apply  to  the  proposed  test 
for  normality.  If  the  equivalent  number  of  degrees  of  freedom,  n, 
for  the  probability  density  function  estimate  p(x)  is,  say,  at  least  20, 
the  Type  II  error  should  be  incidental. 

Now  consider  in  more  detail  the  significance  of  the  results  of  the 
test  for  normality.  Assume  a  sample  record  is  found  to  be  normal. 
Referring  to  Section  6.  1.6,  the  record  may  now  be  considered  as 
strongly  seif- stationary  rather  than  only  weakly  self-stationary.  Further¬ 
more,  the  test  for  stationarity  is  bar-ed  upon  an  assumed  chi-square 
distribution  of  mean  square  values.  Theoretically,  the  distribution  of 
mean  square  values  is  known  to  be  a  true  chi-square  distribution  when 
the  original  amplitude  distribution  is  normal.  Hence,  if  a  sample  rec¬ 
ord  is  found  to  be  normal,  the  results  of  the  test  for  stationarity  can 
take  on  more  technical  rigor. 

One  may  wonder  why  the  test  for  normality  is  not  conducted  be¬ 
fore  the  test  for  stationarity.  The  reason  is  that  the  procedure  for 
estimating  an  amplitude  probability  density  function  from  a  sample  rec¬ 
ord,  needed  to  test  for  normality,  requires  that  the  sample  record  be 
self-stationary,  1/  one  wanted  to  be  completely  safe,  it  might  be  argued 
that  neither  the  test  for  normality  nor  the  test  for  stationarity  is  rigor- 
ousiv  valid  unless  the  sample  record  is  accepted  by  both  tests  as  being 
a;rr..'  and  self-stationary.  However,  because  of  the  Central  Limit 
Theorem  and  its  practical  consequences,  it  is  not  necessary  to  require 
that  the  original  record  be  normally  distributed  before  applying  the  test 
for  stationarity.  The  concepts  of  stationarity  and  normality  are  quite 
distinct,  and  a  stationary  random  record  may  or  may  not  be  normally 
distributed. 
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In  view  of  the  above  statement,  the  over-all  recommerded  pro¬ 
cedure  for  analysis  will  not  be  terminated  because  a  weakly  self- 
stationary  record  is  found  to  be  non-normal.  Furthermore,  the  above 
considerations  should  not  pose  a  serious  problem  unless  the  amplitude 
density  function  for  a  sample  record  deviates  drastically  from  a  normal 
distribution,  which  is  not  considered  likely.  It  should  simply  be  kept 
in  mind  that  the  confidence  in  the  test  for  stationarity  will  be  somewhat 
less  rigorous  if  the  record  is  found  to  be  non-normal.  The  same  posi¬ 
tion  will  be  taken  in  regard  ts  some  of  the  analyses  procedures  to  come, 
where  the  statistical  accuracy  is  developed  assuming  a  normal  proba¬ 
bility  density  function  for  signal  amplitudes. 

One  additional  comment  should  be  noted,  itac  test  for  normality 
describee:  here  is  applicable  to  an  analog  sample  record.  If  the  data 
is  available  in  digital  form,  the  normality  of  the  sample  record  may 
be  tested  directly  by  the  chi-squarc  goodness  of  fit  test  a c  detailed  in 
Section  5.  3.  2. 

6.1.11  Root  Mean  Square  Level  Analysis 

The  next  step  indicated  by  block  I  in  Fig.  6. 1  is  an  rms  level 
measurement.  This  step  actually  will  not  supply  any  new  or  significant 
information.  An  estimate  of  the  rms  level  of  the  record  will  auto¬ 
matically  result  from  the  amplitude  probability  density  analysis  dis¬ 
cussed  in  Section  6. 1.9,  since  the  rms  level  is  simply  the  standard 
deviation  ,\cr, '  of  the  probability  density  function.  The  rms  level  also 
will  be  yielded  by  the  power  spectrum  of  the  signal,  to  be  discussed  in 
the  next  section.  It  is  included  as  a  cardinal  step  in  the  over-all  pro¬ 
cedure  because,  in  the  past,  it  has  sometimes  been  the  only  statistic 
of  structural  response  that  was  measured  and  analyzed.  3y  itself,  the 
rms  level  of  a  sample  record  will  give  only  a  "ball  park"  idea  of  the 
intensity  of  a  vibration  environment. 

The  general  procedures  involved  in  estimating  the  rms  level 
of  a  sample  record,  however,  are  of  considerable  importance  because 
they  are  fundamental  to  the  power  spectral  density  estimation  problem. 
As  a  result,  voltmeter  estimation  of  rms  levels  of  sample  records 
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and  the  statistical  accuracy  of  such  estimates  are  discussed  in  detail 
in  Sections  7.  3  and  8.  3. 1. 

6.1.12  Power  Spectral  Density  Analysis 

Perhaps  the  most  impo:  rant  single  statistic  of  a  self-stationary 
random  vibration  time  history  record  is  the  power  spectral  density 
function.  The  power  spectrum  of  all  self-stationary  sample  records 
should  be  estimated  as  indicated  by  block  J  in  Fig.  6. 1. 

The  power  spectral  density  function  describes  the  frequency 
composition  of  toe  vibratory  response.  For  linear  systems,  the  re¬ 
sponse  power  spectrum  is  equal  to  the  input  power  spectrum  multi¬ 
plied  by  thC  square  of  the  transfer  function  (magnitude  response  func¬ 
tion)  for  the  structure.  Thus,  power  spectra  estimates  can  yield  in¬ 
formation  concerning  the  dynamic  characteristics  of  the  structure. 

The  total  area  under  the  power  spectrum  curve  is  the  mean  square 
value  of  the  response.  To  be  more  general,  the  mean  square  value 
of  the  response  in  any  frequency  range  of  concern  is  determined  by 
the  area  under  the  power  spectrum  curve  bounded  by  the  limits  of  that 
frequency  range.  Obviously,  power  spectra  data  will  be  required  for 
any  analysis  objective. 

Physical  significance  of  the  power  spectral  density  function  of 
structural  vibration  response  data  is  shown  clearly  in  Section  9  and 
elsewhere  throughout  this  report.  A  detailed  discussion  of  the  tech¬ 
niques  for  estimating  the  power  spectrum  of  a  vibration  signal  from 
a  self-stationary  sample  record,  and  the  associated  accuracy  of  such 
estimates,  is  presented  in  Sections  4.8  and  7.4. 

6.1.15  Autocorrelation  Analysis 

Other  analyses  remaining  in  the  over -all  recommended  procedure 
shown  by  Fig.  6. 1  are  considered  specialized  analyses.  This  is  to  say 
that  they  should  be  accomplished  only  when  required  by  particular  ap¬ 
plications  and  analysis  objectives. 

The  first  such  specialized  analysis  is  autocorrelation  as  indicated 
by  block  K  in  Fig.  6. 1.  The  autocorrelation  function  of  a  vibration 
time  history  is  the  inverse  Fourier  transform  of  the  power  spectral 
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density  function.  Thus,  the  determination  of  the  autocorrelation  func¬ 
tion  will  technically  not  yield  any  new  information  over  the  power 
spectrum.  However,  there  are  situations  when  the  autocorrelation 
function  will  better  define  the  information  than  will  the  power  spectral 
density  function.  An  example  is  the  case  of  detecting  periodic  com¬ 
ponents  in  an  otherwise  random  signal.  Autocorrelation  analysis  will 
quickly  identify  periodicities  that  might  be  missed  in  the  power  spectrum, 
as  discussed  in  Section  7.  6.  As  a  result,  autocorrelation  analysis 
would  be  very  valuable  in  support  of  block  Q  in  Fig.  6. 1,  to  be  dis¬ 
cussed  later. 

A  detailed  discussion  of  techniques  for  estimating  the  autocorre¬ 
lation  function  of  a  vibration  signal  from  a  self-stationary  sample  rec¬ 
ord,  and  the  associated  statistical  accuracy  of  such  estimates,  is  pre¬ 
sented  in  Section  7.  6.  The  importance  of  cross-correlation  functions 
is  shown  there  by  an  example  of  vibration  source  localization. 

6.  1. 14  Peak  Value  Distribution  Analysis 

The  next  specialized  analysis,  indicated  by  block  JL  in  Fig.  6.1. 
is  peak  value  distribution  analysis.  The  distribution  of  peak  values  in 
the  structural  response  time  history  is  of  prime  importance  if  the 
general  analysis  objective  is  the  prediction  of  structural  fatigue  life. 

The  significance  of  peak  value  distributions  in  the  problem  of  fatigue 
prediction  is  discussed  in  Section  9.4 

Peak  value  distribution  analysis  is  actually  an  extension  of  ampli¬ 
tude  probability  density  analysis  as  discussed  in  Sections  4. 9.  3  and 
6. 1.7. 

A  practical  technique  for  estimating  peak  value  distributions 
from  sample  records  is  detailed  in  Section  7.  5. 

6. 1. 15  Extreme  Value  Analysis 

Another  specialized  analysis  that  might  be  of  interest,  particularly 
for  fatigue  life  predictions,  is  an  analysis  of  extreme  values  as  indicated 
by  block  M  in  Fig.  6.  1.  A  brief  analytical  discussion  of  extreme  value 
is  presented  in  Section  4.  9.  6. 
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6.  i.  16  Threshold  Crossing  Analysis 

An  investigation  of  threshold  crossings,  as  indicated  by  block 
N  in  Fig.  6. 1,  may  be  desired  if  the  mean  time  between  arbitrary 
level  crossings  is  of  interest.  Such  information  would  be  useful,  for 
example,  in  predicting  collisions  between  a  piece  of  equipment  mounted 
on  the  structure  and  some  nearby  object.  In  a  more  general  case, 
threshold  crossing  data  could  be  used  to  design  the  optimum  spacing 
between  adjacent  pieces  of  shock  mounted  equipment  in  the  vehicle.  Of 
course,  the  vibration  time  history  data  in  this  case  would  have  to  be  an 
analog  of  displacement.  Threshold  crossing  analysis  might  also  be  of 
some  aid  in  fatigue  life  prediction. 

A  brief  analytical  discussion  of  threshold  crossings  is  presented 
in  Section  4.9.  3. 

6. 1.  17  Oscillating  Mean  Analysis  and  Other  Future  Data  Analysis 

An  "oscillating  mean"  analysis,  as  indicated  by  block  O  in  Fig. 

A  t  SC  1»  tA  rt aIm  »#.*»#  •  «r  •«»  am 
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the  subject.  The  oscillating  mean  is  defined  as  a  line  which  will  pass 
through  the  mid-point  between  each  peak  and  following  valley  of  the 
vibration  time  history  record.  It  is  believed  that  the  distribution  of 
this  oscillating  mean,  combined  with  the  distribution  of  instantaneous 
amplitudes  about  it,  will  present  an  improved  technique  for  predicting 
structure  fatigue  life.  Those  interested  in  further  details  are  referred 
to  Ref.  [?]. 

Block  P  in  Fig.  6.  1  provides  for  other  future  data  analysis,  or 
more  specialized  analysis  for  particular  applications,  which  are  not 
covered  by  procedures  already  discussed. 

6. 1, 18  Investigation  for  Periodic  Components  and  Separation  of 
Periodic  and  Nonperiodic  Data 

Let  attention  now  be  returned  to  blocks  D  and  C  in  Fig.  6.1. 
Those  sample  records  that  are  found  to  be  nonrandom  in  either  block 
are  transferred  to  block  Q  which  will  now  be  discussed. 
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The  most  common  reason  for  a  record  being  considered  non¬ 
random  by  either  visual  inspection  of  the  time  history  (Section  6. 1.  4), 
or  by  application  of  the  Run  Test  (Section  6. 1.  5),  will  undoubtedly  be 
the  presence  of  periodic  components.  If  periodic  components  are 
present,  it  may  often  be  possible  to  separate  them  from  the  random 
components  and  then  return  the  record  with  periodicities  removed  to  the 
over-alt  recommended  procedure  for  random  data. 

The  first  problem  is  the  detection  problem.  The  two  most  ef¬ 
fective  detection  procedures  have  already  been  discussed.  A  narrow 
band  spectrum  analyzer  wiil  often  reveal  periodic  components  in  a 
random  background  to  the  experienced  engineer.  The  difficulty  is  to 
distinguish  between  a  periodic  component  and  a  sharp  peak  in  the 
spectrum  caused  by  the  random  response  of  a  lightly  damped  structural 
resonance.  The  power  spectral  density  analyzer  of  block  J  in  Fig.  6. 1 
could  be  used  for  this  sort  of  investigation.  A  second  and  more  power¬ 
ful  detection  procedure  is  autocorrelation  analysis  r.f  the  record,  as 
discussed  in  Section  7 . 6. 

The  next  problem  is  the  separation  problem.  The  required 
separation  can  be  accomplished  with  high  ,,Q,,  notch  filters.  The  so- 
called  peak-notch  filters  found  in  many  random  vibration  shaker  sys¬ 
tems  in  vibration  laboratories  should  be  acceptable  for  this  application. 
Of  course,  when  a  sine  wave  is  filtered  out  of  the  record  by  a  notch 
filter,  a  narrow  frequency  band  of  the  random  component  will  also  be 
removed.  However,  if  the  MQ"  of  the  notch  filter  is  quite  high  (if  the 
bandwidth  is  very  narrow),  the  random  data  removed  will  be  incidental 
in  terms  of  the  total  broadband  random  energy  represented  in  the  record. 

After  ali  periodic  components  are  removed,  th-?  record  should  be 
returned  to  the  over-all  recommended  procedure  at  block  E  in  Fig.  6. 1, 
the  test  for  randomness.  If  the  record  is  again  rejected  as  nonrandom, 
it  should  be  discarded,  or  removed  for  special  analysis  not  covered  by 
the  present  procedures. 

6. 1. 19  Periodic  Data  Analysis 

Periodic  components  separated  from  otherwise  random  records 
in  block  Q  may  he  analyzed  separately,  as  indicated  by  block  R  in 
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Fig.  6. 1 .  Procedures  -and  techniques  associated  with  periodic  data 
analysis  are  thoroughly  covered  in  the  literature.  A  summary  of  per¬ 
tinent  mathematical  properties  o£  periodic  signals  is  presented  in 
Sections  4. 1  and  4.  2,  with  additional  physical  material  available  in 
Sections  3.  3  and  9. 1. 

6. 1. 20  Nonstationary  Data  Analysis 

Those  sample  records  that  are  found  to  be  self-sonstatiosary 
by  the  test  for  station* rity  in  block  F,  are  set  aside  for  special  con¬ 
sideration  as  indicated  by  block  S  in  Fig.  6. 1.  The  analysis  of  random 
vibration  time  history  records  which  are  self-nonstationary  is  beyond 
the  scope  of  this  report.  Considerably  more  theoretical  work  is  needed 
on  this  subject. 

6.1.21  Statistical  Errors  and  Instrument  Errors 

Errors  associated  with  the  analysis  of  a  single  vibration  time 
history  sample  record  by  the  over-all  recommended  procedure  may  be 
divided  into  two  main  categories: 

a.  statistical  estimation  errors 

b.  instrument  errors  (sometimes  called  calibration  errors) 

Statistics!  estimation  errors  associated  with  each  recommended 
analysis  technique  in  the  over-all  procedure  have  been  developed  for 
each  technique.  It  should  be  remembered  that  the  predicted  statistical 
errors  presented  are  over  and  above  the  conventions!  instrument  errors 
to  be  expected.  The  instrument  or  calibration  error  tor  each  analysis 
procedure  is.  of  course,  -  function  of  the  specific  equipment  employed, 
and  must  be  evaluated  in  terms  of  an  actual  data  reduction  instrumenta¬ 
tion  system. 

6.  2  PROCEDURE  FOR  ANALYZING  COLLECTION  OF  VIBRATION 

RECORDS 

The  preceding  section  has  presented  methods  for  analyzing  each 
individual  vibration  record  by  itself.  A  procedure  for  gathering  and 
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analyzing  statistical  properties  associated  with  a  collection  of  records 
will  be  presented  in  this  section.  Sections  6, 2. 1  through  6.  2. 5  to 
follow  discuss  theoretical  considerations  involved  in  selecting  an  ap¬ 
propriate  sampling  technique  so  as  to  reduce  the  amount  of  data  to  be 
gathered.  Section  6. 2. 6  then  displays  a  block  diagram  for  carrying 
out  this  technique  for  ftnrr?)  rituations.  The  final  Section  6. 2.  7  out¬ 
lines  a  step-by-step  procedure  for  statistical  analysis  over  the  collec¬ 
tion  of  records  which  have  been  gathered.  This  procedure  is  related 
closely  to  material  in  Sections  5  and  c,  and  the  reader  will  be  referred 
to  these  sections  for  details. 

6. 2. 1  Random  Sampling  Considerations 

It  is  the  purpose  of  this  section  to  present  one  possible  approach 
to  obtain  the  maximum  amount  of  information  from  a  minimum  amount 
of  d*t*.  Such  an  optimization  procedure  can  often  be  handled  best  by 
applying  known  statistical  methods.  To  reduce  the  quantity  of  data  that 
need  be  gathered,  and  to  avoid  the  human  influence  in  biasing  the  re¬ 
sults.  a  random  sampling  scheme  is  proposed.  Knowing  the  mean  time 
between  samples,  the  distribution  about  this  mean,  and  the  length  of 
each  sample,  quantitative  results  can  be  obtained  allowing  the  predic¬ 
tion  of  any  g  cn  vibration  level  occurring,  bow  often  a  given  level 
might  occur,  how  well  the  samples  represent  the  entire  vibration  life 
history  of  a  vehicle,  and  the  minimum  number  of  samples  required  for 
a  given  confidence  in  the  results. 

Another  reason  for  a  random  sampling  technique,  as  opposed  to 
predetermined  sampling,  is  that  if  samples  are  taken  at  predetermined 
times,  the  probability  of  recording  events  which  occu:  be¬ 
tween  samples  will  be  zero.  Random  sampling  handles  this  problem 
by  providing,  within  known  probability  and  confidence,  that  the  sam¬ 
ples  will  record  high  and  low  vibration  levels  in  the  same  proportion  as 
they  occur  in  flight. 

It  «  net  intended  that  the  random  collection  of  data,  which  is 
proposed  here,  take  the  place  of  specific  test  flights  made  to  collect 
specific  data.  Rather  it  is  to  b  used  where  it  is  desired  to  know  the 
over-all  long  range  vibration  life  history  of  flight  vehicles. 
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Since  no  single  given  mean  time  between  samples  will  fit  all 
flight  vehicles,  cr  take  into  account  the  lengths  of  different  flight 
phases  of  any  one  vehicle,  a  breakdown  is  needed  to  help  determine 
what  type  of  sampling  scheme  would  apply  to  a  particular  vehicle, 
and/or  each  flight  phase  of  the  vehicle.  Prime  concern  is  the  dura' 
tion  of  each  flight  phase  and  the  frequencies  most  likely  to  be  present 
during  each  phase,  A  summary  of  this  information  is  shows  in 
Table  3. 1  of  Section  3. 2.  It  is  realized  that  not  every  particular 
flight  vehicle  will  fit  exactly  into  one  of  the  four  categories  shewn 
in  Table  3.  >.  This  breakdown  just  serves  a  qualitative  purpose  to 
indicate  some  of  the  relative  length*  of  flights  and  flight  phases  to 
help  decide  the  number  of  samples  to  be  taken  and  their  time  dura¬ 
tion. 

Some  of  the  additional  factors  that  mat  be  considered  are: 

1 .  End  use  of  data  (analysis  objective}. 

2.  Frequency  range  and  dynamic  ranee  of  telemetry  and 
recording  equipment  available. 

3.  Frequency  range  of  the  vibration  to  be  measured. 

4.  Length  of  recording  time  and  number  of  channels  that 
are  available. 

5.  Before  deciding  to  use  a  random  sampling  technique,  at 
has  to  be  determined  if  the  savings  in  the  amount  of  data 
and  data  reduction  lime  are  greater  than  the  weight  penalty 
and  expense  of  equipment  required  to  accomplish  random 
sampling. 

Some  of  the  equipment  {mentioned  in  item  5  above)  needed  to 
accomplish  random  sampling,  would  be  a  random  noise  source  to  trip 
a  relay  at  random  time  intervals  to  actuate  telemetering  or  recording 
equipment.  If  it  is  required  to  know  exactly  when  during  the  flight 
each  random  record  was  taken,  a  Tim  e-of -Occurrence -Marker  should 
also  be  used. 

Random  noise  sources,  for  example,  are  made  by  the  General 
Radio  Co. ,  West  Concord.  Massachusetts,  Automation  Laboratories, 
Inc.,  Westbury,  I*.  I. .  H.  Y.  and  others,  while  Tinte-of -Occurrence- 
Marker*  are  made  by  the  Applied  Science  Corp. ,  Princeton,  New  Jersey. 
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Other  companies  worki.r^  £s  this  area  are  B  kK  Instruments,  Cleveland, 
Ohic-,  Flcr  Corp. ,  Arlington,  Massachusetts,  Panoramic  Radio  Products, 
me..  Meant  Vernon,  Kew  York,  and  many  others. 

Moreover,  everyday  smaller  and  lighter  telemetering  equipment 
becomes  available  and  possibly  by  combining  several  of  the  above  items 
into  a  single  random-sam|uing-te!emeteriag  ssit,  no  weight  penalty  at 
all  may  be  involved. 

For  reasons  of  simplicity  both  in  instrumentation  and  in  later 
statistical  analysis,  it  if  recommended  that  sample  lengths  be  of  fixed 
deration,  and  only  the  time  interval  between  samples  should  he  random. 
Prior  knowledge  of  the  sample  length,  and  of  the  frequency  range  be¬ 
ing  recorded,  enables  one  to  make  valid  statistical  estimates  aboet  the 
accuracy  of  various  measurements  of  interest,  such  as  tmr  spectrum 
measurements  cr  probability  density  measurements,  as  discussed  in 
Section  6. 1.  On  the  practical  side,  instrumentation  proVcnt  of  re¬ 
cording  such  data  appears  easier  if  it  is  decided  in  advance  that  each 
sample  length  should  be  of  a  certain  definite  duration. 


6.2.2  Probability  of  Missing  Particular  Events 

The  first  problem  of  concern  is  that,  if  data  is  not  recorded  con¬ 
tinuously.  certain  important  unexpected  events  might  be  missed.  There¬ 
fore,  the  probability  of  missing  unexpected  events  should  he  known  or 
estimated.  This  is  best  illustrated  by  an  example.  Let 

e  s  length  of  unexpected  event  in  seconds 
T  -  length  of  each  sample  in  seconds 

and  b-  mean  time  between  samples  in  seconds  (measured 
from  center  to  center) 


Figure  6. 4.  example  of  Random  Sampling 


time 
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Figure  *«  4  $kow*  oec  possible  ttfieacc,  given  that  e  will  occvr 
once  ;1*.  rasdon/  daring  tine  L.  .  Toe  ’"average"  pr?a»!i;iitjr  (since 
is  also  an  average)  of  missing  all  parts  of  event  e  is  tktn 

_  L  - 1  T=  cj  T  +  * 

P (missing  e)  = - - =  I - — —  (6. 44) 

JL-  t 


assuming  e > 0  and  T  *e<  L>  . 

To  illustrate  Ef.  (6.44).  cor. rider  the  limiting  cane  as  e  ap¬ 
proaches  aero.  For  e  =  0.  from  Eq.  (6,44). 

_  L  T 

F  (missing  e  =  0)  *  — — - 

X. 


Xow,  if  L  *  2T.  one  ohruk e> 


P  (missing  e  *  •)  *  — 

2 


which  agrees  with  the  ohstrvation  that  there  is  an  average  probability 
of  (1/2)  of  missing  unexpected  events  of  infinitesimal  aiae  if  the  mean 
time  k*ivtt4  samples  is  twice  the  sample  length. 

Eqnatiou  (6.44)  does  not  apply  to  sitrtiow  of  predetermined 
fixed  sample  lengths  and  fixed  times  between  samples.  For  prede¬ 
termined  fixed  sampling  techniques. 


Prob  (missing  e) 


f  0  if 
U  * 


s  cccers  inside  sample  length 
e  occors  onsside  sample  length 


Similarly,  all  farther  remarks  da  not  apply  to  these  fixed  cases. 


For  random  sampling  techniques,  from  Eg.  (6. 44),  the  average 
probability  of  recording  any  part  of  the  event  e  is 


7 (recording 


-Xi«Ux± 


(6.45) 
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For  example,  if  L  :  IOC  ttco&if,  T  =  5  secoa d*.  aas4  e  "  !C  sec- 


CS^i 


P  Irtcor4*(  c)  =  ■-  ■*  - ?  =  0.  15 

too 


t. ,  there  is  2  !5  percent  probability  Ets  the  average)  that  any  part 
of  e  miii  be  reeordeJ  if  dts  fispic  icafth  n  5  sccaafe,  the  ateaa  lime 
•etwees  f ingles  is  IN  eeoaif  ui  the  length  «f  the  raalm  treat  is 
It  setoeft.  This  «wM  appear  to  he  gate  lew,  Htatm,  if  e  doc* 
•ccsr  oeir  oae:.  it  might  set  he  of  very  great  interest  asyety.  Tet  if 
e  welt  tear,  far  tximpie.  It  :uc«^  itritf  a  1999  tecacf  imerral. 
a  anadi  higher  prebahiiity  ewM  he  regiref  aaf,  is  fact,  exist. 

Using  the  same  valves  far  e,  T,  a mi  £  as  above  the  average  prob 
>^ls*v-  pf  rcc;r£^;  »y  part  «f  c  at  least  oace  is  a*e 


P  {recordi eg  e) 


1,.^) 


Iv 


I* 

| 

* 


*  I  • 


The  relationship#  shore  apply  to  the  probability  of  recording 
part  of  e“.  the  !c*g:k  of  which  coeld  he  ialtaiteamaiiy  small. 

It  weald  he  more  satisfactory  to  kwe  "What  Is  probability  of  record* 


lag  at  least  1  second  of  a  19  s 

econd  event T* 

portion  of  c  to  he  recorded! 

Epatit*  (4.45 

*T*ram*  *r<c 

_  .  r 

T  *•  (e  -  ej 

Pi recording  atj  ■-  I  -Si 

r 

\U**  *r  1  l 

L 

T*{*  *«p 


sabiect  to  the  assumptions  that  e  >  C-  sad  T  *  *4t  I»  -  i*  deriving 
Eg.  (4.  4*1,  the  probability  of  recording  at  leas!  ef  is  obtained  from 
the  probability  of  missing  at  most  (t  -  'f!  the  asm  of  these  :*» 
probabilities  being  vasty.  For  the  example  values  L  *  IN  sec. , 

T  a  $  sec. ,  et  IS  sec. ,  aad  s  I  set. ,  the  result  would  become 
P  s 0. 14. 
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»C odaag  hu  W«  nU  so  fw  ahoot  Ike  prafatilky  Entity  «f 
tiatw  «inyfet  txctf.  ‘Jsu  To.nt  sort  of  r«U*m  fewriWtioa 
si  saytiri.  if  this  d-sirifcsisi  is  Vm  w  ibca  a  coalideace  lerel  cm 
Se  t«ttWitls<  for  the  fra'ofciky  of  nc«rfu|  c.  A mm  the  liott 
ktsiit  aofttf  a  aormal  dcority  mbm  «kk  a  he— «  tuaiuf 
drriaciM  of  «-  (as  ftitn&iatf  it  afrttcc  far  a  partscal ar  piece  of 
retsrfej  cfupet^J,  this  dc  prthahiiky  of  oilrig  e  will  wore  a 


it-  irj  -|T *  cj 

E-x*- 


<P{wUiw  e}<- 


(L*he1  -«T*«S 


L*he* 


where  X  is  the  mehtr  of  ritrftrf  ftriniM  rtfcrif  far  t{ti« 
cosfidtecc.  la  particular,  far  T>  perceat  cwfifuct  with  a  ..oi.aal 

"■cwfihacf  sbeold  W  use aj pined  here  by  the  awe  ret  that  if  a 
awrie*  «f  iwcaserameats  are  made  aaf  the  tnhililftitt  fmtsiatt, 
thee  9S£  of  these  probabilities  will  He  aa  the  raage  oppressed  hy 
E9  (*-4?l_ 

sputiwt  (4.4TJ  cm  also  he  writus 

5 - 1-*-  <P  (atUsiaf  *}<  « - T*S 

E  -  X«r  1,  ♦  Xo- 


Hits,  the  probability  of  recoi  wag  ter  part  of  e  win  hare  the  raafe 

J**  <P(rerardiof  t{<  _T*  *  (i.4« 

L*ir  JL  -  Xo" 


the  prabthUity  of  rrcoHiaf  u  least 
e  «U1  hare  the  raag e  |btt  by 


lims  iatenral  of  aa 


M* 


E»Xv 


V<pf« 

—  <P1 1««  *r 


ti  T*(«**J 

}< — - — Z 

I  L  -  X«“ 


(44t) 


ASH  TJt  tt-lfj 


a*4b 


For  example,  if  L  is  normally  distributed  with  o~=  5  sec. , 
and  E  =  100  sec. ,  T  =  5  sec. ,  e  =  10  sec. ,  =  1  sec. ,  then  for 

X  =  2,  it  can  be  said  with  95  percent  confidence  that  the  probability 
of  recording  at  least  one  seccnd  of  the  unexpected  event  e,  wili  have 
the  range 

5  +  (10  -  1)  p  /  recording  atj  5  +  (10  -  1) 

100  +  10  l  er  j  100  _  lQ 


If  ten  such  unexpected  events  should  occur  during  a  period  of 
1000  seconds,  then  the  probability  of  recording  at  least  i  second  of 
one  of  the  events,  with  the  ether  parameters  the  same  as  above,  will 
be 


5  *  (10  -  1) 


100  +  10  J 


10 


<P 


/  recording  at  I  f, 
|  least  er  once j 


S  +  liQ  ~ 

100  -  10  J 


10 


0. 742  <  P 


recording  at 

least  e  once 
r 


<0.813 


with  95  percent  confidence. 

From  the  equations  above,  the  sample  length  and  mean  time  be¬ 
tween  samples  can  now  be  determined  for  a  given  confidence  in  a  known 
risk  of  missing  unexpected  severe  vibration  levels  of  arbitrary  lengths  e. 
Of  course  a  qualitative  evaluation  still  has  to  be  made  as  to  what  con¬ 
stitutes  a  ''risk, "  i.  e. ,  how  high  should  the  vibration  level  be  and  how 
long  should  it  last  before  it  is  considered  of  importance  to  know  the 
probability  of  missing  it. 

6.2.3  Probability  of  Including  Range  of  Events 

Another  criteria  that  determines  sample  length  and  mean  time 
between  samples  is  the  total  number  of  samples  required  for  a  given 
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confidence  to  predict  the  total  vibration  life  history  from  these  sam¬ 
ples.  namely,  the  total  range  of  possible  events.  This  can  oest  be 
illustrated  by  approaching  the  problem  in  reverse,  i.  e. ,  given  a 
number  of  samples,  what  can  be  said  of  their  accuracy  in  represent¬ 
ing  the  continuous  process  from  which  they  were  taken. 

For  example,  suppose  50  samples,  each  5-seconds  long,  are 
available  which  have  been  taken  at  random  times.  Many  parameters 
may  be  calculated  from  these  samples  involving  amplitude  or  fre¬ 
quency  properties.  For  purposes  of  illustration  here,  consider  only 
one  such  parameter.  To  be  definite,  suppose  the  rms  acceleration 
for  each  5  second  sample  is  calculated.  A  single  number,  g's  rms, 
now  represents  each  of  these  samples  and  can  be  plotted  vs.  time 
as  shown  in  Fig.  6.  5. 


g  (in  g's  rms) 


maximum  value 


mean  value 


minimum  value 


A  50  DATA  POINTS 


X 

’xx 

X  X  x 

(N  =  50) 

-X 

X 

X  X 

*x  -  itV  * 

X  X  x 

X  X  « 

X  X 

X 

_v 

s —  Duration  of  Total  Flight  or  Flight  Phase-*! 

Figure  6.  5.  Example  of  Range  of  Events 


(It  should  be  noted  that  the  division  of  the  time  axis  may  be  arbitrary. 
It  is  assumed  here  that  the  real  time  relationship  is  to  be  maintained 
since  it  may  be  of  interest  to  know  which  particular  sample  point  is 
taken  during  any  given  flight  maneuver. ) 
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The  minimum  and  maximum  values  can  be  noted  from  Fig.  6.  5, 
and  the  mean  value  and  standard  deviation  can  be  calculated  without 
knowing  anything  about  the  distribution  of  these  points.  Let  m  be 
the  mean  value  and  s  the  standard  deviation  from  the  mean,  then 


i  N 
N  i=l 


(6.  50) 


(6.  51) 


(6  52) 


Several  conclusions  can  now  be  drawn  from  Fig.  6.  5  if  the  various 
values  are  statistically  independent.  This  assumption  appears  reason¬ 
able  in  nearly  all  physical  applications,  provided  that  the  autocorrela¬ 
tion  function  of  the  process  that  is  being  sampled  is  zero  for  time  de¬ 
lays  equal  to  the  mean  time  £  between  samples. 

It  has  been  shown  (Ref.  [ij,  pp.  201-204)  that  a  stationary  ex¬ 
ponential-cosine  autocorrelation  function  R^(t)  (see  Fig.  6.7)  applies 
to  a  common  power  spectrum  as  shown  in  Fig,  6. 6.  As  long  as 

S  (f)  — ►  0  as  f  — *•  oo  where  f  is  frequency,  then  R  (r)  — *  0  as  r  — *  cd. 

8  © 

(For  the  vibration  environment  in  missiles  and  aircraft  the  spectral 

density  is  approximately  zero  above  10,000  cps  and  often  is  considered 


Figure  6. 6.  Common  Power  Figure  6.7.  Exponential -Cosine 

Spectrum  Autocorrelation  Function 
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For  the  particular  case  of  a  fist  {bandwidth -limited)  power  spec¬ 
trum  (Fig.  6. 8)  the  Sampling  Theorem  (Ref.  [l],  pp.  55-60)  shows  that 


Sg(f) 


4 


o 


B 


Figure  6. 8.  Flat  Power  Spectrum 


i 


the  first  zero  crossing  of  R  (r)  occurs  at  r  =  (l/2B),  where  B  is  the 
bandwidth  of  S^(f).  It  can  now  be  stated,  that  as  long  as  L  >{l/2B), 
the  rms  accelerations  in  Fig.  6.  5  are  approximately  independent,  with 
the  approximation  rapidly  becoming  better  as  L  -*•  oo.  It  can  be  seen 
this  is  really  no  limitation  at  all  on  L  since  for  B  =  2000  cps,  L  * 

(1/4000)  =  0.00025  seconds. 

A  more  stringent  limitation  is  that  E  should  be  at  least  as  long 
as  the  period  of  the  lowest  frequency  of  interest.  If  the  lowest  frequency 
of  interest  is  5  cps,  then  I,  should  be  at  least  0.  2  seconds  long  to  as¬ 
sume  statistical  independence.  Again,  this  criteria  can  usually  be  met 
but  should  be  kept  in  mind  as  one  of  the  limitations  on  E  .  The  lowest 
frequency  of  interest  is  also  a  consideration  when  determining  the 
sample  length  T. 

Another  assumption  that  is  usually  made  is  that  the  statistical 
parameters  of  the  random  process  (i.  e.  ,  vibrations)  do  not  change  with 
time.  This  is  another  way  of  saying  that  the  process  should  be  stationary. 

This  assumption  will  usually  not  be  valid  for  an  entire  flight  and 
therefore  the  flight  will  have  to  be  broken  up  into  several  periods,  each 
of  which  may  be  reasonably  assumed  stationary.  Probably  few  random  proc¬ 
esses  of  interest  in  the  physical  world  arc  truly  stationary.  However, 
the  assumption  still  provides  a  useful  and  simple  model  which  can  give 
results  in  good  agreement  with  experiments. 
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The  ergodic  property  is  also  quite  often  of  concern.  If  it  is  only 
required  to  know  how  well  the  samples  represent  the  one  single  f?ight 
from  which  they  were  taken,  ergodicity  does  not  enter  the  picture  at 
all.  It  only  becomes  a  problem  if  it  is  required  to  know  how  well  these 
samples  represent  flights  to  be  made  in  the  future,  or  other  flights 
from  which  no  samples  are  available. 

For  example,  samples  taken  during  the  cruise  phase  may  or  may 
not  represent  the  environment  of  another  aircraft  during  cruise.  This 
will  only  be  true  if  the  cruise  phase  was  made  under  "similar"  condi¬ 
tions  (i. e. ,  weather,  throttle  setting,  pay-load,  etc.).  The  word 
"similar"  also  implies  that  there  are  certain  random  variations  which 
cannot  be  controlled.  Therefore,  more  than  one  flight  should  be  made 
so  that  the  random  variations  can  be  taken  into  account. 

1.  One-Sided  Test.  As  mentioned  above,  it  is  assumed  that  the 
distribution  of  these  rms  values  is  not  known.  The  proportion  of  the 
population  (the  number  of  rms  accelerations  for  all  5-second  intervals 
yuasible  during  ihe  flight,  i.e. ,  for  a  i  hour  flight  there  are  ?2U  live- 
second  intervals)  occurring  below  the  maximum  sample  value  can  be 
calculated  with  a  known  confidence  from  the  formula  (Ref.  [2],  pp.  162-163), 

(P)N  =  <r  (6.  53) 


where 


P  =  proportion  of  population 
1  -  a  =  confidence  coefficient 
N  =  sample  size. 

For  example  from  Fig.  6.  5,  N  =  50;  therefore  it  can  be  said  with  (1  -  a) 
percent  confidence  that  100  P  percent  of  the  population  will  be  less  than 
the  maximum  value  shown  in  Fig.  6.  5.  If  the  maximum  value  is  for 
example,9  g's.and  92  percent  confidence  is  desired  then 

(P)50  =  0.08 
P  =  0.95 
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2nd  it  can  fee  said  with  92  perce.it  confluence  that  95  percent  of  all 
rms  accelerations  {of  5- second  duration)  for  the  entire  flight  will  be 
less  than  9  g's  if  50  samples  are  taken.  See  Fig.  6. 9. 

2.  Two-Sided  Test  {Maximum  and  Minimum  Value).  If  it  is  re¬ 
quired  to  know  what  proportion  of  the  population  will  be  between  the 
maximum  and  minimum  sample  values  recorded,  the  relationship  be¬ 
comes  (Ref.  [2],  pp.  162-163), 

NPN'l-(N-l  )PN=o  (6.54) 

where  N,  P,  and  a  are  defined  as  before.  If  for  example  the  maximum 
value  in  Fig.  6.  5  is  9  g's  and  the  minimum  i  g  then  for  a  =  0. 28  and 
N  =  50 

49  50 

50{P)”  -  49{P)  =  0. 28 

and  the  solution  for  P  is 

P  =0.95 

Thus,  it  can  be  said  here  with  72  percent  confidence  that  95  percent 
of  all  rms  accelerations  (of  5-sscond  duration)  for  the  entire  flight 
or  flight  phase  under  consideration  will  be  between  1  and  9  g's.  To 
consider  another  example,  for  P  =■  0.90,  N  =  50  it  can  be  said  with 
96.6  percent  confidence  that  90  percent  of  all  rms  accelerations  will 
be  between  1  and  9  g's,  since  a  turns  out  to  be  equal  to  0.034. 

For  Eq.  (6.  53)  and  (6.  54),  a  and  (1  -  a)  have  been  plotted 
against  N  for  various  values  of  P  in  Fig.  6.9  and  6. 10  respectively. 
These  curves  clearly  show  that  very  little  additional  confidence  is 
gained  by  taking  a  continuous  record,  no  matter  how  long,  rather  than 
approximately  50  samples,  if  P  =  0.9. 

The  assumption  is  made  here  that  the  population  (all  possible 
5- second  samples  during  a  flight  or  flight  phase,  i.  e. ,  a  continuous 
record)  is  infinite.  This  assumption  is  generally  considered  valid  if 
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Sided  Tent 
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SAMPLE  SIZE 


the  population  is  at  least  ten  limes  as  large  as  the  number  of  samples 
taken.  Yet,  for  instance,  five  5-second  samples  may  have  been  taken 
during  a  flight  phase  which  is  only  one  minute  long.  In  this  case  the 
population  is  only  twelve  and  Eq,  (6.  53)  and  (6.  54)  do  not  apply.  In 
this  case  Eq.  (6. 44)  through  {6. 49)  should  be  used  to  determine  the 
probability  of  missing  unexpectedly  high  vibration  levels.  This  is  also 
illustrated  in  Section  6. 2. 4,  where  numerical  examples  are  considered. 

3.  Two -Sided  Test  (Arbitrary  Values).  It  may  also  be  of  inter¬ 
est  to  know  the  probability  of  the  population  occurring  between  m  -  Xs 
and  m  +  Xs,  i.e. ,  if  the  mean  of  the  sample  in  Fig.  6.  5  is  5  g*s  and  the 
standard  deviation  s  =  1  g,  what  is  the  probability  of  the  population 
occurring  between  3  and  7  g‘s  {X  =  2)?  For  *  >  i,  the  Tchebycheff 
inequality  (Ref.  [lj.  p.  102  or  Ref.  [l0],  pp.  176-177)  can  be  applied, 
and 


P[p  -  Xc-<  g  <  p  -«■  X<r*]>l  --4  {(•  “>5) 

1  *  X** 

where  p  is  the  true  population  mean,  and  or  the  true  population  variance. 

Before  using  the  inequality  (6.  55).  p  has  to  be  evaluated.  If  E (m) 
is  the  expected  value  of  the  sample  mean  then 

E{m)  =  p  (6.  56) 

This  cannot  be  evaluated  directly,  but  the  distribution  ef  ~.  can  be 
found  and  therefore  the  range  of  E(m)  will  be  known  since  the  distribu¬ 
tion  of  m,  from  the  Central  Limit  Theorem  (see  Section  4.  3.  3(b)),  will 
approach  the  norma!  distribution  as  the  number  of  samples,  N,  approach 
infinity.  It  would  appear  that  a  large  number  of  samples  would  be  re¬ 
quired.  However  it  has  been  shown  thnt  even  with  N  =  10  or  12.  a  very 
good  approximation  to  normality  is  obtained  (Ref.  [3],  p.  138  and 
P.=f.  [10].  pp.  180-183).  The  variance  of  the  distribution  of  the  sample 
mean  is  given  by  (see  Eq.  (5.  33)), 

,  2 

<r“  *  (6.  57) 
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Now  the  problem  arises  of  determining  <r  .  the  variance  of  the 
population.  About  ail  that  can  be  said,  >?  that  the  expected  value  of 
the  sample  variance,  E(s^)  is  equal  to  j{N  -  Thereiore  for 

samples  larger  than  10,  E(s^) —  o-“.  To  find  the  distribution  of  s^, 
or  even  the  higher  moments  such  as  the  standard  deviation,  is  very 
difficult  and  is  discussed  in  Ref.  [ill,  pp.  113-133.  However,  since 
the  population  is  not  infinite,  it  can  be  stated  intuitively  that  the  stand¬ 
ard  deviation  of  s  will  decrease  with  an  increase  is  sample  size. 

For  purposes  of  simplicity  it  will  now  be  assumed  that  <r^  =  ,  but 

it  should  be  kept  in  mind  that  s^  is  a  ran  dor.-  variable  and  not  precisely 


From  Eq.  {6.  st)  with  (r  =  j.  and  ietting  N  =  50  as  in  Fig.  6.  5, 


sr  - 
m 


/n  ]fso 


?  0.14 


Therefore,  assuming  normality,  if  the  sample  mean  value  m  =  5  g's. 
the  probability  of  ici  true  population  mean  p  lying  between  4. 72  and 
5.28  g*s  (+  2 o-l  is  0.95. 

Again  the  above  estimates  of  the  population  mean  and  population 
variance  are  only  valid  for  as  infinite  population.  As  previously  stated 
this  assumption  is  considered  valid  if  the  population  is  at  least  ten 
times  the  sample  size. 

If  the  population  is  smaller  than  this,  the  estimate  of  the  popula¬ 
tion  variance  becomes  (see  Ref.  [4j.  pp.  253-254). 


— 1(— 
m  / In  - 1 


(6.58* 


where  M  is  the  size  of  the  population  and  N  the  number  of  samples. 
The  standard  deviation  of  the  distribution  of  the  sample  mean  becomes 


cr  =  s 
m 


U  -  l 


\um  -  d 


(6.  59) 


ASD  TR  61-123 


6-56 
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Now  the  problem  iriits  of  determining  <r",  the  variance  of  the 
population.  About  a!!  that  can  be  said,  is  that  the  expected  value  of 

the  sampte  variance.  E{s^}  is  esaai  tc  f[N  -  i)/Hj«r^.  Therefore  for 

2.  "  2  1  J  2 

samples  larger  than  is,  E(s  j„<r  .  Tc  find  the  distribution  of  s  . 

or  even  the  higher  moments  such  as  the  standard  deviation,  is  very 
difficult  and  is  discussed  is  Ref.  £lij,  PP-  113-138.  However,  since 
the  population  is  not  infinite,  it  can  be  stated  intuitively  that  the  stand¬ 
ard  deviation  of  s^  will  decrease  with  an  increase  in  sample  size. 

For  purposes  of  simplicity  it  will  sow  be  assumed  that  cr*~  -  s^,  hut 
it  should  be  kept  is  nine  that  >e  a  rarsocsn  variable  and  saot  precisely 
knows. 

From  Eg.  (6.  57)  with  <r*  =  s,  and  letting  N  =  50  as  in  Fig.  6.  5. 


0.14 


Therefore,  assuming  normality,  if  the  sample  mean  value  m  =  St's, 
the  probability  of  the  true  population  mean  y  lying  between  4. 72  and 
5. 28  j*s  (-*■  2o~)  is  0. 95. 

Again  the  above  estimates  of  the  population  mean  and  population 
variance  are  only  valid  for  an  infinite  population.  A»  previously  stated 
this  assumption  is  considered  valid  if  the  population  is  at  least  tee 
times  the  sample  size. 

If  the  population  is  smaller  than  this,  the  estimate  of  the  popula¬ 
tion  variance  becomes  (see  Ref.  [4j.  pp.  253-254). 


(6.58) 


where  M  is  the  size  of  the  popuIt£ion  and  N  the  number  of  lanplct. 
The  standard  deviation  of  the  distribution  of  the  sample  mean  becomes 


<r_  =  *  ~ --  —  (6.  59) 

\jM(N  -  1) 
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It  can  be  seen  that  for  large  «  and  N,  aitfc  X «  M.  Eq.  (6.  59) 
approaches  Eq.  {6.  37). 

A -cl her  complication  arises  sje,  which  is,  that  the  sample  mean 
is  not  norm  ally  distributed.  However,  the  assemptinn  of  normality 
will  only  introduce  a  small  error  since  the  Tehebycheff  ir.t<pul:tr  is 
a  very  conservative  estimate  regardless  of  ute  nature  of  the  distribu¬ 
tion. 

Applying  these  results  to  Eq.  (6.  55/  it  can  be  stated  with  a  given 
confidence  that  the  probability  of  rat  acceleration  values  (g)  occurring 
in  a  given  range  is  by  letting  <r  =  %.  p.  =  m  -e-  Cor  a~  =  ar^  tad 

p.  =  m  -s-  dependisM*  on  popsialws  size)  and  X  >  £ 

pfjm  -  X'c-  )*  Xs<g< fas  Xe<r  i  *Xs]  >!_--%  (e. iO} 

t  !t>  IS  j  ,i 

where  X’  is  the  namber  of  a*^1#  required  for  a  given  coelidecce. 

For  example  if  m  =  5.  s  s  1.  r  =0. 14.  X  =  2.  and  X*  =  2 

Hi 

P[2.72<g<7.2*]>!  -  is  0.75 
1  1  4 

i.  e. ,  the  probability  of  an  rms  acceleration  (of  5-second  duration) 
occurring  between  2. 72  and  7. 28  g:s  during  the  entire  flight  is  greater 
than  0.75  or  the  probability  of  the  population  being  greater  than  7. 2$ 
g's  or  less  than  2.72  ;’s  is  less  than  G.  25.  with  a  95  percent  confidence. 

This  probability  can  be  improved  considerably  if  certain  assump¬ 
tions  can  be  made  about  the  distribution  of  g.  namely  if 

a.  The  probability  density  function  fig)  of  the  statistic  g  is 
unimodal  with  the  modal  value  coinciding  with  the  mean: 
and 

b.  The  function  ifg)  is  monotonic  on  cither  side  of  the  modal 
value. 

Then  the  Camp-Meidell  inequality  applies  (see  Ref.  [3p,  which  is 

Pffp  -  Vtr)  <  g  <  Cp  *  x<r) ]  >  I - l—r  (6.  6l) 

1  J  2. 25\*" 
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P|2_72<g<7.2*|>0.*f 

The  asnrapcioef  mus fe  here  are  fsise  important.  If.  for  iBfUace, 
tie  sample  poiau  bad  bees  dinrshsted  as  assent  u>  Fif.  fc.  1 1.  the  profc- 
abiSitf  d*»iiy  fssrtioe  £?g)  wostSd  sol  be  ucimod al  {  see  Fi|.  6. 12}  ud 
Eg.  {4. 71}  dots  sot  apply.  It  also  shosld  be  noted  that  the  sitsssptioc 
of  statiosarity  nosld  require  special  investigation.  Ssth  a  bimcdal 
dUtribstios  might  retslt  from  a  change  in  flight  phase.  «sds  as  chang¬ 
ing  from  tajd  to  rss-sp. 

As  edditiosi!  increase  of  this  probability  cas  be  ehuked  if  the 
assumption  is  made  that  $  is  distributed  normally.  Of  course  this 
distribution  cas  sever  be  truly  normal  since  g  >0  and  normality  re¬ 
quires  -  oo  <f  <oo.  However,  this  assumption  may  be  quite  good  is 
the  region  of  interest  gi.e..  m  *3s).  Two  tests  to  determine  the  error 
of  as  assumption  of  normality  are  available  sse  are  discussed  is  Sec¬ 
tions  5.  3,  Z  and  6. 1.  *0  of  this  report. 
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If  the  region  of  interest  is  m  *  3s  the  first  requirement  that 
should  be  met  for  a  normality  assumption  is 

m  -  3s  >  0  (6. 63) 


If  subsequently  it  has  been  shown  that  the  approximation  of  normality 
is  good  the  following  relationship  applies  (Ref.  [ij,  pp.  93-96),  see 
Section  4.  3.  3(b), 

,2 


Pfg>p  +  \o~]  =  P  — l— 

1  vJp+Vor  cry 2ir 


(g-H) 

2cr  , 
e  dg 


(6. 64) 


■X 


00  1  2<r2  , 

e  dx 


\<T  (rjzir 


by  letting  x  =  g  -  p,  dx  =  dg.  Similarly, 


P[g<»i  ‘  >>o“]  =  ^ 


'Xa~  1  2<r2  . 

e  dx 

oo  cr 


(6.65) 


and  therefore 


P|V  *  X.<T"<g<  p  +  \<rj  =  ^ 


e  dx  (6.66) 


\a~  <r\fzv 


is  the  general  equation  desired. 


Making  the  previous  substitution  <r  =  s  and  p  =  m  +\  'er  (or 
<r  -  <?  and  p  =  m  +  \'o-^n  depending  on  population  size)  Eq.  (6.65) 
becomes 
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e 


dx  (6.67) 


Pf(m  -  \'a~  )  -  Xs<  g<  (m  +  X.'cr  )  +  ks 
t.  m  m 


J  <J-a.s  sy2rr 


The  probability  integral  in  Eq.  (6.  67)  is  tabulated  in  various  forms  in  most 
handbooks  on  probability  theory  and  statistics.  {Sec  Tables  5. 1  and  5.  2.) 
For  several  values  of  X.  the  value  of  this  integral  is  shown  in  Table  6.  3  be¬ 
low  and  compared  to  the  values  obtained  when  the  Tchebvcheff  and 
Camp-Meidell  inequalities  are  used  {see  Ref.  [5],  pp.  239-240). 


Table  6.  3.  Comparison  of  Normal,  Camp-Meidell, 
and  Tchebycheff  Results 


Deviate 

\  =  1 

DBS 

QQQj 

\  =  3.0 

p> 

Normal 

0.6827 

0.8664 

0.9545 

0. 9876 

0.9973 

Camp- 

Meidell 

0. 5556 

0.8025 

0.8889 

0.9289 

0.9506 

Tchebycheff 

0 

_ 

0.  5556 

0.7500 

0. 8400 

0.8889 

From  Eq.  (6.67),  for  the  same  values  assumed  previously, 

P{2.  72  <  g  <  7.  28)  >  0. 95  (with  95  percent  confidence) 

6.2.4  Numerical  Examples  of  Random  Sampling  Technique 

When  applying  the  relationships  developed  in  the  preceding  sections, 
a  considerable  number  of  engineering  judgments  have  to  be  made.  There¬ 
fore,  the  development  of  a  step-by-step  procedure  is  best  accomplished 
by  considering  and  solving  a  hypothetical  example  to  illustrate  in  general 
how  this  sampling  method  can  be  effective. 

Problem  1.  Jet  Aircraft.  A  sensitive  piece  of  electronic  equip¬ 
ment  is  to  be  installed  in  a  jet  aircraft.  The  vibration  environment  in 
the  region  where  this  equipment  is  to  be  mounted  is  not  known.  One  or 
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more  test  flights  are  to  be  made  to  establish  the  vibration  levels  pres¬ 
ent  in  this  region.  The  length  of  the  mission  of  the  aircraft  is  eight 
hours,  from  engine  start  to  shutdown. 

Question:  How  should  the  data  be  taken  for  maximum  accuracy 
and  a  minimum  amount  of  data? 

Step  No.  1 

Prepare  a  chart  similar  to  that  shown  in  Table  3. 1,  Section  3.  2, 
of  this  report.  Category  4  can  be  used  as  a  guide.  A  hypothetical 
chart  for  the  aircraft  under  consideration  is  shown  in  Table  6. 4  below. 

Step  Mo,  2 

From  Tabic  fc.  4  it  is  apparent  that  a  single  mean  time  between 
samples  will  not  adequately  cover  all  flight  phases.  Therefore,  a 
"long"  mean  time  will  be  chosen  for  phases  c,  f  and  g  (the  three 
longest  phases),  and  a  "short"  mean  time  for  each  of  the  other  phases. 

If  desired,  one  may  pool  together  phases  of  short  duration  whose 
lengths  Art--  not  ciearl  y  csfzncd  2nd  bn  sc  calculations  on  their  combined 
longer  time  interval.  This  latter  procedure,  of  course,  will  destroy 
individual  information  about  the  various  short  phases,  and  so  should 
not  be  followed  if  individual  information  is  sought. 

Step  No.  3 

A  numerical  vaiuc  now*  has  to  be  determined  for  the  two  mean 
times  between  samples.  The  mean  time  between  samples  is  a  function 
of: 

a)  Length  of  each  sample 

b)  Number  of  samples  required  for  a  given  confidence  of  not 
exceeding  the  maximum  value  (which  in  turn  depends  on 
length  of  flight  and  each  flight  phase) 

cl  Total  recording  time  available  for  the  flight  and  each  flight 
phase 

d)  Probability  of  recording  parts  of  an  unexpected  event. 

Some  engineering  judgment  is  required  to  reconcile  these  different 
conside  rations . 
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Table  6.4  Plight  Characterises  for  Aircraft  XXXX 
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a)  Sample  Length.  In  Section  6.  2.  3 ,  it  is  noted  that  each  sample 
should  be  at  least  as  long  as  the  period  of  the  lowest  frequency  of 
interest.  To  be  on  the  safe  side  it  will  be  required  here  that 

(6.68) 

where  f  ^  is  the  lowest  frequency  of  interest  in  cycles  per  second. 

If  fj.  is  5  cps  then 


T>{2/5)  =0.4  seconds 

However,  there  are  also  other  considerations  that  have  to  be  taken  into 
account.  These  are: 

1)  Adequate  length  of  tape  to  form  a  loop. 

This  should  preferably  be  no  less  than  1 5  inches.  If  tape  recorder 
speed  is  30  inches  per  second,  then  the  minimum  sampling  time  should 
be  0. 5  seconds. 

2)  Statistical  accuracy  in  the  analysis  of  each  sample. 

If  n  =  number  of  degrees  of  freedom,  B  =  filter  bandwidth,  and 
T  the  sample  length  then,  see  Section  4. 8.  5, 

n  =  2BT  (6.69) 

For  reasonable  accuracy  and  confidence  in  results, 

ber  of  degrees  of  freedom  should  be  at  least  20,  preferably  larger. 

Consider  the  case  where  the  primary  analysis  will  be  a  power 
spectral  density  analysis  using  a  filter  bandwidth  B.  If  B  =  5  cps, 
then  from  Eq.  (6. 69) 


T  =  ——  =  —  =  2  seconds 
2B  10 


ASD  TR  6i-123 


6-64 


It  should  be  noted  here  that  for  n  to  be  large,  B  should  be  large,  yei 
for  good  resolution  3  should  be  small.  A  detailed  discussion  of  this 
matter  is  presented  in  Section  7.4. 

From  the  above  considerations  a  minimum  sample  length  of  2  sec¬ 
onds  appears  here  to  be  a  good  choice. 

b)  Number  of  samples  required  to  include  maximum  values.  When 
establishing  the  vibration  environment  for  electronic  equipment  it  is 
generally  most  important  to  know  the  highest  acceleration  that  might 
occur  during  flight.  Therefore  the  one-  sided  relationship  (Eq.  (6.  53)) 
will  be  used  to  determine  the  number  N  of  samples  required.  A  de¬ 
cision  now  must  be  made  to  determine  a  satisfactory  probability  that 
the  vibration  environment  will  not  be  higher  than  the  values  recorded. 

It  will  be  assumed  that  a  95  percent  confidence  is  desired  in  the  claim 
that  95  percent  of  the  vibrations  during  any  one  flight  phase  will  be  less 
than  the  maximum  value  recorded.  Therefore  from  Eq.  {6.  53) 

(0.95)*’ <0.05 

and  from  Fig.  6.9, 

58 


For  N<  58.  the  above  claim  and  confidence  must  be  reduced.  At  this 
point  it  is  obvious  that  58  samples,  each  2  seconds  long,  cannot  be 
taken  during  phases  d  and  i  of  the  flight  in  question  (see  Table  6. 4), 
since  these  phases  last  only  for  1  minute  each.  Also,  no  consideration 
has  been  given  here  to  a  mean  ume  between  samples  which  requires 
longer  phase  durations. 

c)  Short  flight  phases  and  probability  of  recording  unexpected  events. 
The  first  alternative  is  to  continuously  record  during  these  two  flight 
phases.  But  then  night  phases  a,  b,  c,  h,  and  j  should  also  be  re¬ 
corded  continuously  to  avoid  6  changes  in  the  sampling  procedure. 

This  would  require  approximately  30  minutes  of  recording,  or  4,  500  ft 
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of  tape  for  a  recording  speed  of  30  inches  per  second,  with  only  6  per¬ 
cent  of  the  total  flight  covered. 

The  other  alternative  is  to  take  fewer  samples.  As  a  first  try  it 
will  be  decided  to  take  10  samples,  each  2  seconds  long.  Since  now  the 
population  (total  number  of  2-second  samples  poscible  in  one  minute) 
is  only  three  times  as  large  as  the  sample  size,  Eq.  (6.  53)  and  {6.  54) 
do  not  apply.  Instead  Eq.  (6.44),  (6.45)  or  (6.46)  can  be  used  to  cal¬ 
culate  the  probability  of  missing  unexpected  events.  If,  for  instance, 
during  5  percent  of  the  time  of  the  flight  phase  (3  seconds  out  of  60  sec¬ 
onds)  some  severe  vibration  level  would  occur,  it  is  only  necessary  that 
5  percent  of  the  sample  records  show  this  severe  vibration  level  in 
order  to  have  the  same  ratio  of  length  of  severe  vibration  to  length  of 
normal  vibration.  In  this  example  the  total  recording  time  is  20  sec¬ 
onds.  Therefore  approximately  1  second  of  the  3-second  event  should 
be  recorded.  Using  Eq.  (6.  46)  with  T  =  2,  e  =  3,  :-I  and  L  =  6, 

the  average  prr liability 

T*  (recording  at  least  e  )  =  Z  t  ^  ~  — 

r  6 

Thus,  on  the  average,  this  result  may  be  satisfactory  . 

For  some  applications  it  might  be  important  to  detect  the  unex¬ 
pectedly  severe  vibration  levels  even  if  they  last,  say,  only  2  seconds. 

If  they  occur  10  percent  of  the  time,  there  new  would  be  three  such 
unexpected  events,  each  2  seconds  long.  To  record  2  seconds  from 
these  3  events,  0.67  seconds  have  to  be  recorded  from  each  event. 

The  probability  of  recording  at  least  0.67  seconds  of  one  event  occur¬ 
ring  3  times  is  for  T  =  2,  e  =  2,  =  0.67  and  JL  =6 

3 

F  (recording  at  least  e  )  =  1  -  I  -  - - "  '67)  =  0.91 

r  6 

and  the  probability  of  recording  ef  all  of  the  3  times  is 

F  (recording  at  least  ey  3  times)  =  (0. 91)3~  0. 76 
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These  calculations  show  that  engineering  judgment  is  required  on  how* 
long  an  unexpected  event  should  be  before  it  is  considered  important 
not  to  miss  it,  and  if  the  resulting  probabilities  of  detection  are  high 
enough. 

For  the  purpose  of  this  example  the  two  second  sample  length 
and  a  mean  time  between  samples  of  six  seconds  will  suffice.  Also, 
since  the  mean  time  between  samples  is  quite  short,  the  samples  do 
not  have  to  be  taken  at  random  and  a  fixed  time  between  samples  can 
be  used,  if  so  desired.  Using  this  same  sample  length  and  time  be¬ 
tween  samples  for  the  other  short  flight  phases  results  in  a  recording 
time  ox  10  minutes  {or  a  tape  length  of  1 500  ft  for  a  30  in/sec  recording 
speed). 

d)  Long  flight  phases  and  probability  of  recording  unexpected  events. 
Using  a  tw'o-sccond  sample  length  for  phases  e,  f  and  g,  Eq.  {6.  53) 
can  be  applied  since  the  total  number  of  possible  two-secor-1  samples 
for  the  shortest  of  these  three  phases  is  900. 

For  58  sampler,  each  two  seconds  Jong,  the  mean  fim»  between 
samples  for  phases  e  and  g  is 

L  (e,  g)  =  S  3i  seconds 

58 

These  samples  will  now  be  taken  at  random.  Assuming  C  to 
be  normally  distributed,  a  standard  deviation  of  times  betw*een  samples 
of  5  seconds  will  be  chosen.  This  will  result  in  a  spread  of  L  +15  sec¬ 
onds  with  99.7  percent  probability.  Of  course,  the  assumption  of  nor¬ 
mality  is  only  approximate  since  the  tails  of  the  distribution  of  L 
cannot  go  to  +  oo  (i.  e.  the  probability  of  a  succeeding  sample  being 
taken  before  the  preceding  one  is  zero). 

Now  the  probability  of  missing  certain  events  can  be  calculated 
(as  was  done  for  the  short  flight  phases)  with  a  given  confidence,  once 
it  has  been  decided  how  long  an  unexpected  event  should  be  before  it 
is  of  importance  not  to  miss  it,  by  use  of  Eq.  (6.47),  (6.48)  and  (6.49). 
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For  example,  if  E  is  normally  distributed  with  mean  L  =  31 
seconds  and  standard  deviation  c~  =  5  seconds,  then  for  T  =  2  sec, 
e  -  6  sec,  and  e^  =  1  see,  from  £q.  (6.  49)  with  X.  =  2,  it  can  be  said 
with  ?3  percent  confidence  that  the  probability  of  recording  at  least 
one  second  of  the  unexpected  event  e  will  have  the  range 

0. 17  <  P  (recording  at  least  e^)  <  0. 33 

For  ten  such  unexpected  events  the  probability  of  recording  at  least 
one  second  of  e  will  have  the  range 

3. 84  <  P  (recording  at  least  e^)  <  0, 98 


e)  Total  recording  time.  For  a  mean  time  between  sample*  of 
31  seconds  for  phase  f.  the  number  of  samples  for  phase  f  will  be 

N(£)  =  S-x-3-fc?°  ^756 

31 

Then  the  total  number  of  samples  for  phases  e,  f,  and  g  is 


N(e.f.g)  =  2(58)  +  756  =  872 
This  results  in  a  recording  time  cf 

U®Z^l  =  29.  l  minutes 
60 

The  total  recording  time  for  the  entire  flight  is  now  29.  »  t  JO  =  39, 1 
minutes. 

b)  Number  of  flights.  If  no  conflicts  have  occurred,  the  above  sampling 
plan  can  now  be  used.  The  question  that  next  arises,  is,  what  is  the 
number  of  flights  that  should  be  made.  This  again  will  depend  on  the 
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problem  under  consideration.  Is  the  electronic  equipment  to  be  in¬ 
stalled  in  more  than  one  airplane?  How  representative  is  the  one 
test  Bight  going  to  be  of  other  flights  ?  Kcw  representative  ts  tee 
airplane  of  other  airplanes?  The  answers  to  these  questions  fall  in 
the  genera*  category  "Statistical  Results  from  Repeated  Experiment*** 
and  are  discussed  i-;  Section  5. 4  of  this  report.  It  should  be  noted 
'"tic  that  if  more  than  one  flight  can  he  made,  fewer  samples  may 
be  required  for  each  of  the  flights  than  were  determined  in  Steps  2 
and  3  above. 

Problem  2,  Ballistic  Missile.  A  piece  of  electronic  equip¬ 
ment  is  to  be  installed  in  an  air-launched  ballistics  missile  (ALBM). 
The  vibration  esdroanest  for  this  equipment  is  to  be  determined. 

The  ALBM  will  be  carried  by  a  jet-aircraft  for  approximately  4  hours 
and  then  launched.  Total  powered  fright  for  the  ALBM  is  2  minutes. 
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Step  No.  I 

Prepare  a  chart  similar  to  that  shown  in  Table  3. 1.  Section  3.2. 
A  hypothetical  chart  for  the  ALBM  is  shown  in  Table  6.  5  below. 

Steps  Mo.  2  and  3 

For  phase  (a)  of  the  ALBM  shown  in  Table  6.  5.  a  similar 
argument  can  be  made  as  for  phases  a-f  in  Problem  /«.  It  will  be 
assumed  that  the  same  mean  times  between  samples  are  applicable 
here.  The  short  mean  lime  between  samples  should  be  resumed 
in  phase  (b).  Table  6.  5,  which  calls  for  firing  of  the  ALBM.  How¬ 
ever  if  data  is  telemetered  throughout  the  mission  of  the  -*.L2M  one 
additional  improvement  can  now  fee  made.  Rather  than  taking  no 
records  at  all  during  the  period  between  samples,  a  commutator  can 
be  used  to  transmit  the  vibration  levels  from  two  (or  more)  additional 
points  on  the  structure.  This  will  result  in  a  considerable  savings 
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of  telemeter  channels  without  any  loss  of  stiiis'icz!  accuracy.  Fcr 
a  rsKbci  steplicg  plan,  the  c^iimsutar  cxs  be  instructed  to  cbir.je 
channels  a;  r ait-don;  to  retain  the  statistical  significance  of  tie  results. 

5. 2.  5  Further  Remarks  on  Random  Sam^at 

As  shoes  in  preceding  Sections  6.2.1  through  6.2.4.  the  de¬ 
cision  as  to  feo*  much  data  should  be  gathered  cannot  be  reduced  en¬ 
tirely  to  an  objective  process.  However  the  discussion  does  present 
several  ways  in  which  quantitative  evaluation  and  prediction  of  results 
can  be  obtained  for  many  cf  the  problems  confronting  the  vibration 
engineer.  These  techniques  can  eliminate,  within  the  present  state 
of  the  art.  certain  gross  intuitive  decisions  which  often  lead  tc  errone¬ 
ous  conclusions,  and  they  show  promise  of  considerable  savings  in 
cost. 

This  approach  attaches  a  numerical  confidence  to  the  question 
of  how  representative  a  certain  number  of  samples  are  From  different 
flight  phases  of  a  flight  vehicle.  It  also  provides  a  numerical  vatoe 
for  the  risk  of  missing  certain  events  if  a  continuous  record  is  not 
taken. 

The  only  parameter  under  consideration  up  to  now.  has  been 
the  rms  acceleration  of  vibration  samples  of  some  arbitrary  length. 
fCothing  has  been  said  so  far  about  the  frequency  content  of  these 
samples  and  it  has  been  assumed  |by  implication)  that  there  were  no 
periodicities  superimposed  on  these  samples,  since  sample  values 
were  considered  to  be  independent. 

It  will  now  be  shown  qualitatively  how  the  general  statistical 
methods  shown  above  can  also  be  applied  to  other  parameters  of  the 
samples  taken  during  flight. 

1.  If  any  periodic  components  are  present  in  the  samples,  they 
should  be  filtered  out  as  discussed  in  Section  6. 1. 16.  If  desired, 
the  samples  can  be  filtered  to  determine  an  rms  acceleration  for 
any  given  bandwidth.  For  example,  if  the  samples  covered  the  fre¬ 
quency  range  from  5-200D  ups.  a  plot  similar  to  that  shown  in  Fig.  6.  5 
can  now  be  made  for  each  of  twenty  frequency  bands  say  5 - !GQ  eps. 
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ICO -200  cpf _ _ _  I9S0-200S  cps.  Or.  if  «sirsd,  «  narrower  Jasd- 

'sridzh  eosld  be  used.  Each  of  the  resulting  plots  can  e-aw  be  yaijritd 
in  the  same  say  as  Fig.  6.  5. 

2.  The  power  spectrum  could  ho  o'azhfi  for  a  Kaaber  of  re¬ 
lated  samples.  For  each  fre-sesqr.  or  smalr  range  of  f r tiperei m 
ever  which  the  spectrum  is  of  isurti;.  as  average  power  spectrum 
raise  cas  be  calculated  using  all  samples  of  a  flight  or  Sight  phase, 
and  the  standard  deviation  from  this  average  cas  he  determined  and 
these  values  analyzed  as  shows*. 

5.  The  arngtefc  probability  density  could  be  handled  in  a  sim¬ 
ilar  inasasr  as  that  used  for  the  power  spectrum  by  computing  the 
amplitude  probability  density  for  a  number  cf  related  samples.  For 
particular  amplitude  values  of  interest,  an  average  probability  density 
can  be  calculated  as  weii  as  the  standard  deviation  freer  this  average. 

4.  Arbitrary  level  (threshold}  crossings  might  also  be  of  in¬ 
terest.  From  each  sample  it  can  he  determined  how  often  a  given 
level  of  acceleration  is  exceeded.  This  parameter  also  can  then  be 
analyzed  similar  to  the  method  shown. 

For  each  of  the  parameters  listed  above  (and  others}  the  pro¬ 
cedure  may  have  to  be  modified  somewhat.  It  is  beyond  the  scope 
of  this  report  ts  do  this  tguaatitatively,  but  it  is  recommended  that 
such  analysis  be  done  in  the  future. 

6.2.6  Block  Diagram  for  Selection  of  Sampling  Scheme 

The  preceding  examples  have  illustrated  analytical  methods 
involved  is  the  selection  of  a  random  sampling  scheme  for  collecting 
vibration  records  from  flight  vehicles.  Figure  fe.  13  presents  a  block 
diagram  to  outline  this  procedure.  A  short  discussion  will  follow 
explaining  each  block  is  the  diagram.  It  should  be  noted  that  the 
diagram  presents  procedures  applicable  mainly  to  data  collection  in 
a  laboratory  program.  Modifications  necessary  when  concerned  with 
actual  flight  data  will  be  indicated  where  appropriate. 
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Block  A.  Flight  Specifications 

Step  No.  1  of  the  numerical  examples  (Problems  No.  1  and  2), 
in  the  preceding  Section  6.  2.  4,  explain  this  procedure  and  also  give 
charts  for  a  hypothetical  aircraft  and  missile. 

Block  B.  Sample  Length  Determination,  Mean  Time  Between  Samples 

Steps  No.  2  and  3  of  Problem  No.  1  present  considerations  in¬ 
volved  in  the  selection  of  the  mean  time  between  samples  and  the  sample 
length.  These  are  shown  to  be  interrelated  matters  and,  also,  may 
have  to  be  modified  when  considering  the  number  of  samples  required 
as  a  result  of  other  statistical  demands. 


Block  C.  Number  of  Samples  for  Unexpected  Events 

Engineering  judgment  is,  of  course,  necessary  here  in  deciding 
on  what  probability  one  wants  to  maintain  of  detecting  an  unexpected 
event.  Analytical  details  of  this  important  consideration  are  presented 
in  Section  6. 2.  2,  and  discussed  also  ir.  Problem  No.  1,  Steps  3c  and  3d. 


Block  D.  Number  of  Samples  to  Contain  Fraction  of  Population 

As  pointed  out  in  Problem  No.  1,  Step  3b,  if  it  is  desired  to 
know  certain  maximum  values  that  might  be  attained,  the  sample  size 
will  have  to  be  increased  to  include  larger  portions  of  the  population. 
This  topic  is  discussed  in  Section  6.  2.  3,  and  illustrated  in  Fig.  6.9 
and  6. 10. 


Block  E.  Select  Over -all  Sampling  Scheme 

After  the  above  steps  have  been  accomplished,  an  over-all  sam¬ 
pling  scheme  may  now  be  devised.  This  again  will  require  some  judg¬ 
ment  in  adjusting  the  sample  length,  mean  time  between  samples,  and 
number  of  samples  to  fit  together  as  a  meaningful  whole.  The  material 
presented  in  Sections  6. 2. 1  through  6. 2.  5  is  of  considerable  assistance 
to  this  end. 
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Block  F.  Implement  Scheme;  Collect  Data 


Here,  there  is  a  great  difference  as  to  whether  the  data  is  to 
be  collected  in  a  laboratory  or  from  actual  flight  vehicles.  Many 
considerations  enter,  such  as  instrumentation  and  flight  details, 
which  arc  covet  cu  in  various  sections  throughout  this  entire  report. 

Block  G,  Analyze  Data 

If  the  data  is  the  result  of  laboratory  experimentation,  final 
calculated  results  may  be  compared  with  the  a  priori  statistics. 

There  are  two  main  tests: 

1.  In  the  laboratory  where  the  parameters  are  controlled,  one 
can^uv  check  whether  or  not  any  "built  in"  unusual  events  were  re- 
coraW  as  often  as  expected.  Section  6.  2. 2  presents  details  on  these 
calculations. 

2,  The  range  of  values  allowed  is  known  in  advance  and  there¬ 
fore  comparisons  can  be  made  with  the  calculated  results.  Sec  Sec¬ 
tion  6. 2.  3  for  details  on  these  calculations. 

If  the  data  is  recorded  from  actual  flights,  these  comparisons 
cannot  be  made.  Instead,  one  now  would  have  certain  information 
of  interest  about  the  flight.  The  following  section  will  present  further 
procedures  to  follow  in  analyzing  a  collection  of  flight  records,  with 
tests  designed  first  for  a  laboratory  program. 

6.2.7  Block  Diagram  for  Analysis  of  a  Collection  of  Records 

As  in  the  previous  section,  the  block  diagram  in  Fig.  6. 14 
presents  procedures  which  involve  laboratory  experimentation. 

Again,  the  areas  that  do  not  apply  for  the  analysis  of  actual  flight 
vehicle  data  will  be  indicated  as  appropriate.  The  experimental  pro¬ 
gram  in  Section  8.4  is  mainly  an  extension  of  the  present  section, 
while  basic  statistical  matters  appear  in  Section  5.4. 
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Random  I  I  Repeat  Flight*: 

Sampling  by  f~\  — 1  Constant 
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Figure  6. 14  Over-all  Recommended  Procedure  for  Analysing  Collection  of  Vibration 


Blocks  A  and  B.  Random  Sampiin] 

Section  £.  2  outlines  procedures  involved  in  selecting  a  random 
sampling  scheme.  Section  8.  4  of  this  report,  there  is  further  dis¬ 
cussion  concerning  the  selection  of  sample  sizes  and  the  number  of 
flights  for  repeating  flights.  This  suggests  a  test  for  trying  two 
variations  in  the  laboratory,  and  then  making  the  final  decision  for 
actual  flights  based  on  the  laboratory  results.  Namely,  it  is  sug¬ 
gested  that  in  one  case  the  flight  phases  should  be  considered  sep¬ 
arately.  In  the  other  case,  ignore  the  flight  phases  and  consider  the 
flight  as  a  whole.  A  comparison  of  results  may  now  be  made  which 
could  possibly  indicate  that  the  consideration  of  flight  phases  is  un¬ 
necessary  in  some  situations. 

Blocks  C  and  D.  P.epeat  Flights 

Again,  the  reader  is  referred  to  Sections  5. 4  and  6.  4  for  ana¬ 
lytical  details.  In  the  laboratory,  the  “mission"  from  flight-to-flight 
can  De  controlled  precisely.  Then,  upon  analysis  of  the  final  results, 
it  can  be  determined  if  the  variations  are  detected  as  predicted.  Two 
procedures  are  suggested:  (1)  that  of  repeating  the  same  simulated 
flight  (constant  mission);  and  (Z)  that  of  repeating  a  set  of  different 
flights  (variable  mission),  with  the  variation  between  flights  being 
controlled  so  that  statistical  procedures  may  be  verified.  In  actual 
flight  test,  of  course,  these  options  do  not  exist. 

Block  K.  Compute  Flight  Means  and  Variances 

The  means  and  variances  of  whatever  parameter  is  being  con¬ 
sidered  should  now  be  computed.  In  this  situation,  as  contrasted 
with  that  of  the  individual  record  analysis,  each  record  will  be  a 
single  observation  and  the  sample  size  is  therefore  the  number  of 
records.  Complete  details  for  these  calculations  appear  in  Sec¬ 
tion  5. 4. 
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Block  F.  Variance  Equality  Test 

The  procedure  for  application  of  this  test  is  given  in  Section  5. 4.  2. 
Before  the  analysis  can  continue  further,  the  assumption  of  equal  vari¬ 
ances,  necessary  for  later  calculations,  must  be  verified.  This,  ap¬ 
parently,  is  not  an  unreasonable  assumption  to  make  in  actual  practice. 

Block  G.  Compute  Two  Estimates  of  the  Variance 

Section  5. 4. 2  presents  complete  details  of  this  desired  calcula¬ 
tion  and  its  theory.  Basically,  two  separate  estimates  ox  the  over-all 
population  /ariancc  are  computed  and  lead  to  the  test  for  equal  flight 
means. 

Block  H.  F-Test  for  Equal  Means 

This  test  is  given  in  Section  5.  4. 2.  The  verification  of  equal 
means  allows  the  pooling  of  the  data  from  all  the  flights.  When  this 
pooling  is  justified,  this  is  the  most  important  resuit  of  the  repeated 
flight  analysis.  The  data  may  then  he  considered  as  one  large  sample 
with  the  associated  increased  confidence  for  the  estimates. 

Blocks  I,  J  and  K.  Pooled  Data  Estimates 

These  calculations  are  covered  in  detail  in  Sections  5. 4. 2  and 
5. 4.  4.  It  is  here  that  precise  estimates  are  obtained  about  parameters 
of  interest  for  future  predictions. 

Block  L.  Comparison  of  Results  with  A  Priori  Values 

At  this  point,  if  the  flights  have  been  simulated  in  a  laboratory, 
comparisons  may  be  made  with  the  predetermined  values.  Any  dis¬ 
crepancies  here,  such  as  an  indication  of  equal  means  when  the  mis¬ 
sion  was  varied,  or  an  indication  of  different  means  when  the  mission 
was  constant,  require  some  further  consideration  as  indicated  in 
Block  R.  Supplementary  discussion  on  these  matters  is  presented 
in  Section  8.4.  3.  Clearly,  this  block  does  not  apply  for  actual  flight 
test  data. 
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Block  M.  Comparison  of  Results  from  Different  Sampling  Schemes 

Again,  this  block  does  not  apply  for  an  actual  flight  test.  How¬ 
ever,  results  obtained  from  the  laboratory  may  now  be  applied  to 
future  llight  test  procedures.  See  Section  8.4  for  further  discussion. 

Block  N.  Between-Flight  Variance  Estimate 

If  the  means  from  flight-to-flight  arc  different,  an  estimate 
of  the  variance  of  this  distribution  is  desired.  See  Section  5. 4.  2 
for  required  analytical  details. 

Block  O.  Within-Fiight  Variance  Estimate 

The  data  may  still  be  pooled  for  an  estimate  of  the  variance 
of  the  distribution  of  values  within  a  given  flight.  See  Section  5.  4.  2 
for  required  analytical  details. 

Block  P.  Over-all  Mean  Estimate 

An  estimate  of  the  mean  of  the  ever -all  distribution  of  flight 
means  may  be  obtained  here.  This  involves  the  same  computations 
as  for  Block  I. 

Block  Q.  Individual  Flight  Tolerance  Intervals 

In  this  case,  the  pooling  of  the  data  from  all  the  flights  is  not 
allowed,  and  therefore,  the  intervals  will  not  be  as  precise  as  that 
obtained  in  Block  K.  Sec  Section  5. 4. 1  for  the  calculations. 

Block  R.  Examine  Assumptions,  Procedures,  Instruments 

This  block  applies  mainly  to  laboratory  data,  but  may  also  be 
pertinent  for  flight  test  data.  If  at  any  point  in  a  laboratory  program, 
the  results  of  the  analysis  do  not  agree  with  the  controlled  parameter, 
some  examination  of  the  procedures  involved  will  have  to  be  made. 
Perfect  agreement  cannot  be  expected.  However,  any  extreme  de¬ 
viations  must  result  in  further  critical  examinations  of  the  underlying 
assumptions,  procedures  and  instruments. 
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7.  INSTRUMENTATION  TO  MEASURE 
VIBRATION  CHARACTERISTICS 

Previous  sections  of  this  report  have  discussed  many  mathematical , 
statistical,  and  physical  aspects  of  acquiring  and  evaluating  vibration 
phenomena  in  a  flight  vehicle.  The  present  section  is  concerned  with 
problems  of  actual  hardware  instrumentation  generally  available  in  labora¬ 
tories  or  required  for  experimental  verification  of  analytical  material 
contained  in  the  report.  The  section  is  divided  into  various  parts  which 
attempt  to  cover  a  large  number  of  the  more  important  instrumentation 
problems.  For  illustration  purposes  only,  specific  equipment  and  manu¬ 
facturers  are  named  in  some  instances,  and  are  not  intended  to  reflect 
on  the  merits  of  other  available  equipment  which  is  not  discussed. 

7.  I  TRANSDUCER  CONSIDERATIONS 

Many  different  types  of  transducers  have  been  developed  ever  the 
years  for  the  purpose  of  converting  mechanical  motions  into  equivalent 
electrical  signals.  These  include  strain  gage,  piezoelectric,  variable 
inductance,  electrokinetic,  magnetostrictive,  potentiometer,  variable 
capacitance,  and  permanent  magnet  self-generating  instruments.  The 
most  commonly  used  of  these  elements  for  structural  response  measure¬ 
ments  in  flight  vehicles  are  the  strain  gage  and  piezoelectric  crystal. 

Both  elements  are  employed  to  generate  analog  acceleration  signals. 

Bended  strain  gages  arc  also  widely  used  lo  obtain  direct  analog  strain 
(stress)  signals. 

7.  i.  1  Characteristics  of  Piezoelectric  Crystal  Accelerometers 

The  small  size,  light  weight,  and  high  frequency  response  character¬ 
istics  of  the  piezoelectric  crystal  accelerometer  have  resulted  in  its  wide 
application  for  structural  vibration  response  measurements  in  flight  vehicles. 
Crystal  elements  have  been  designed  with  natural  frequencies  as  high  as 
100KC  permitting  reasonably  accurate  acceleration  measurements  up  to 
20  KC. 

A  summary  of  the  general  characteristics  of  commercially  avail¬ 
able  piezoelectric  crystal  accelerometers  is  presented  below.  For  more 


ASD  TR  61-123 


7-1 


specific  information,  one  sheuid  refer  to  the  literature  of  accelerometer 
manufacturers,  some  of  which  is  given  in  references  at  the  end  of  this 
section. 


Dynamic  Range 
Frequency  Response 
Temperature  Range 
Linearity 
Sensitivity 

Lowest  Resonant  Frequency 
Transverse  Sensitivity- 
Acoustic  Response 


0.  0 1  g  to  10, 000  g 
2  cps  to  20  KC 
-100°F  to  +525°F 
+  1%  and  *2% 

.  075  MV/g  to  75  MV/g 
I.  6  to  60  KC 
*S%  and  f!0§ 

Less  than  0.  5g  at  140  ub 


7.  1.  2  Characteristics  of  Strain  Gage  Accelerometers 

A  Sat  frequency  response  down  to  0  cps  (DC)  is  the  primary  advant¬ 
age  of  the  strain  gage  accelerometer.  Unfortunately,  the  high  frequency 
response  is  limited  to  a  maximum  of  600  cps.  A  genera:  summary  of  the 
rharart^rittirc  of  commercially  available  c train  gage  accelerometers  is 
presented  below. 


Dynamic  Range 
Frequency  Response 
Temperature  Range 

or 

Linearity 

Sensitivity 

Lowest  Resonant  Frequency 
Transverse  Sensitivity 
Acoustic  Response 


Og  to  200g 
C  cps  to  600  cps 
-40°F  to  *200°F 
-65°F  to  -r  !25°F 

Lir, 

0.  4  MV/g  to  35  MV/g 
2 1  cps  to  850  cps 

Unknown 


7.  1.  3  Characteristics  of  Bonded  Strain  Gages 

In  contrast  to  the  acceleration  transducers  discussed  above,  the 
strain  gage,  as  its  name  implies,  has  an  output  that  is  proportional  to 
strain,  rather  than  acceleration.  The  restrictions  on  strain  gage  data, 
such  as  frequency  response,  dynamic  range,  etc. .  are  usually  imposed 
by  the  associated  instrumentation  and  not  by  the  gage.  The  subject  of 
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strain  measurements  is  well  known  throughout  the  industry  and  is  covered 
«•>  gic«  detail  in  many  publications.  Therefore,  it  will  not  hr  discussed 
any  further  here. 

7.  !.  4  TriDtdm.gr  Applications 

Appropriate  applications  for  the  transducers  mentioned  above  fall 
into  the  following  broad  categories: 

1.  Piezoelectric  and  strain-gage  accelerometers  are  generally 
used  to  determine  the  vibration  levels  of  primary  structure,  and  the 
vibration  environment  for  equipment  and  human  comfort  considerations. 

2.  Bonded  strain  gages  are  generally  used  to  obtain  panel  response 
data  which  may  be  interpreted  in  terms  of  stress  levels  or  displacement 
amplitudes,  either  of  which  is  valuable  for  fatigue  life  prediction. 

Accelerometers  have  been  employed  at  times  for  fatigue  studies, 
but  then  it  is  important  to  know  something  about  the  sen-iinear  character¬ 
istics  of  the  structure,  and  one  should  measure  phase  information. 

7.  2  TRANSMISSION  AND  RECORDING 

Signals  from  dynamic  transducers  are  transmitted  to  magnetic  tape 
recorders  cither  directly  or  through  telemetry  systems.  The  use  of 
telemetry  is  obviously  required  in  missile  applications.  Additional  in¬ 
strumentation  is  provided  by  amplifiers  designed  to  match  transducer 
impedances  and  to  amplify  the  signal. 

7.  2.  I  Telemetering  Systems 

Various  telemetry  systems  are  available  for  the  -ransmission  of 
Bight  data.  Because  of  the  diverse  instrumentation  requirements  of 
aircraft,  missiles,  and  space  probes,  no  single  telemetering  package 
with  fixed  capabilities  will  satisfy  even  a  majority  of  applications. 
However,  the  FM-FM  {frequency  modulation)  system  has  been  the  method 
which  has  been  most  widely  employed  to  compile  dynamic  data. 

In  the  FM-FM  system,  the  transckscer  signal  modulates  a  sub¬ 
carrier  frequency  which  is  mixed  with  other  subcarriers  to  create  a 
composite  signal  that,  in  turn,  frequency  modulates  the  main  carrier 
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frequency  {usually  from  2  £6  to  225  megicydes/rec.  J  A  ctudr  of  FK-FM 
Jeicmeterisg  ch;rJct»ri*tic*  requires  an  examination  of  the  main  nails 
that  comprise  the  FM-FM  system.  Major  units  include  subcarrier 
oscillators,  radio-frequency  transmitters,  band-pass  filters,  and  sub- 
carrier  discriminators.  FM-FM  channels  are  standardized  according 
to  Inter-Range  Instrumentation  Croup  {DUG)  specifications.  Eighteen 
subcarrier  frequencies  are  available  for  Fii  modulation,  with  center 
frequencies  ranging  from  400  cos  to  70,  C0Q  cps.  The  maximum  frequency 
response  available  is  DC  to  2100  cps. 

7.2.2  Magnetic  Tape  Recorders 

Magnetic  tape  recorders  fail  into  three  main  classes:  fl)  direct 
amplitude  modulated  {AM}  recorders,  {2}  digital  recorders,  and 
{3}  frequency  modulated  •  FMJ  recorders.  The  direct  recorders  do  not 
have  the  ability  to  reproduce  Ion-frequency  signals  but  co  here  an  excell¬ 
ent  high-frequency  response  and  consequently,  are  useful  in  recording 
telemetry  signals.  The  digital  recorders  have  fast  stop  and  start  features, 
and  are  utilized  to  record  poise  data  wherein  fire  magnetic  tape  is  either 
saturated  or  »» on-saturated.  Pulse  code  modulation  signals  are  recorded 
on  the  digital  tape  units.  The  FM  tape  units  are  ideal  for  recording 
vibration  and  acoustic  signals.  Most  FM  tape  units  provide  frequency 
responses  from  dc  to  IO.GOO  cycles  per  second  at  tape  speeds  of  W  inches 
per  second.  FM  recorders  are  presently  available  with  responses  from 
dc  to  20,  COO  cycles  per  second.  The  AM  recorders  which  are  used  to 
record  composite  telemetry  signals  are,  generally,  ground-based  units. 
Airborne  AM  units  are  available,  but  are  cot  employed  to  record  dynamic 
data  because  of  their  lew -frequency  limitations.  This  leaves  the  FM 
tape  units  to  record  airborne  vibration  and  acoustic  signals  both  in  air¬ 
borne  and  ground  installations.  For  further  information,  the  reader  is 
referred  to  the  literature  and  the  reference*  at  the  end  of  this  section. 

7. 2.  3  Calibration  of  Transducer-Telemetry-Recorder  Systems 

Perhaps  the  greatest  source  of  instrument  {calibration}  error  in 
any  data  gathering  and  processing  procedure  is  the  ccmbi nation  trans¬ 
ducer,  telemetry,  and  recorder  system  errors.  Each  of  these  items 
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■act!!  sndosasedif  be  calibrated  isoividszlif  at  regular  intervals  or  before 
each  test.  Nevertheless,  complete  system  calibrations  are  a  definite 
necessity  to  p reduce  valid  dynamic  information.  This  calls  for  end-to- 
cad  system  calibrations  •* herein  a  full  range  of  frequencies  and  amplitudes 
are  injected  into  the  Erin  scarcer  end  of  the  instrumentation  system,  trans¬ 
mitted  through  each  unit  in  the  chain,  and  recorded  ca  magnetic  tape  for 
final  data  reduction  end  analysis. 

The  material  to  foiiov  will  no*  consider  properties  of  available 
instrumentation  equipment  to  perform  various  desired  measurements  on 
the  vibration  data  'shier,  has  been  gathered. 

*.  3  VOLTMETER  MEASUREMENTS  OF  RANDOM  DATA 

As  discussed  in  the  previous  two  sections,  random  vibration  re¬ 
sponse  measurements  in  modem  flight  vehicles  are  obtained  using 
transducers  which  produce  electrical  voltage  signals  proportional  to 
displacement,  velocity,  acceleration,  or  stress.  The  analog  voltage 
signals  may  be  processed  in  many  ways  bat  ultimately  must  be  mud  on? 
in  terms  of  some  amplitude  level  such  as  the  mean  square  or  root  mean 
square  level  for  a  given  bandwidth.  A  voltage  level  measuring  device  of 

sort  is  then  a  necessary  instrument  for  random  vibration  response 
measurements. 

Electrical  engineers  have  always  been  concerned  primarily  with 
the  m*;r  aspects  sf  diudul  systems,  particularly  the  association 
between  voltage  and  power.  For  direct  current  systems,  the  relationship 
is  quite  simple;  power  is  proportional  to  the  square  of  the  voltage.  When 
alternating  current  came  into  the  picture,  the  parameter  of  root  mean 
square  (rmsj  was  adopted  to  characterize  an  alternating  voltage  because 
it  permitted  the  same  simple  association  with  power,  power  is  proportional 
to  the  square  of  the  rras  voltage.  The  true  rms  value  for  any  periodic 
voltage,  vftj.  is  as  follows: 


v 

rms 


(7.  I| 
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Specifically  for  a  sL-.cio:dii  fo’tagt,  v(t)  =  V,^  s  ut; 


r  =c.?a?  V _ ..  (7.2) 

na* 

Early  AC  wltmeter*  were  derifatd  to  aetaUy  measare  and  indi¬ 
cate  the  tree  rros  voitage  of  a  The  two  moat  popalar  mi 

mearemg  voltmeters  were  the  dynamometer  type  and  the  thermocouple 
type,  as  diicctted  in  Section  7. 5. 7.  The  limited  frequency  response  of 
it  dynamometer  atd  the  fragility  of  the  thermocouple  voltmeter  forced 
these  instruments  oat  of  popular  esc  when  the  more  ragged  broad  fr«~trcr 
response  racssm  tube  and  dry  disk  rectifier  type  voltmeters  were 
developed. 

7. 3.  1  AC  Rectifier  Type  Voltmeters 

At  the  present  time,  the  vast  majority  of  commercial  AC  voltage 
meassrisg  instrameets  are  rectifier  type  voltmeters.  These  voltmeter* 
normally  have  scales  calibrated  to  read  the  row  voltage  of  sinusoids! 
signals,  bat  do  sot  actually  measure  the  rms  voltage  of  the  signal.  The 
two  most  commss  rectifier  circuits  are  as  follows; 

1.  An  arithmetic  average  raise  rectifier  which  schematically 
consists  of  a  D’Arsoavai  meter  in  series  with  a  diode  fhslf-wav*  average 
valce  rectifier}  or  a  D^Arsonval  meter  across  a  bridge  of  fosr  diodes 
(fall  wave  average  value  rectifier}. 

2.  A  peak  value  rectifier  which  schematically  consists  of  a 
EHArsonvai  meter  in  series  with  a  diode  pics  a  chant  capacitor  (half-wave 
peak  vaiae  rectifier)  or  a  D’Arsonvai  meter  across  a  bridge  of  four  diodes 
with  a  ah  ant  capacitor  (faii  wave  peak  value  rectifier). 

Fall  wave  bridges  are  employed  ia  preference  to  kaif-wav*  circuits 
in  the  more  expensive  instruments,  bat  the  result  is  the  same;  an  average 
value  rectifier  voltmeter  measures  the  rectified  average  voltage  of  the 
signal  and  the  peak  value  rectifier  voltmeter  measures  the  peak  voltage 
of  the  signal.  Of  fite  two  types  of  rectifier  circuit*,  the  average  value 
circuit  (or  something  simitar  to  it)  is  far  more  prevalent  in  commercial 
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bitrumtstj.  Due  to  **»•■  characteristics  o:  asamy  type*  os 

diodes  ia  fee  Io»tr  reps=:  se  tsdr  stxHe  voltage  raajt,  WT.t  AC 
rectifier  Type  wsHtseter*  actually  ssemre  ior:ttii=j  sear  User  rms  voltage 
at  tee  low  esd  of  iSte  scale  md  toaetlsi^  ettr  tic  ertraje  voltage  at  tie 
high  t&d  of  tee  scale.  In  any  case,  the  meter  scales  are  calibrated  to 
read  tie  rats  voltage  of  a  sinusoidal  tifstl. 

Tie  canvestiocaS  atcasn  tube  asd  dry  dish,  rectifier  type  AC  volt* 
meters  jest  fiiceittf  are  completely  satisfactory  for  electrical  power 
«srk  liter  alternators  produce  siozsoid*!  voltage  tifuls.  However, 
these  v&ftrseters  will  give  erraccoas  readings  when  used  to  measure 
signals  with  wave  forms  teat  are  sot  sinusoidal.  Tie  magnitude  of  errors 
that  may  resell  are  well  illustrated  for  lie  case  of  a  conventional  average 
raise  rectifier  type  AC  voltmeter  is  At  following  table  takes  from  Ref.p^. 


\  Sine 

S  Wave 

Sigeare 

Wave 

Rectangular  Peaks  Occupy-  j 
isg  t%  s?  Time  Axis  f 

1  True  rms  Voltage  I  !.55 

1   .  I 

i.vO  £ 

a  tf  ! 

s 

l  i 

Erroneous  voltage  readings  will  also  result  vita  Site  correntisaal  AC 
voltmeter  is  used  to  measure  random  voltage  signals.  For  example,  if 
as  ideal  average  value  rectifier  type  voltmeter  were  used  to  measure  Use 
rms  voltage  of  c  random  with  a  Genoeses  probability  d^ssty 

function.  the  mss  voltage  of  the  signal  would  be  2/3*  *aa?osisstdt 
1.  3  times  the  rms  voltage  reading  indicated  by  the  voltmeter  {Ref.  1 2lJ)_ 

If  a  peak  value  rectifier  type  voltmeter  were  used  for  the  same  measure¬ 
ment.  a  completely  nonsensical  reading  world  obviously  result. 

The  increasing  amount  of  ransom  vibration  data  being  gathered  in 
modem  high  speed  flight  vehicles  has  produced  a  sew  need  for  instruments 
which  will  measure  the  rms  voltage  of  any  aperiodic  signal.  There  arc 
of  course  the  many  types  of  true  rms  voltage  measuring  instruments  that 
have  be  m  developed  over  the  years,  as  summarised  in  Sect sees  T.  3.  7. 

Alt  of  these  instruments,  however,  possessed  at  least  ose  major  dis¬ 
advantage  for  general  application  in  vibration  analysis  A*  *  result, 
several  instrument  companies  have  developed  vacuum  tube  reci*2«r  type 
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voltmeters  designed  to  actually  measure  the  true  rms  voltage  of  a  signal. 
These  instruments  are  usually  called  true  rms  vacuum  tube  voltmeters 
(true  rms  VTYM)  to  distinguish  th-  -n  from  the  conventional  AC  VTVM's. 
They  actually  measure  the  rms  voltage  of  non- sinusoidal  signals  with 
the  advantages  of  conventional  VTVM's;  i.  e.  ,  bread  frequency  response, 
rugged  dependability,  high  input  impedance,  high  sensitivity,  etc. 

7.  3.  2  Vacuum  Tube  (true  rms)  Voltmeters 

The  electronic  circuit  used  in  true  rms  VTVM's  varies  with  manu¬ 
facturer,  but  in  general  it  is  a  rectifier  circuit  which  approximates  a 
parabolic  transfer  characteristic  so  that  instantaneous  output  voltage  is 
proportional  to  the  square  of  instantaneous  input  voltage.  Such  a  transfer 
characteristic  can  be  obtained  in  several  ways.  As  stated  before,  many 
types  of  diodes  have  non-linear  transfer  characteristics  particularly  in 
the  lower  region  of  the  usable  voltage  range.  The  transfer  characteristic 
is  often  quite  close  to  the  aesirea  square  law  over  a  properly  limited 
voltage  range.  Another  approach  is  to  use  a  circuit  of  biased  diodes 
designed  so  that  each  diode  contributes  a  straight  line  segment  to  a 
polygon  transfer  characteristic  which  approximates  a  parabola.  In  any 
case,  the  squaring  circuit  must  be  followed  by  an  averaging  circuit  to 
obtain  the  mean  square  of  the  signal. 

The  ideal  averaging  circuit  would  integrate  the  input  signal  over 
some  averaging  time,  T,  and  divide  the  result  by  T.  An  actual  integrating 
circuit  such  as  is  used  in  analog  computers  (an  operational  amplifier  with 
a  teed  back  condenser)  could  be  employed.  A  true  integrater  type  averag¬ 
ing  circuit  would  give  a  one  number  average  value  at  the  end  of  the 
integrating  time,  T,  for  the  input  voltage  occurring  during  that  time. 
However,  a  simpler  and  cheaper  way  of  -veraging  is  to  use  a  resistance- 
capacitance  (RC)  circuit.  In  this  case,  the  output  is  a  continuous  signal 
representing  at  any  instant  the  approximate  average  of  the  entire  past 
history  of  the  input  voltage  weighted  by  an  amount  which  depends  upon 
how  long  ago  the  voltage  was  applied.  Commercial  true  rms  VTVM's 
employ  RC  circuits  to  obtain  the  mean  square  of  voltage  signals.  The 
square  root  of  the  resulting  mean  square  measurement  is  obtained  by 
proper  calibration  of  the  meter  sca’e.  The  specifications  including 
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instrument  error  for  one  of  the  commercially  available  true  rms  VTVM's 
{Ballantinc  Laboratories  Model  320)  is  presented  in  Table  7.  1.  This 
instrument  is  chosen  merely  for  convenience  and  should  not  be  regarded 
as  superior  or  inferior  to  ether  available  similar  equipment.  As  one 
might  expect,  the  major  disadvantage  of  a  true  rms  VTVM  is  cost. 

Table  7.1  Specifications  For  Ballantine  Laboratories 
Model  320  True  RMS  Voltmeter 

Voltage  Range:  100  microvolt  to  320  voits  RMS  in  13  ranges,  in 
steps  of  10  db. 

Frequency  Range:  5  to  500,  000  cps. 

Crest  Factor  Range:  1  to  4.  5  (0  to  13  db)  for  fuli  scale  readings;  1  to 
15  (0  to  23  db)  for  bottom  scale  readings. 

Accuracy  -  Sine  Waves:  3  percent  from  15  to  150,000  cps;  5  percent 
from  5  to  15  cps  and  from  150,  000  to  500,  000  cps  at  any  point  on  the 
scale. 

Accuracy  -  Non -Sinusoidal  Waves:  3  percent  if  all  component  frequencies 
lie  in  the  range  from  15  to  150,000  cps;  5  percent  for  all  other  conditions 
within  the  allowable  frequency  and  crest  factor  range.  All  accuracy 
figures  apply  to  any  point  on  the  meter  scale  and  for  all  ranges. 

Stability  of  Calibrating  Source:  0.  5  percent  for  line  voltage  variations 
of  105-125  voits  or  of  210-250  or  of  210-250  volts  and  for  long  term 
usage. 

Input  Impedance:  10  megohms  shunted  by  approximately  25  MMf  up  to 
10  miiiivolts,  and  by  approximately  8  MMf  above  10  millivolts. 

7.  3.  3  Statistical  Accuracy  of  Measurements 

Before  proceeding  with  the  discussion  of  specific  true  rms  volt¬ 
meters,  consider  the  statistical  accuracy  associated  with  the  use  of  these 
meters  to  measure  the  mean  square  level  of  a  random  signal.  Mean 
square  rather  than  rms  measurements  will  be  discussed  since  tha  mean 
squar®  %'o!!agff  is  the  parameter  actually  measured  by  true  rms  VTVM 
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circuits.  As  mentioned  before,  the  square  root  of  the  measurement  or  the 
rms  voltage  is  obtained  by  proper  meter  calibration. 

Assume  an  ideal  voltage  measuring  instrument  with  a  perfect  squaring 
circuit  followed  by  an  averaging  circuit  which  integrates  for  a  mean  square 
voltage  over  some  averaging  time,  T.  Such  a  voltmeter  would  give  an 
exact  mean  square  measurement  for  any  steady  state  periodic  input  signal. 
Consider  the  case  where  the  input  signal  is  a  random  signal  which  is 
stationary  in  time  with  a  frequency  bandwidth  of  B.  The  measurement 
obtained  is  now  only  an  estimate  of  the  mean  square  voltage  of  the  signal, 
since  the  measurement  constitutes  a  sample  of  the  signal  over  a  finite 
period  of  time.  The  statistical  accuracy  or  quality  of  the  measurement  is 
a  function  of  the  averaging  time  (sample  length)  T,  the  signal  bandwidth  B, 
and  the  power  spectral  density  function  S(f).  For  the  present,  assume 
the  signal  has  a  uniform  power  spectrum,  S(f)  =  constant,  and  an  ideally 
defined  bandwidth,  B,  with  infinitely  sharp  cutoff  frequencies.  The  more 
general  case  will  be  discussed  later  in  Section  7.4.2.  Now  the  quality  may 
be  expressed  in  terms  of  a  normalized  variance  of  the  measurement  as 
follows: 


2 


£ 


1 

BT 


(7.  3) 


Another  measure  of  quality  is  the  equivalent  number  of  statistical 
degrees  of  freedom,  n,  for  the  measurement,  as  follows  (Ref.  [7]): 

n  =  2BT  (7.4) 


Consider  a  signal  with  a  Gaussian  probability  density  function  and  a  true 

mean  square  voltage  ox  c r  .  For  a  mean  square  voltage  measurement  of 
2 

s  ,  the  following  statistical  relationship  exists: 


(7.  5) 


where  the  value  of  ^  (chi-square)  for  various  confidence  intervals  may 
be  obtained  from  standard  statistical  tables  (such  as  page  309  of  Ref.  [9]). 
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Now,  if  a  mean  square  voltage  of  s  is  measured  for  a  sample  of  length 
T  from  a  stationary  random  signal,  the  actual  meait  square  voltage,  cr^, 
for  the  random  signal  is  between  the  limits  defined  for  a  given  confidence 
interval  by  the  equation: 


2 

<r 


where 


is  =  2BT 


(7.  6) 


A  limited  table  of  confidence  intervals  from  mean  square  measure¬ 
ments  as  a  function  of  the  number  of  degrees  of  freedoms  for  a 
measurement  oi  unity  is  presented  in  Table  7.2* 


Table  7,  2  Confidence  Limits  From  Mean  Square  Measurements 
As  Function  of  Number  of  Degrees  of  Freedom 


No.  of  Degrees  of  Freedom 

n  =  2 

n  =  10 

n  =  20 

n  =  40 

n  -  60 

n  =  120 

Confidence 

Lower  limit 

.45 

TFT 

7 7T 

.  •  w 

.  77 

.81 

.  85 

Upper  limit 

9.  4<T 

2.  65 

1_  67 

i.  37 

L  29 

L  19 

Confidence 

Lower  limit 

.27 

.49 

,5k 

.  67 

.72 

-7^ 

Upper  limit 

39. 16 

or 

2.  66 

1.63 

L48 

CTi 

For  example,  assume  an  ideal  instrument  with  an  averaging  time  of  one 
second  is  used  to  obtain  a  mean  square  measurement  of  s“  equal  to  one 
volt  for  a  random  signal  with  a  bandwidth  of  60  cps.  The  equivalent 
number  cf  degrees  of  freedom  for  the  measurement  is  120.  From 
Table  7.  3,  it  may  be  said  with  80  percent  confidence  that  the  actual  mean 
square  voltage  of  the  random  signal  is  between  0.  85  volts  and  I.  19  volts. 

7.  3.  4  Accuracy  Using  RC  Filters 

The  quality  of  a  mean  square  voltage  measurement  obtained  using 
an  ideal  instrument  has  been  established.  However,  as  previously  noted, 
commercial  true  rms  VTVM's  do  not  average  ideally  by  integration 
over  the  sample  length  but  rather  by  use  of  R-C  filters.  The  output 
voltage  time  history  of  a  simple  R-C  fitter  for  a  constant  DC  voltage 
input  is  shown  as  follows. 
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Time 


Time  Constant  K  =  RC 

V. 


(7.  7} 


As  seen  from  the  above  graph,  the  output  of  the  simple  RC  filter 

wfi!  reach  a  voltage  nearly  equal  to  the  input  after  the  signal  has  been 

applied  for  three  or  four  time  constants  (V  =  0.  98  V.  at  four  time 

o  1 

constants).  Thus  for  a  steady  state  periodic  input  signal  to  a  true  ran 
VTVM,  the  RC  filtering  of  the  square  law  rectifier  output  will  yield  a 
reasonably  accurate  and  steady  meter  indication  of  mean  square  voltage 
after  a  few  time  constants  have  elapsed.  This  assumes  of  course  that 
the  filter  time  constant  is  long  compared  to  the  period  of  the  fundamental 
frequency  of  the  periodic  signal  being  measured.  Now  consider  the  case 
of  a  stationary  random  input  signal.  After  a  few  time  constants  have 
elapsed,  the  meter  will  indicate  a  continuous  estimate  of  the  mean  square 
voltage  which  at  any  instant  is  the  result  of  all  signals  that  have  gone 
before.  The  quality  of  the  measurement  at  any  time  is  once  again  a 
function  of  the  frequency  bandwidth  and  the  averaging  time,  which  in  turn 
is  dependent  upon  the  time  constant  of  the  voltmeter.  As  the  voltmeter 
time  constant  and/ or  bandwidth  of  the  input  signal  become  smaller,  die 
fluctuations  of  the  meter  reading  become  larger  (the  quality  of  the  measure¬ 
ment  at  any  instant  becomes  poorer). 

The  relationship  between  the  voltmeter  time  constant  and  the  averag¬ 
ing  time  T  needed  to  establish  the  statistical  quality  of  the  meter  reading 
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at  any  instant  of  time  is  not  precise  until  the  signal  has  been  applied  for 
several  time  constants.  After,  say,  four  or  more  time  constants  have 
elapsed,  the  averaging  time  T  in  Eqs.  (7.  3)  and  (7.4)  may  be  replaced 
by  2K  where  K  =  RC  is  the  filter  time  constant.  This  important  relation¬ 
ship  is  derived  in  an  earlier  section  of  this  report.  Now.  the  normalized 
variance  of  the  mean  square  measurement  at  any  instant  after  time  =  4K 
becomes, 


2  i 

e  =  - 

2  BK 


IT.  8) 


and  the  number  of  equivalent  degrees  of  freedom  becomes, 

n  =  4  BK  {?.  9) 

For  example,  if  B  =  50  cps  and  K  =  0.  1  seconds,  then  n  =  20. 

From  Table  7.  2,  it  follows  that  for  an  80  percent  confidence  interval,  the 
actual  mean  square  voltage  of  a  random  signal  is  between  0.  70  and  1.  67 
of  the  mean  square  voltage  measured  at  any  instant  of  time  after,  say, 

4K  or  0. 4  seconds  have  elapsed.  This  assumes  that  the  sample  length 
of  the  signal  is  at  ieast  0. 4  seconds  long.  It  should  be  noted  that  the  time 
constant  of  commercial  true  rms  VTVM's  is  fixed,  and  thus  for  a  given 
bandwidth,  the  quality  of  an  instantaneous  measurement  is  fixed  no  matter 
I.  iw  long  the  sample  length  of  the  signal  is.  It  would  be  desirable  if  the 
time  constant  of  the  meter  could  be  adjusted  so  tliul  K  could  always  be 
l/4  of  any  sample  length  being  measured.  The  measurement  would  then 
be  the  meter  indication  at  the  end  of  the  sample  and  world  be  the  highest 
quality  measurement  attainable  for  this  type  of  voltmeter. 

It  should  be  pointed  out  that  a  true  rms  Vi’VM  with  a  fixed  time 
constant  often  is  used  to  measure  the  voltage  of  a  stationary  random 
signal  where  the  sample  length  is  many  times  longer  than  the  time  constant 
of  the  voltmeter.  In  this  case,  the  observer  does  not  obtain  a  measure¬ 
ment  by  reading  the  voltmeter  indication  at  one  particular  instant,  but 
rather  by  mentally  averaging  the  continuous  voltmeter  indication  over  the 
entire  sample  length.  The  quality  of  a  measurement  obtained  by  averag¬ 
ing  the  continuous  mean  square  voltage  indications  over  a  long  sample  is 
better  than  the  quality  of  one  instantaneous  observation. 
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7.  3.  5  Physics.!  Example 


The  time  constant  of  true  rms  VTVM's  is  usually  between  0.  1  and 
i.  0  seconds.  Time  constants  of  less  than  0.  1  second  will  seriously  limit 
the  instruments'  capability  to  measure  low  frequency  signals.  Time 
constants  of  longer  than  a  second  will  result  in  an  unduly  long  wait  to 
obtain  a  measurement,  although  the  resulting  meter  indication  would  be 
more  steady  (the  quality  of  the  measurement  would  be  higher}.  A 
physical  example  might  help  give  a  better  feel  for  the  association  between 
meter  indication,  time  constant,  and  input  signal  bandwidth  for  true  rms 
VTVM  voltage  measurements  of  random  noise.  Such  an  example  is  pre¬ 
sented  in  Fig.  7.  I .  A  true  rms  vacuum  lube  voltmeter  was  used  to 
measure  the  mean  square  voltage  of  the  output  of  a  random  noise 
generator  limited  in  bandwidth  by  a  controllable  filter..  The  time  constant 
of  the  voltmeter  was  measured  and  found  to  be  about  0.  i  seconds.  The 
mean  square  measurement  signal  was  monitored  and  recorded  just  prior 

*1  L".‘  r: _ 1 _ U:.  The  mean  square  voltage  time  history  for  a 

3-second  long  sample  is  presented  for  various  bandwidths.  Bandwidth 
rather  than  time  constant  was  varied  because  the  time  constant  of  the 
voltmeter  is  fixed.  The  random  noise  generator  was  permitted  to  warm 
up  for  several  hours  to  assure  a  stationary  output  signal. 

From  Fig.  7.  1,  note  that  the  continuous  mean  square  measurement 
(and  the  rms  indication  of  the  meter)  for  a  bandwidth  of  20, 000  cps  was 
quite  steady  over  the  3-second  sample.  In  this  case,  the  quality  of  the 
measurement  at  any  instant  is  so  high  (4  BK  =  8C00  degrees  of  freedom) 
that  the  estimation  error  Is  negligible  as  compared  to  the  instrument 
error.  Now  consider  the  measurement  for  a  bandwidth  of  5  cps,  and 
note  the  large  variations  in  the  measurement  over  the  3-eeccnd  long 
sample.  Here  the  measurement  at  any  instant  of  time  (after  four  or  more 
time  constants  have  elapsed)  has  a  quality  of  2  degress  of  freedom.  If 
the  indicated  mean  square  voltage  at  any  instant  is  s^,  one  could  tjy  with 
80  percent  confidence  that  the  true  mean  square  voltage  of  the  signal 
measured  was  between  0.  43  sfa  and  9.  48  s  .  This  experiment  fhews  that 
true  rms  VTVM's  may  be  used  to  obtain  random  signal  voltage  measure¬ 
ments  with  high  confidence  for  short  samples  of  broad  band  input  signals, 
even  when  the  tim-2  constant  is  as  short  as  0.  !  seconds.  However,  when 
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Bandwidth  =  20,  000  cps 
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Figure  7.  !  Mean  Square  Output  vs.  Time 
True  rrr.s  Voltmeter 

Time  constant  of  equivalent  RC  filter  is  approximately  0.  I  seconds,  t  is 
several  time  constants  after  stationary  random  (Gaussian)  signal  was  applied. 


c 

2 


£  +1 
O 


t  4-2 
o 


TIME  -  SECONDS 


ASD  TR  61-123 


7-15 


such  instruments  are  used  to  measure  short  samples  of  narrow  band  ran¬ 
dom  signals,  the  confidence  in  the  resulting  measurment  is  rather  poor 
and  must  receive  consideration.  This  point  is  extremely  important  because 
spectra!  analysis  of  random  signals  is  normally  accomplished  by  measur¬ 
ing  the  mean  square  voltage  outp-.it  of  a  narrow  band  wave  analyzer.  The 
subject  will  be  covered  more  fully  in  the  next  Section  7.4  on  power  spectral 
density  measurements. 

7.  3. 6  Further  Remarks  on  Voltmeter  Measurements 

The  rectifier  type  true  rms  VTVM  has  been  discussed  in  some  detail 
here  because  it  appears  to  be  the  most  practical  voltage  measuring  instru¬ 
ment  for  random  vibration  analysis  that  is  readily  available  commercially. 
This  does  not  mean  that  other  types  of  voltmeters  are  not  available.  Thermo¬ 
couple  type  voltmeters  incorporating  electronic  circuits  have  been  developed 
which  provide  the  high  sensitivity  and  high  input  >«■.»♦<)»*<■*  of  rectifier 
type  voltmeters.  Furthermore,  these  instruments  do  not  appear  to  present 
the  problem  of  damage  susceptibility  that  has  been  characteristic  of 
thermocouple  type  voltmeters  in  the  past.  Thermocouple  voltmeters  with 
equivalent  RC  time  constants  of  as  long  as  16  seconds  are  commercially 
available.  If  long  enough  random  signal  samples  are  obtainable,  fluctuations 
of  the  measurement  indication  will  be  quite  small  even  for  narrow  frequency 
band  widths. 

One  additional  point  concerning  true  rms  voltage  measurements  of 
random  signals  should  be  mentioned.  Any  true  rms  voltage  measuring 
instrument  must  be  designed  to  electrically  deal  with  instantaneous  input 
voltages  over  a  very  wide  dynamic  range.  In  C-.e  case  of  conventional  AC 
voltmeters  used  to  measure  sine  wave  signals,  the  voltmeter  circuit  will 
not  see  instantaneous  voltage  levels  above  1.414  times  the  rms  voltage 
of  the  signal  being  measured  (the  peak  of  a  sine  wave  is  1.414  rms). 

However,  non- sinusoidal  periodic  signals  may  have  instantaneous  voltage 
peaks  which  are  many  times  larger  than  the  rms  voltage  of  the  signal. 

The  tVuo  of  peak  voltage  to  rms  voltage  is  called  the  crest  factor  of  the 
signal  (sometimes  called  peak  factor),  and  the  ability  of  a  voltmeter  to 
accept  high  crest  factors  is  defined  by  the  crest  factor  limit  or  range  of 
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the  voltmeter.  The  crest  factor  of  a  sinusoid  is  1. 414.  and  a  voltmeter 
with  a  crest  factor  limit  e*  5  {range  of  i  to  5)  will  measure  with  act 
dipping  any  signal  with  a  crest  factor  of  5  or  less.  For  the  case  of 
random  signals,  the  crest  factor  is  undefined  (it  is  extremely  large), 
and  some  clipping  must  occur  since  no  voltmeter  can  be  designed  with 
an  Infinite  crest  factor  iimit.  However,  if  the  crest  factor  limit  of  dte 
voltmeter  is  sufficiently  high,  the  dipping  may  be  negligible.  Whether 
or  net  the  crest  factor  limit  of  >.  given  voltmeter  is  sufficient  depends 
upon  the  probability  density  function  of  the  random  signal  being  measured. 
For  a  random  signal  with  a  Gaussian  amplitude  density,  a  crest  factor 
limit  of  5  would  result  in  dipping  only  0.  0£ 00 57  percent  of  the  time,  and 
oven  a  crest  factor  limit  as  low  as  3  would  result  in  clipping  only  0. 27 
percent  of  the  time.  The  crest  factor  limit  for  commercial  true  rms 
VTV'M's  is  normally  between  3  and  5.  although  voltmeters  are  available 
with  crest  factor  limits  as  high  as  10.  A  detailed  discussion  of  the 
cited  vf  clipping  on  random  signals  appears  in  Section  9.  5  of  this  report. 

In  summary,  rms  voltage  measurements  of  random  signals  in 
association  with  analog  vibration  data  analysis  should  be  obtained  using 
true  rms  voltage  measuring  instruments.  It  should  be  remembered  that 
most  conventional  AC  voltmeters  in  use  today  are  average  value  rectifier 
type  voltmeters  which  do  not  actually  measure  the  rms  voltage  of  a 
signal.  It  should  also  be  remembered  that  no  matter  how  small  the  in¬ 
strument  error  of  a  voltmeter  is.  the  ns*  voltage  measured  for  a  random 
signal  is  only  an  estimate  of  the  true  rms  voltage  of  tar  signal.  A  con¬ 
fidence  interval  for  the  estimate  can  be  established  if  the  signal  frequency 
band  width  and  instrument  averaging  time  or  sample  length  are  known, 
ft  would  be  desirable  to  measure  the  rms  voltage  of  a  signal  by  actual 
integration  over  the  sample  length,  but  unfortunately,  commercial  in¬ 
struments  of  this  type  are  not  readily  available.  Most  commercial 
voltmeters  average  the  instantaneous  voltage  square  signal  from  the  square 
low  rectifier  by  use  c!  an  RC  type  filter  to  give  a  continuous  mean  square 
measurement  (made  rms  by  proper  scale  calibration)  over  the  sample 
length.  After  the  signal  has  been  applied  for  four  or  more  filter  time 
constants,  a  confidence  interval  for  the  meter  indication  at  any  instant 
can  be  established  by  considering  the  averaging  time  for  the  measure¬ 
ment  to  be  equal  to  two  time  constants. 
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7.  3.  ■  Saasaary  sfTme  ran  Voltage  Measuring  Instrument* 

(Compiled  front  Reference*  [  28] ,  fit].  [  JCj ,  and  [cZ]} 

1.  Seetrodyaamic  type  voltmeter  (dygaaoaetrfj. 

This  instrument  employs  two  coils  connected  in  series,  one 
fixed  and  oce  moving,  with  an  indicating  needle  attached  to  die  moving 
coil.  The  instrument  is  then  like  a  D°Arsonvai  meter  except  the  perman¬ 
ent  magnetic  is  replaced  by  a  fixed  coil.  The  resulting  needle  movement 
is  proportional  to  the  square  of  the  instantaneous  applied  voltage.  The 
inertia  and  damping  of  the  moving  element  integrated  tire  torque  varia¬ 
tions  to  give  a  mean  square  indication.  Proper  scale  calibration  permits 
direct  rrr.i  readings. 

Primary  advantage:  high  accuracy. 

Primary  disadvantage:  limited  frequency  response  (DC 
through  power  frequencies). 

2.  Moving -£rc*»  type  voltmeter. 

This  instrument  utilizes  the  reaction  between  a  moveable 
soft-iron  vane  and  a  magnetizing  field  coil.  The  vane  movement  is  a 
function  of  the  rms  voltage  to  the  coil. 

Primary  advantage:  high  accuracy. 

Primary  disadvantage:  limited  frequency  response  (DC 
through  power  frequencies). 

3.  Thermocouple  type  voltmeter. 

This  instrument  consists  of  a  heater,  a  thermocouple,  and 
a  D’Arsonvai  meter.  The  voltage  signal  is  applied  to  the  heater  which 
is  in  physical  contact  with  the  thermocouple.  The  thermocouple  tempera¬ 
ture  as  read  by  the  D'Arsonval  meter  is  proportional  to  the  average  power 
dissipated  in  the  heater,  which  in  tarn  is  proportional  to  the  mean  square 
voltage  of  the  applied  signal.  Proper  scale  calibration  permits  direct 
rms  readings. 

Primary  advantages:  high  accuracy  and  broad  frequency 
response  :DC  to  one  megacycle  u>  higher). 

Primary  disadvantage:  susceptibility  to  damage  due  to  over¬ 
loading  unless  the  crest  factor  range  is  sharply  limited. 
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Cowpater  type  voltmcte 


Ths*  instrument  employs  analog  com  puling  circuits  tc  square 
:he  input  voltage  signal  and  integrate  over  any  desired  time  interval  to 
obtain  a  mean  square  measurement  for  that  interval. 

Primary  advantages:  great  flexibility;  yields  a  one  number 
mean  square  measurement  tor  a  specific  sample  length. 

Primary  disadvantage;  cost. 

5.  Electrostatic  type  voltmeter. 

Thts  instrument  utilizes  the  electrostatic  reaction  between 
the  fixed  plates  and  moveable  plate;  c:  a  variable  condenser.  The  position 
of  the  moveable  slates  an  indicated  by  an  attached  needle  can  he  made 
proportional  to  the  ~t  voltage  of  the  applied  si  gnat. 

Primary  advantages:  high  input  impedance  at  low  frequencies. 

Primary  disadvantage:  limited  sensitivity  thigh  voltages 

only!. 


i.  True  rms  rectifier  type  voltmeter. 

This  instrument  is  discussed  in  the  text. 

Primary  advantages:  high  input  impedance  (up  to  EO  megohms): 
high  sensitivity  (down  to  ISC  microvolts);  broad  frequency  response  (5  cps 
to  100  kilocycles  or  higher). 

Primary  disadvantages:  cost  and  only  moderate  accuracy 
(about  t  percent). 

7. 4  POWER  SPECTRAL  DENSITY  MEASUREMENTS  OF  RANDOM  DATA 

One  of  the  useful  statistics  for  characterizing  a  random  signal  is 
the  power  spectral  density  of  the  signal.  The  power  spectral  density  Or 
power  spectrum  of  a  stationary  random  signal  is  a  measure  of  the  relative 
power  per  cps  versus  frequency  and  may  be  presented  in  any  units  which 
are  proportional  to  power,  i.  e. .  g*/cps,  psi^/epc.  etc.  Random  vibration 
measurements  in  modern  flight  vehicles  are  usually  obtained  using 
acceleration  transducers.  As  a  result,  most  power  spectrum  data 
currently  appearing  in  the  literature  are  *n  the  form  of  acceleration 
power  spectral  densities  with  she  anils  of  g“/eps. 
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Arjiyticiiiy,  tse  poorer  spectnssi  of  %  Stationary  random  tigatt  is 
tee  Fourier  transform  et  fee  autocor relation  flection  of  fist  liyai. 

Hence  ore  can  oiui r.  a  pcrcr  tjectrsss  either  directly  by  filtering  in 
the  tresaeBCy  domain,  or  inSrecUy  by  filtering  in  the  time  domain  fasts- 
corrctatisc}  and  determining  the  Fourier  transform  of  the  results.  Has 
section  will  deal  only  with  the  measurement  of  power  spectrum  by  filtering 
in  the  fretpeecr  domain.  Autocorrelation  measurements  will  be  the 
subject  of  a  later  Section  7_ 6. 

In  general,  the  determination  of  the  power  spectrum  for  a  random 
signal  consists  of  measuring  the  mean  square  value  of  the  signal  in  each 
of  many  narrow  frequency  bands  which  together  cover  the  frequency 
range  of  concern,  and  dividing  each  mean  square  value  by  its  associated 
bandwidth.  Ideally,  one  would  like  to  measure  the  limit  of  the  mean 
square  value  divided  by  bandwidds,  as  the  bandwidth  approaches  zero, 
but  this  is  beyond  the  practical  capabilities  of  physical  isstrwmeafts. 
Filtering  and  mean  square  measurement  are  then  fee  fundamental 
physical  processes  involved  in  power  spectre!  density  determination. 
However  one  cannot  actually  measure  the  true  mean  square  raise  off  a 
random  signal,  since  a  measurement  constitutes  a  sample  of  the  signal 
over  some  finite  period  of  time.  A  mean  square  measurement  of  a 
sample  record  from  a  random  signal  is  then  only  an  estimate  of  the  true 
mean  square  level  of  the  signal.  When  one  speaks  of  power  spectral 
density  measurements,  o<*c  lx  actually  talking  about  a  statistical 
estimate.  The  accuracy  of  power  spectrum  estimates  is  considered  is 
detail  in  this  report. 

7. 4. 1  General  Techniques  for  Obtaining  Power  Spectra  Estimates 

Consider  cow  the  actual  techniques  that  might  be  employed  for 
power  spectral  density  analysis.  The  discussion  will  be  in  terms  of 
analog  devices,  bat  the  general  procedures  could  jus:  as  well  be  accom¬ 
plished  digitally.  One  possible  technique,  in  terms  of  minimum  computa¬ 
tion  time,  would  be  to  pass  the  input  random  signal  through  a  set  of  very 
.-.:rro*  band  filters  which  cover  die  frequency  range  under  consideration 
and  simultaneously  measure  the  mean  square  output  of  each  filter  by 
squaring  and  averaging  the  output  of  each  filter  over  the  entire  available 
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record  Hesglh.  Tees,  by  diridisg  each  ereae  sqsare  ataiKresHsi  by  its 
associated  filter  bandwidth  tad  linrdustouir  reeordisj  the  oetpst-s  on 
s~  appropriate  frtcietcy  scale,  ta  estimate  of  the  po«cr  sperirai  «s**ty 
fcsdioa  for  the  random  $:{stl  is  obtained,  as  shown  is  Flprt  7.  2  bei®*. 
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Fsgore  7. 2  (Paralic!}  Filter  Set  Type  Analyzer 
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The  procedure  shown  in  Figure  7.  2  would  require  a  large  number 
of  filters  and  mean  square  measuring  devices,  which  are  expensive.  A 
great  deal  of  money  is  saved  at  the  expense  of  increased  analysis  time 
by  using  only  one  mean  square  measuring  device,  and  determining  the 
mean  square  out-put  of  each  filter  of  the  set  individually,  as  shown  in 
Figure  7,  3. 


Figure  7.  3  (Sequential)  Filter  Set  Type  Analyzer 
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The  procedure  of  Figure  7.  3  wxii  be  called  a  (sequential)  filter 
set  type  analyzer.  The  filter  sets  of  Figures  7.  2  and  7.  3  might  be,  and 
often  are  replaced  by  one  filter  with  an  effective  variable  center  frequency 
that  may  be  moved  continuously  through  the  frequency  range  under  con¬ 
sideration.  This  arrangement,  which  will  be  called  a  variable  center 
frequency  filter  type  analyzer,  is  shown  in  Figure  7.4 


Figure  7.  4  Variable  Center  Frequency  Filter  Type  Analyzer 


A  fourth  procedure  involves  the  application  of  the  heterodyne 
principle.  Rather  than  moving  a  variable  center  frequency  filter  through 
the  frequency  range  of  the  signal  as  in  Figure  7.4,  a  heterodyne  analyzer 
moves  the  frequency  range  of  the  signal  past  a  single  high  frequency 
fixed  filter.  Frequency  transposition  of  the  input  signal  is  accomplished 
by  combining  the  input  signal  in  a  modulator  with  a  signal  from  a 
variable  frequency  oscillator.  As  the  oscillator  frequency  is  varied, 
the  modulator  generated  sidebands  are  moved  in  frequency  pace  the 
fixed  filter  for  analysis,  as  shown  in  Figure  7.  5  below. 
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Figure  ?.  5  Heterodyne  Type  Analyser 

The  heterodyne  type  analyzer  is  inherently  a  constant  bandwidth 
instrument,  its  primary  advantage  is  that  the  single  fixed  filter  can  be 
carefully  designed  and  controlled  to  obtain  high  selectivity  and  stability. 
Quartz  crystal  filters  with  a  Q  of  30,  COO  or  more  at  a  center  frequency 
around  100  kc  are  used. 

It  has  been  pointed  out  that  the  heterodyne  type  power  spectrum 
analyzer  in  Figure  7.  5  filters  over  the  frequency  range  under  considera¬ 
tion  w=th  a  constant  bandwidth,  but  nothing  has  been  said  about  the  band¬ 
width  of  the  other  analyzer  techniques  discussed.  The  filter  set  type 
analyzer  in  Figure  7.  3  may  be  one  of  two  types.  The  first  is  a  set  of 
filters  having  equal  bandwidths  (constant  bandwidth  analysis)  and  the 
second  is  a  set  of  filters  having  equal  C  (constant  percentage  anaiysis). 
The  constant  percentage  filter  set  is  far  more  prevalent  in  practice. 

The  variable  center  frequency  filter  type  analyzer  in  Figure  7.  4  may 
also  be  either  a  constant  bandwidth  or  constant  percentage  type  filter. 

There  has  beer,  considerable  discussion  in  the  past  on  the  subieci 
of  constant  bandwidth  versus  constant  percentage  filtering  techniques 
for  power  spectral  density  analysis.  A  good  summary  of  pro  and  con 
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arguments  is  presented  in  Ref.  [  19].  In  general,  constant  percentage 
analysis  has  certain  advantages  associated  with  a  constant  resolution 
of  the  power  spectrum  estimate,  as  will  be  discussed  iater.  The  primary 
argument  for  constant  bandwidth  analysis  is  simply  the  practical  con¬ 
sideration  of  filter  design.  The  sharp  selectivity  of  the  fixed  crystal 
filter  in  the  heterodyne  ty^e  analyzer  is  not  obtainable  in  the  constant 
percentage  type  analyzers. 

In  summary,  the  vast  majority  of  commercially  available  power 
spectral  density  analyzers  employ  one  of  the  following  three  filtering 
techniques  (Refs.  [7],  [28],  and  [24]). 

1.  Constant  percentage  filter  set  type  analyzer  -  Fig.  7.  3. 

2.  Variable  center  frequency  filter  type  analyzer  {either  constant 
bandwidth  or  constant  percentage)  -  Fig.  7.  4. 

3.  Constant  bandwidth  heterodyne  type  analyzer  •  Fi".  7.  5. 

Of  the  three  types  of  analyzers,  the  heterodyne  type  instrument 
is  the  most  widely  used  for  detailed  power  spectral  density  analysis. 
Commercial  heterodyne  analyzers  usually  are  equipped  with  several 
different  filter  bandwidth  selections  ranging  from  2  cps  to  50  cps.  The 
frequency  range  of  heterodyne  analyzers  is  usually  from  zero  to  25  kc, 
which  is  ample  to  cover  the  frequency  range  of  interest  for  most  vibration 
and  acoustical  data  analysis. 

7.  4.  2  Statistical  Accuracy  of  Power  Spectra  Estimates 

The  basic  measurement  required  for  power  spectral  density 
analysis  of  stationary  random  signals  is  a  mean  square  value  determina¬ 
tion.  Specifically,  the  mean  square  value  of  the  random  signal  is 
estimated  by  measuring  the  mean  square  value  of  a  sample  record  using 
a  squaring  circuit  followed  by  an  averaging  circuit.  The  details  of  actual 
analog  mean  square  voltage  measuring  devices  are  presented  in  the 
previous  Section  7.  3  Assume  for  the  moment  that  one  has  a  mathematically 
precise  mean  square  measuring  device  consisting  of  a  perfect  square 
low  rectifier  followed  by  a  perfect  averager  which  integrates  the  squared 
amplitudes  over  the  entire  sample  record  length  nnd  divides  by  the  record 
length. 
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How  well  a  mean  square  measurement  of  a  sample  record  from  a 
stationary  random  signal  represents  the  true  mean  square  level  of  the 
signal  may  be  expressed  in  terms  of  the  statistical  quality  of  the  measure¬ 
ment.  The  quality  of  a  mean  square  measurement  is  a  function  of  the 
record  length  T.  the  record  frequency  bandwidth  B,  and  the  power 
spectrum  S{£).  One  expression  for  statistical  quality  is  die  normalized 
variance  of  the  measurement  given  as  follows,  see  Eq.  (4.  168)  of 
Section  4.  o,  0^ 

«2  =  -L  ♦  -L  plf  p.io 

BT  576 

where  X(f)  =  js(f)/S,,(f)|  is  called  the  "spectral  banc  .’idth"  of  the 
random  signal  under  consideration.  If  there  are  no  sharp  variations  of 
the  power  spectrum  within  the  bandwidth  B  being  considered,  the  value 
of  k(i)  becomes  very  large  and  the  second  term  of  Eq.  (7.  lOJbecomes 
negligible.  For  the  case  of  power  spectral  density  analysis  where  B 
is  the  bandwidth  of  a  narrow  band  pass  filter,  the  second  term  may 
normally  be  neglected  (although  not  always),  and  Eq.  (7.  10)  becomes 
simply. 


2 

c 


1 

BT 


(7.  11) 


Another  measure  of  statistical  quality  which  is  more  amiable  to 
standard  statistical  tables  is  the  equivalent  number  of  degrees  of  freedom 
of  the  measurement,  denoted  by  n,  as  follows: 

n  =  2BT  (7.  12) 

The  same  argument  now  applies  as  developed  earlier  in  Section 
7. 3.  3,  and  confidence  limits  for  the  true  mean  square  value  from 
measured  mean  square  values  as  a  function  of  n  are  displayed  in 
Table  7. 2. 
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For  example,  assume  a  mean  square  value  of  is  measured  for 
a  sample  record  of  one  second  length  from  a  random  signal  with  a  band¬ 
width  of  30  cps.  The  equivalent  number  of  degrees  of  freedom  for  the 

measurement  is  60.  From  Table  7.  2,  it  may  be  said  that  the  actual  mean 

7  z 

square  value  for  the  random  signal  is  between  0.  72  c"  ?nd  1.  48  s  for 
a  confidence  coefficient  of  95  percent. 

It  should  be  noted  that  Eqs.  (7.  11)  and  (7.  12)  may  have  slightly 
different  constant  coefficients  depending  upon  the  actual  configuration 
of  the  band  pass  filter  employed.  Refs.  [3]  and  [4],  but  for  the  purposes 
of  this  discussion,  the  filter  will  be  considered  ideal  with  sharp  cut  off 
edges.  Eqs.  {7.  11)  and  (7.  12}  are  good  approximations  for  an  ideal 
filter. 

7.  4.  3  Resolution  of  Power  Spectra  Estimates 

Examine  in  more  detail  the  effect  of  filter  bandwidth  on  the  quality 
of  power  spectral  density  estimates.  It  is  seen  from  Eqs.  (7.  If)  and 
(7.  12)  that  the  statistical  quality  of  a  mean  square  measurement  (in  terms 
of  the  equivalent  number  of  degrees  of  freedom)  is  directly  proportional 
to  the  bandwidth  of  the  signal.  One  might  then  conclude  for  power  spectral 
analysis  that  improved  measurement  quality  can  easily  be  obtained  by 
simply  increasing  the  bandwidth  of  the  analyzer  filter.  However,  increas¬ 
ing  the  filter  bandwidth  reduces  the  '’resolution”  of  the  analysis;  i.  c.  ,  it 
reduces  the  ability  of  the  analysis  to  properly  define  sharp  peaks  in  the 
power  spectrum.  The  selection  of  the  analyzer  filter  bandwidth  is  always 
a  compromise  between  measurement  a  Uu! *ty  *%n  d  measurement  resolution. 
It  should  be  further  noted  that  if  there  arc  sharp  peaks  in  the  filter 
bandwidth,  the  second  term  of  Eq.  (7.  10)  may  become  quite  significant 
and  the  quality  of  the  measurement  will  not  be  as  good  as  would  be 
predicted  by  Eqs.  (7.  11)  and  (?.  12).  The  emphasis  then  should  be  placed 
upon  selecting  an  analyzer  bandwidth  which  will  afford  proper  resolution 
of  the  spectrum  being  analyzed.  A  reasonable  criteria  for  proper  resolu¬ 
tion  might  be  a  filter  bandwidth  that  is  one  fourth  the  bandwidth  (between 
half  power  points)  of  the  narrowest  peak  in  the  power  spectrum  to  be 
analyzed.  This  points  out  the  rather  annoying  fact  that  power  spectra 
measurements  with  known  statistical  confidence  cannot  be  obtained 
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without  some  prior  knowledge  of  a:  least  the  general  nature  of  the  power 
spectrum  to  be  analysed. 

Power  spectrum  resolution  is  sometimes  defined  as  the  bandwidth 
of  the  analyzer  filter  divided  by  die  center  frequency  of  the  filter  in 
percentage.  For  a  power  spectral  density  analysis  with  a  constant  5 
percent  resolution,  the  analyzer  filter  bandwidth  would  be  5  cps  at  a 
center  frequency  of  100  cps  and  50  ups  at  a  center  frequency  of  1000  cps. 
Using  this  definition  of  resolution,  a  constant  percentage  type  analyzer 
(using  constant  Q  filters}  will  yield  power  spectra  with  constant  resolution 
while  constant  bandwidth  type  analyzers  will  yield  power  spectra  with  a 
resolution  that  increases  in  direct  proportion  to  frequency. 

7.  4. 4  Constant  Bandwidth  Power  Spectra  Estimates  -  Maximum 
Filter  Scan  Ratti 

Consider  in  detail  the  statistical  accuracy  of  poorer  spectral 
density  estimates  obtained  using  constant  bandwidth  type  analyzers,  such 
as  a  heterodyne  type  analyzer,  which  scan  the  frequency  range  under 
consideration  with  a  continuous  sweep  of  a  single  filter.  Thiz  type  of 
analyzer  is  being  considered  first  and  in  most  detail  because  it  is  the 
most  widely  used.  Assume  a  sample  record  of  length  T  seconds  was 
obtained  from  a  band  limited  stationary  random  signal  with  a  frequency 
range  of  F  cps.  The  power  spectrum  of  the  signal  is  to  be  measured 
(estimated)  over  the  bandwidth  of  the  signal  by  analysis  of  the  sample 
record.  Since  the  analysis  will  be  done  by  an  analog  instrument,  die 
record  should  be  on  magnetic  tape  or  some  other  form  of  storage 
suitable  for  electrical  playback.  The  record  can  then  be  made  into  a 
loop  for  coatinucus  playback  into  die  analyzer.  Lcl  the  bandwidth  of  die 
analyzer  filter  be  determined  by  resolution  considerations  to  some 
value  B.  The  maximum  statistical  quality  attainable  in  the  power  spectrum 
measurement  has  now  been  fixed  by  Eq.  (7.  12).  For  example,  if  the 
record  length  is  T  =  6  seconds,  and  the  analyoer  filter  bandwidth  is 
B  =  10  cps,  the  maximum  quality  of  the  power  spectrum  measurement 
is  120  equivalent  degrees  of  freedom.  Analysis  techniques  employed 
from  this  point  or.  cannot  increase  the  statistical  accuracy  of  the  measure¬ 
ment  beyond  that  accuracy  defined  by  !2Q  degrees  of  freedom. 
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The  next  question  is  how  fast  may  the  analyzer  filter  scan  the 
frequency  range  F  of  the  record  without  unnecessarily  reducing  the 
quality  of  the  measurement.  If  the  frequency  range  F  were  scanned  in 
discrete  steps,  the  filter  would  have  to  be  stepped  through  (F/B) 
different  center  frequencies  and  remain  at  each  center  frequency  for  at 
least  T  seconds  if  maximum  statistical  quality  is  to  be  obtained.  For 
example,  if  F  =  2000  cps,  B  =  £0  cps,  and  T  =  6  seconds,  the  filter 
would  have  to  be  moved  through  20C  positions  and  remain  at  each  for 
6  seconds  to  obtain  the  maximum  available  quality  of  120  equivalent 
degrees  of  freedom.  The  total  analysis  time  would  be  at  teas:  1200 
seconds.  If  the  frequency  range  F  is  scanned  by  a  continuous  sweep  of 
the  filter  {as  is  the  case  in  actual  practice),  the  same  general  limitation 
applies.  The  scan  rate  should  not  be  faster  than  one  bandwidth  per 
record  length  or  B/T.  For  the  previous  example,  the  maximum  scan 
rate  would  be  S.  R.  =  1.  67  cps/sec.  for  maximum  quality.  A  slower 
scan  rate  would  not  increase  the  quality  of  the  measurement,  but  a 
faster  scan  rate  would  reduce  the  quality  of  the  measurement.  On  a 
basis  of  measurement  quality,  the  maximum  analyzer  filter  scan  rate 
(S.  R.  5  has  thus  been  established  to  be, 

S.R.  tli.  (7.13) 

T 

However,  there  are  other  problems  which  must  be  considered. 

The  transient  response  of  the  analyzer  filter  :s  one  such  problem.  The 
filter  must  be  swept  slow  enough  to  permit  proper  response  to  abrupt 
changes  in  the  power  spectrum  being  analyzed.  The  response  of  an  ideal 
rectangular  narrow  band  filter  to  a  suddenly  applied  sinusoid  is  detailed 
in  Chapter  XI  of  Ref.  [  15  J.  It  is  shown  that  the  time  required  for  the 
filter  output  to  rise  from  zero  to  100%  of  (he  input,  which  shall  be 
called  "build  up  time",  is  inversely  proportional  to  the  bandwidth  of  the 
filter.  It  can  be  shown  that  this  inverse  proportionality  of  transient 
response  to  bandwidth  also  applies  for  simple  single  tuned  and  double 
tuned  filters  {Kef.  [19],  1002-Q-I,  and  Ref.  [3]).  For  the  case  of  the 
ideal  rectangular  narrow  band  filter,  the  build  up  time  to  a  suddenly 
applied  input  signal  {or  any  abrupt  change  in  the  input  signal  level)  is 
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approximately  eqga!  to  ( l/S).  However,  the  filter  output  does  sot  rise 
tc  the  input  level  and  stop  lucre  after  { l/B)  seconds.  It  overshoots  the 
input  level  and  then  goes  into  a  decayed  oscillation  about  it.  These 
oscillations  will  decay  tc  lcs3  than  2%  in  about  (8/B)  seconds  after  the 
input  signal  is  applied.  Thus  a  criteria  for  proper  filter  response 
should  be  that  each  frequency  increment  of  the  spectrum  be  viewed  by 
the  analyzer  filter  for  at  least  (8/B)  seconds  or  8  times  the  build  up 
time  for  the  analyzer  filter. 

It  should  be  noted  that  there  is  another  important  reason  to  support 
such  a  criteria.  Assume  that  each  frequency  increment  is  viewed  far 
an  interval  of  only  (l/B)  seconds.  The  full  output  of  the  filter  will  occur 
only  for  an  instant  at  the  end  of  the  interval.  For  a  random  signal  input 
where  a  mean  square  estimate  of  the  filter  output  is  obtained  by  averaging 
ail  squared  amplitudes  over  the  entire  interval,  it  is  obvious  that  the 
resulting  mean  square  measurement  would  be  too  low.  By  limiting  the 
minimum  interval  that  each  frequency  increment  is  vieurud  by  the  filter 
to  (3/B),  we  assure  ourselves  that  the  resulting  mean  square  measure¬ 
ment  cf  the  filter  output  will  be  biased  by  no  more  than  JI/8J  of  the 
interval.  Then,  ca  a  basis  of  proper  filter  response,  the  scan  rate 

g 

should  be  limited  to  -  or, 

(«/B) 

S.R.6-2 —  (7.14) 

8 

It  should  be  noted  that  the  constant  factor  of  (l/8)  in  Eq.  (7. 14)  would  be 
somewhat  different  for  other  filter  characteristics  (single  tuned,  double 
tuned,  etc).  However.  Ret.  f-19]  (1G02-Q-I)  indicates  the  build  up  time 
for  an  ideal  rectangular  filter  is  longer  than  for  other  conventional  filter 
characteristics,  and  Eq.  (7. 14)  should  be  conservative  when  applied  to 
any  real  filter. 

Another  factor  to  be  considered  in  the  maximum  scan  rate  that 
should  be  used  for  coestant  bandwidth  spectral  analysis  is  the  charac¬ 
teristics  of  the  read-cut  or  mean  square  measurement  circuit  of  the 
analyzer.  If  the  read-out  is  accompli  shed  by  a  true  integration  of  the 
output  of  a  square  law  rectifier  over  the  record  length  T,  no  further 
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problems  arise.  However,  the  rezcS-ost  is  often  accomplished  by 
zverzging  the  output  of  a  square  law  rectifier  by  an  equivalent  RC  filter 
(not  to  be  confused  with  the  scanning  filter  of  the  analyzer).  As  dis¬ 
cussed  in  Section  6. 1. 7  of  this  report,  when  a  random  signal  is  passed 
through  an  RC  filter,  the  output  of  the  filter  is  not  a  true  linear  time 
integration  over  a  specific  time  interval  as  is  required  mathematically 
to  obtain  a  true  average  of  the  input  uSeu!.  The  output  of  the  RC  filter 
is  a  continuous  signal  which  at  any  instant  of  time  is  a  time  weighted 
integration  of  oil  signal  amplitudes  that  have  gone  before.  However,  it 
is  shown  in  Section  6. 1.  7  that  after  the  signcl  has  been  applied  to  the 
RC  filter  for  3  or  4  time  constants  the  output  of  the  RC  filler  at  any 
instant  approximately  corresponds  to  a  true  averaging  process  with  an 
effective  integration  time  equal  to  twice  the  time  constant  of  the  RC 
filter.  Then  when  the  output  of  a  square  law  rectifier  is  passed  through 
an  equivalent  RC  filter,  the  output  of  the  RC  filter  at  any  instant  {after 
3  or  4  time  constants  have  elapsed)  is  equivalent  to  a  mean  square 
measurement  with  ?  statistical  quality  given  by. 

Number  of  degrees  of  freedom,  a  =  4  BK  |7.  15) 

where  K  =  RC  time  constant 

Consider  saw  the  significance  of  Eq.  (7.  15)  in  the  constant  band¬ 
width  analysis  of  a  record  length  T  with  a  scanning  filter  of  a  bandwidth 
B.  As  previously  stated,  the  maximum  quality  (degrees  of  freedom)  of 
the  measurement  is  fixed  by-  n  =  2  BT.  Then  if  this  maximum  quality  is 
to  be  maintained  is  the  mean  square  read-out,  the  time  constant  K  of 
the  equivalent  RC  filter  a*»ofi»t«i  wi»f»  the  read-out  should  be  K  =  (T/2). 

A  larger  time  constant  cannot  improve  the  quality  of  the  measurement, 
but  a  shorter  time  constant  will  reduce  the  quality  of  the  measurement. 

Consider  next  the  effect  of  the  read-out  time  constant  on  the  scan 
rate.  If  the  scanning  filter  were  stepped  from  one  center  frequency  to 
another  frequency  B  cps  away,  several  time  constants  must  elapse  to 
permit  the  equivalent  RC  filter  of  the  read-out  to  respond  to  the  new 
information.  Specifically,  let  4K  be  the  criteria  for  proper  response 
{the  output  of  an  RC  filter  rises  to  98%  of  the  input  at  4  time  constants). 
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For  proper  read-out  by  an  RC  averaging  network,  the  lean  rate  of  the 
analyzer  filter  is  iimiied  to  one  filter  b^zd-rictn  every  4  RC  filter  time 
constants,  or. 


S.  E.  £ 


4K 


K  =  RC  (7.  16} 


Remembering  that  for  maximum  measurement  quality,  K  =  IT/2),  it 
follows  tail, 


S.  R.  C  —  (7. 1?I 

2T 

Note  that  Eq.  (7.  17}  limits  the  maximum  scan  rate  for  the  analyser 
filter  to  f  1/2}  the  scan  rate  permitted  by  Eq.  (7. 13}.  Tars  leads  to  the 
important  conclusion  that  if  power  spectrum  read-out  (mean  square 
measurement  divided  by  bandwidth}  is  accomplished  br  »—»»■»*»» ng  the 
squared  amplitudes  with  an  equivalent  RC  filter  rather  than  by  true 
integration,  the  maximum  scan  rate  for  the  analyser  filter  must  be  re¬ 
duced  by  {1/2}  to  obtain  the  same  statistical  quality  in  the  measurement. 

Before  proceeding,  briefly  review  the  discussion  of  power  spectral 
density  measurements  by  scanning  with  a  constant  bandwidth  filter. 

Given  a  stationary  random  signal  record  of  length  T  seconds,  the  maxi¬ 
mum  statistical  quality  of  a  power  spectral  density  estimate  at  any 
frequency  in  terms  of  the  equivalent  number  of  degrees  of  freedom, 
c,  for  the  measurement  is. 


n  =  2BT  (7.  IS) 

where  B  is  the  bandwidth  of  the  analyzer  filter.  The  bandwidth  B  selected 
for  analysis  should  be  as  large  as  possible  while  still  maintaining  proper 
spectral  resolution  in  the  measurement.  In  general,  B  should  be  no 
greater  than  (l/4)  the  bandwidth  of  the  narrowest  peak  to  be  expected  in 
the  jnr«cr  spectrum.  After  B  is  selected,  the  maximum  attainable 
quality  of  the  measurement  is  fixed.  In  order  to  maintain  this  quality, 
tne  scan  rate,  S.  R. ,  of  the  analyzer  mould  be  as  follows: 


ASD  TR  61-123 


7-32 


UJ  ror  ?s*er  «•  «£d-«S  by  Averaging  squared  amplitudes 

!,sic?  2  *‘r-e  iKe*ri:isg  circuit. 

s.a. 

y 

.  d  n* 

■  *■  or  S_  R.  *•  — —  whichever  is  smaller 

T  S 

(7.  19} 

Tclcl  irjiirsis  dsse  =  ■  r 

S.R. 

{7.  20} 

S.R. 

-  - n  rslr  in  ros/ser 

B 

-  bandwidth  ®£  icssaicg  filter  in  eps 

-  record  length  in  seconds 

r 

-  frequency  range  to  be  analyzed  in  cos 

(ii  For  jwrer  spectrum  rend -out  fay  Averaging  squared  amplitudes 
tssiisg  sa  equivalent  ?.C  filter  circa**. 

3 

^  or  S.  R.  4  -  whichever  is  smaller 

8 

(7.  21 j 

Optimum  value  of  K  =  (T/>) 

(7.Z2) 

Total  Analysis  Time  =  -  ^ 

S.R. 

IT  ■*»» 
1*-  “■'1 

S.R. 

=  scan  rate  in  cps/sec 

B 

-  bandwidth  in  cps 

T 

=  record  length  in  seconds 

K 

=  lime  constant  of  equivalent  RC  filter  in  seconds 

F 

-  frequency  range  ta  be  analyzed  in  cps 
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Cosssterciii  heterodyne  type  poser  spectral  density-  analyzers  are 
equipped  «ith  several  different  fixed  filter  bandwidth*  ranging  from  2  cp* 
to  50  cp;.  In  order  to  obtiis  proper  resolution  in  the  lover  frtqstsdtt, 
it  might  be  necessary  to  select  a  bandwidth  of  say  5  cp*  or  perhaps  even 
as  narrow  as  2  cos.  However,  at  higher  frequencies  a  filter  bandwidth 
of  50  cps  our  provide  completely  acceptable  resolution.  It  i*  good 
practice  to  divide  the  fr«ptscy  range  to  be  analyzed  into  two  or  three 
ranges  and  use  a  different  filter  bandwidth  is  each  range.  The  higher 
frequency  ranges  can  be  scanned  oitfa  wider  filters.  The  result  is  a 
faster  scan  rate  (reduced  analysis  tirr.ej  with  adequate  statistical  accuracy. 

Example:  Cccsider  the  problem  of  estimating  the  power  spectrum 
of  a  stationary  random  signal  by  constant  bandwidth  analysis  of  a  6-second 
long  sample  record  over  the  frequency  range  from  £0  to  25C-0  cps.  S* 
a  brief  preliminary  frequency  scan,  it  is  determined  that  proper  spectral 
resolution  will  be  obtained  using  filter  bandwidth*  as  follows: 


in 

10  -  !'»  cps: 

2  cps. 

12) 

I0S  -  500  cps: 

10  cps 

(3) 

500  -  2000  cps: 

50  cp* 

The  maximum  measurement  quality  in  each  of  the  three  frequency  ranges 
will  be  as  follows: 


(£}  24  degrees  of  freedom 

(2)  120  degrees  of  freedom 

(3)  600  degrees  of  freedom 

Assume  power  spectral  density  read-out  is  accomplished  by  averaging 
the  output  of  a  square  law  rectifier  with  an  equivalent  RC  filter  and 
dividing  by  bandwidth.  The  time  constant  far  the  equivalent  RC  filter 
should  then  be  adjusted  to  3  secs  and  the  scan  rates  in  each  of  the  three 
frequency  ranges  should  be  limited  as  follows: 

(1)  less  than  0.  167  cps/ rec 

(2)  lets  than  0.  833  eps/sec 

(3)  less  than  4.  17  cps/sec 
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Kase  feat  fet  seas  rale?  are  sot  fsrtfeer  slnsitod  by  fee  response  ciirsc- 
teristica  of  fee  asainer  filler.  Toe  total  toalffis  time  «li  be  at  least 
I5SS  seeotis  or  2J  esmeies. 

Ice  statistical  coafic-iS.ce  liraiu  ffor  as  SC'S  ceefidcse:  coefficient} 
Bfeics  tear  be  placed  se  toe  resulting  power  spectral  density  estimate 
is  each  of  fee  t&ree  frespesc?  rashes  are  as  follows  (ocUisef  from 
page  JO?  «  Ref.  ffjfc 


(I  *  One  B>ay  U  coef;^*!  feat  fes  tree  power  spectral  density 

__ 

of  fee  sipal  as  aey  Is-s^tsqf  seteees  10  a*sd  £©0  cps  is  between  72  S*t| 
and  £.  53  3|f|  wfeere  SfO  2*  tse  measured  power  spectral  density  at  feat 
frees exey. 


|2J  Ofee  say  be  confident  fea!  tfcs  tree  power  spectral  density 
of  tfee  sigpnal  at  try  freqeency  between  Ss-0  ar<f  JfN?  Cps  is  between  S.  #5  ^*CC* 


aaf  I.  I?  Sill. 


|J|  One  may  be  *G£  confidesl  tiii  tie  tree  power  apecirai  fsrBty 
of  tic  signal  at  any  freqseacy  between  jJO  ass  2©§0  cps  sc  between 
5.  ass  Sif!  *ad  I.  14  SO. 


7.4.  5  Caeataai  Percentage  rawer  Spectra  Estimates  -  Ktaiaacs 
i-tter Stac  Rates 

Tbe  general  relationships  developed  for  constant  bandwid-'fc  power 
spectral  density  analysis  also  apply  to  constant  percentage  power  spectral 
density  analysts.  Tie  only  dftcresce  is  feat  for  cssaUst  percentage 
analysis,  tie  analyser  filter  bandwtdti  increases  is  direct  proportion 
to  tic  center  frequency  of  tie  filter.  Here  B  *  Pf  where  P  is  resoleUos 
{some  constant  fraeUoe  less  than  occ)  and  f  is  center  frequency.  For 
constant  percentage  ana:ysis.  Eos.  {7.  12).  {7.  I3J,  {7.  s-SJ,  and  (7.  17* 
become,  respectively, 

a  =  2(Pf|  T  «7.24j 


col 

«V.  ^ 


CPO 


{read-oat  averaging  by  tree  integration! 


(7.  25* 
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(7.  26) 


S.  R.  4 

S.  R.4 


(Pf)2 

8 

<Pf) 

2T 


(read-out  averaging  by  equivalent  RC  filter 

with  K  =  - 

^  a) 


(7.  27) 


Note  from  Equation  (7.  24)  that  the  quality  of  the  measurement  increases 
with  frequency.  Also,  from  Equat:cns  (7.  25)  and  (7. 27),  the  maximum 
scan  rate  increases  with  frequency.  Specifically,  for  Equation  (7.  25), 


Then 


Hence 


■»<  W-f 


(7.  28) 


where  f^  is  the  upper  limit  and  f  t  the  lower  limit  of  the  frequency  range 
under  consideration,  and  t  is  analysis  time. 

If  the  maximum  scan  rate  is  to  be  maintained,  the  above  formula¬ 
tion  shows  that  the  frequency  range  under  consideration  must  be  scanned 
by  a  logarithmic  sweep.  Furthermore,  the  total  analysis  time 

T  f? 

t  - —  In  — ,  multiplied  by  two  for  read-out  averaging  by  an  RC  filter. 
p  fi 

These  conclusions  are  of  course  subjected  to  the  possible  limitations 
imposed  by  Eq.  (7.  26). 


Example:  Consider  the  problem  of  estimating  the  power  spectrum 
of  a  stationary  random  signal  by  constant  percentage  analysis  of  a 
6-second  long  sample  record  over  a  frequency  range  of  10  cps  to  2000 
cps.  By  a  brief  preliminary  frequency  scan,  it  is  determined  that  proper 
spectral  resolution  will  be  obtained  using  a  10%  resolution  filter 
(P  =  0.  1). 
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The  maximum  measurement  quality  will  range  from  12  equivalent 
degrees  of  freedom  at  10  cps  to  2400  equivalent  degrees  of  freedom  at 
2000  cps,  increasing  linearly  with  frequency. 

Assume  power  spectral  density  read-out  is  accomplished  fay 
averaging  the  output  of  a  square  law  rectifier  with  an  equivalent  RC 
filter  and  dividing  by  bandwidth.  The  time  constant  for  the  equivalent 
RC  filter  should  then  be  adjusted  to  3  seconds  and  the  frequency  range 
should  be  scanned  with  a  logarithmic  sweep  of  no  shorter  than  636 
seconds  (10.  6  minutes)  which  is  the  minimum  analysis  time.  Note  that 
the  scan  rate  is  not  further  limited  by  the  response  characteristics  of 
the  analyzer  filler. 

The  statistical  confidence  intervals  which  may  be  placed  on  the 
resulting  power  spectral  density  estimate  are  different  at  every  frequency. 
The  widest  confidence  interval  {poorest  estimate)  will  be  in  the  lowest 
frequency  analyzed  {the  narrowest  analyzer  filter).  At  10  cps,  we  may 
be  30%  confident  that  the  true  power  spectral  density  of  the  signal  is 
between  0.  64  S(f)  and  1.  90  £(f)  where  f>(f)  is  the  measured  power  spectral 
density.  At  100  cps,  we  may  be  80%  confident  that  the  true  power 
spectral  density  of  the  signal  is  between  0.  85  f>(f)  and  1.  19  S(f). 

7. 4.  6  Power  Spectra  Estimates  for  Nonstationary  Random  Data 

The  statistical  accuracy  of  power  spectral  density  estimates  for 
stationary  random  data  has  been  reviewed  in  thi3  section.  It  is  important 
to  remember  that  ail  discussions  have  been  limited  to  the  analysis  of  a 
sample  signal  record  taken  from  a  stationary  random  process  {the 
statistical  properties  of  the  process  are  invariant  with  time  translations). 
If  the  signal  is  non- stationary,  it  is  obvious  that  no  statistical  property 
of  the  signal  over  all  time,  such  as  the  power  spectral  density  function, 
can  be  estimated  from  a  sample  record  of  finite  time.  It  is  quite 
important  that  one  has  confidence  that  a  sample  record  used  for  power 
spectral  density  analysis  was  obtained  from  a  stationary  random  signal 
before  that  analysis  is  used  to  estimate  the  power  spectrum  of  the 
random  signal.  Such  confidence  can  be  obtained  by  testing  the  record 
to  be  analyzed  for  self  stationarity  by  the  procedures  presented  in 
detail  in  Section  6.  1.  8. 
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Assume  a  long  sample  record  of  the  random  acceleration  time 
history  at  a  point  on  the  structure  of  a  modern  flight  vehicle  is  to  be 
analyzed  to  estimate  the  power  spectral  density.  Also  assume  a  test 
of  the  record  for  stationarity  fails  to  establish  confidence  that  the  record 
represents' a  stationary'  random  signal.  Such  records  are  common  for 
vibration  measurements  obtained  during  missile  flights  where  the  vibra¬ 
tion  environment  may  continually  change  with  time.  The  engineer  is 
often  interested  in  obtaining  some  definition  of  the  environment  represented 
by  the  record.  Procedures  for  analyzing  non- stationary  records  have  been 
proposed  from  time  to  time,  such  as  in  Ref.  [20].  Nearly  all  such  pro¬ 
posals  involve  the  same  general  approach,  which  may  be  summarized 
as  follows: 

(1)  The  long  record  of  a  non- stationary  vibration  signal  is  divided 
into  many  short  sub-records. 

(2)  Each  of  file  short  sub-records  is  assumed  to  be  representative 
of  a  stationary*  random  signal. 

{?}  As  iitiTszts  of  thi  pew*?  spsctrsl  dsssity  of  the  issunitd 
stationary  signal  is  obtained  for  each  of  the  sub-records. 

(4)  The  results  are  presented  as  a  variation  of  power  spectral 
density  versus  time. 

The  argument  for  the  procedure  is  that  the  resulting  vibration  data  which 
is  sometimes  referred  to  as  a  "power  spectral  density  time  history", 
may  be  correlated  with  flight  events  that  are  also  changing  with  time. 

Time  lags  between  instantaneous  flight  events  and  the  response  power 
spectrum  are  usually'  ignored  as  being  very*  small. 

There  is  no  doubt  that  worthwhile  qualitative  engineering  information 
may  often  be  obtained  by  such  an  analysis  procedure.  However,  the 
statistical  significance  of  the  resulting  data  is  at  beet  rather  questionable. 
If  one  could  not  confidently  accept  the  original  record  as  being  stationary, 
there  is  certainly  no  quantitative  justification  for  arbitrarily  accepting 
all  sub- records  formed  from  fixe  original  record  as  being  stationary.  It 
follows  then  that  confidence  statements  about  the  statistical  accuracy*  of 
the  power  spectra  estimates  obtained  from  the  sub-records  would  not 
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be  justified.  Ail  that  can  be  said  is  that  the  equivalent  number  of  degrees 
of  freedom  of  the  resulting  measurements  must  be  less  than  n  =  2BT,  or 
less  than  the  statistical  quality  that  would  have  been  attained  if  the  measure¬ 
ment  had  been  an  estimate  of  the  power  spectrum  of  a  stationary  signal. 
These  matters  for  non-stationary  data  are  worthy  of  further  theoretical 
investigation. 

7.  4.  7  Conclusions 

Tc  summarize  the  preceding  discussion,  general  procedures  have 
been  described  tor  obtaining  power  spectral  density  estimates  by  analog 
techniques.  Emphasis  has  been  placed  upon  the  statistical  accuracy  of 
the  estimates  as  related  to  sample  record  length,  filter  bandwidth,  and 
filter  scan  rates.  Both  constant  bandwidth  fiitering  and  constant  percent¬ 
age  filtering  techniques  have  been  explained,  and  statistical  confidence 
intervals  for  the  resulting  estimates  have  been  reviewed  assuming  ideal 
filter  characteristics. 

An  analog  instrument  used  for  power  spectral  analysis  must 
accomplish  four  functions. 

(1)  Filter  over  the  frequency  range  under  consideration. 

!Z)  Square  the  output  of -the  filter. 

(3)  Average  the  output  of  the  squaring  device. 

(4)  Divide  the  output  of  the  averaging  device  by  the  associated 
filter  bandwidth. 


Several  commercial  companies  produce  complete  power  spectral 
density  analyzing  systems,  for  sale  at  prices  today  ranging  from  $ 5 , 000 
to  $10, 000,  or  more,  depending  upon  the  amount  of  support  equipment 
desired.  The  more  elaborate  systems  are  equipped  with  both  an  integra¬ 
tor  type  averaging  circuit  and  an  equivalent  RC  filter  type  averaging 
circuit  to  give  a  choice  in  the  technique  desired  for  mean  square  level 
estimation.  The  cycle  length  for  the  integrator  averager  and  the  time 
constant  for  the  RC  filter  averager  are  both  variable  from  one  second  or 
less  to  30  seconds  or  longer.  The  great  flexibility  of  such  commercial 
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power  spectral  density  analyzers  permits  maximum  quality  estimates  of 
power  spectra  from  re.ord  lengths  of  less  than  one  second  to  longer 
than  30  seconds. 

Many  laboratories  cannot  afford  die  expense  of  a  complete  commer¬ 
cial  power  spectral  density  analyzer  system.  However,  with  the  sacrifice 
of  convenience  and  flexibility,  power  spectra  estimates  can  often  be 
obtained  using  common  laboratory  equipment  that  may  be  on  hand  for 
other  functions.  Many  commercial  wave  analyzers  are  available,  and 
often  found  in  vibration  laboratories,  which  are  not  actually  power  spectral 
density  analyzers  because  their  read-out  is  accomplished  using  a  conven¬ 
tional  average  value  rectifier  type  voltmeter  circuit.  These  instruments 
~-i!I  jcco-ssIiM!  telly  u>£  Iltmi.  function  stated  above.  However,  with  the 
assistance  of  some  additional  laboratory  instruments,  power  spectral 
density  estimates  can  be  obtained  using  such  wave  analyzers.  The 
laboratory  may  have  available  a  true  ran  vacuum  tube  voltmeter,  as 
described  in  detail  in  .  on  7. 5  of  this  report,  which  will  effectively 
accomplish  functions  2  and  3.  A  voltmeter  such  as  the  one  specified  in 
Table  7.1  squares  and  averages  (by  an  equivalent  RC  filter)  die  input 
signals  and  has  a  mean  square  signal  output  jack  on  the  panel.  A  number 
of  common  laboratory  chart  recorders  can  be  operated  from  this  mean 
square  output  signal.  The  output  of  the  wave  analyzer  could  be  inter¬ 
cepted  just  before  its  own  read-out  circuit  and  monitored  with  the  true 
rms  voltmeter.  The  mean  square  output  of  the  voltmeter  could  be  recorded 
as  a  function  of  time  and  correlated  with  the  center  frequency  of  the 
analyzer  filter.  If  the  analyzer  scans  with  a  constant  bandwidth  filter, 
function  No.  4  it  easily  accomplished  by  dividing  the  resulting  spectrum 
plot  by  a  constant. 

Such  a  makeshift  set  up  will,  of  course,  present  problems.  For 
one  thing,  the  time  constant  of  the  final  read-out  would  be  a  fixed  value. 
Without  a  variable  RC  time  constant,  the  set  up  would  not  have  sufficient 
flexibility  to  obtain  the  maximum  quality  in  measurement  of  the  available 
data.  However,  a  specific  statistical  quality  can  be  associated  with  the 
power  spectral  density  measurements  that  are  obtained. 
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7.  5  PROBABILITY  DENSITY  MEASUREMENTS  OF  RANDOM  DATA 

The  amplitude  time  history  of  any  steady  state  periodic  signal 
is  defined  by  in  explicit  mathematical  equation,  and  the  exact  amplitude 
of  the  signal  may  be  determined  at  any  future  instant  of  time.  On  the 
other  hand,  the  amplitude  time  history  of  a  random  signal  cannot  be 
characterized  by  an  explicit  mathematical  function  and  statements  con¬ 
cerning  the  exact  amplitude  of  a  random  signal  of  any  future  instant  of 
time  are  not  possible.  However,  if  the  random  signal  is  stationary  in 
time  (See  Sections  4  snd  6  of  this  report),  statistics  can  be  employed  to 
establish  the  probability  of  certain  amplitudes  occurring  at  any  future 
instant  of  time.  The  amplitude  probability  density  function  of  a  stationary 
random  signal  (sometimes  called  the  amplitude  probability  distribution 
although  this  term  is  also  reserved  for  the  integral  of  the  probability 
density  function)  describes  the  probability  of  given  amplitude  occurrences 
and  is  an  important  statistical  property  of  random  signals. 

Usually  only  two  parameters  of  a  random  signal  which  may  be 
calculated  from  the  probability  density  function  are  of  interest.  These 
are  the  mean,  p,  of  the  random  sig»%i  and  die  variance,  <r2,  the  variance 
being  the  mean  square  value  about  the  mean.  For  analog  vibration  data, 
the  mean  (defined  by  a  DC  voltage  level)  is  normally  zero,  and  interest 
is  limited  to  the  variance.  The  variance  for  a  .random  signal  (with  mean 
of  zero)  is  the  mean  square  value  of  the  sign;!,  .  %i  is  the  parameter 
actually  estimates  with  a  true  rms  voltmeter  as  described  in 
Section  7. 3  The  rms  (root  mean  square)  value  of  a  random  signal  :: 
simply  the  positive  square  root  of  the  variance,  and  is  called  the  standard 
deviation,  or. 

In  some  applications,  the  mean  square  value  of  a  -andom  signal 
may  not  be  a  sufficient  description  for  the  engineer.  Consider  the  case 
of  an  engineer  analyzing  an  analog  signal  of  the  acceleration  response 
at  a  point  on  the  structure  of  a  modern  flight  vehicle.  His  interest  may 
be  in  structural  fatigue,  in  which  care  he  would  like  to  know  the  proba¬ 
bility  of  accelerations  occurring  at,  say,  Z  <r  or  3  o-,  and  not  just  the 
mean  square  acceleration.  In  other  words,  he  would  like  to  know  the 
over-all  acceleration  probability  density  function  for  the  response.  The 
estimation  of  such  over-all  probability  density  functions  of  random  data 
by  analog  techniques  is  the  subject  of  this  section. 
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7.  5.  1  Analog  Instrumentation 

As  ditcutted  and  illustrated  in  Section  4.  9.  2  of  this  report,  an 
estimate  of  the  probability  density  function  is  provided  by. 


fa) 


(7.29] 


The  terms  of  Equation  (7.  29)  define  the  operations  which  an  analog 
instrument  must  accomplish: 

(!)  Measurement  of  the  total  time,  At,  that  the  signal  amplitude 
falls  within  a  narrow  amplitude  window.  Ax. 

(2l  Division  by  the  window  Ax. 

(3)  Division  by  the  total  sampling  time  T. 


Of  course,  the  center  amplitude  of  the  window.  Ax,  would  have  to  be 
variable  to  cover  the  entire  range  of  signal  amplitudes  under  considera¬ 
tion.  In  terms  of  $(x), 

P  ix,  x  +  Ax)*  p(x)Ax  (7.  30) 


where  P(x,  x  Ax)  is  an  estimate  of  the  probability  that  a  random  record 
x(t)  assumes  amplitude  values  between  x  and  x  +  Ax  in  a  sampling 
time  T. 

The  above  operations  for  measuring  p(x)  can  be  physically 
accomplished  in  many  ways.  In  general,  the  factor  At  could  be  deter¬ 
mined  by  using  a  voltage  gate  (narrow  band  voltage  discriminator)  to 
actuate  a  clock.  The  width  of  the  voltage  gate  would  correspond  to  some 
narrow  range  of  signal  amplitudes.  When  the  input  voltage  from  a 
sample  record  falls  within  the  gate,  the  clock  operates.  For  all  other 
input  voltages,  the  dock  does  not  operate.  The  division  by  the  record 
length  T  would  be  accomplished  by  a  second  dock  which  operates  over 
the  total  record  length.  If  the  width  of  the  voltage  gate  is  constant,  the 
required  division  by  Ax  can  be  obtained  by  proper  read-out  calibration. 
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Statistical  estimates  of  the  amplitude  probability  density  function  in 
accordance  with  Eq.  (7. 29}  would  result.  See  Figure  7. 6  below. 


Figure  ?.  6  Probability  Density  Analyzer 


Analog  probability  density  analyzers  have  been  manufactured 
by  several  commercial  companies.  Experiments  conducted  on  one 
of  these  laboratory  analyzers  which  is  commercially  available  at  the 
present  time  is  discussed  in  Section  7.5.4. 

7. 5. 2  Distribution  Functions  of  Instantaneous  Values  and  Peak  Values 

By  definition!  the  (cumulative)  probability  distribution  function 
P(x)  is  defined  as  the  prcsvtbility  (i.  e. ,  the  fraction  of  time,  on  the 
average)  that  x(t)  assume v  particular  amplitude  values  between  -co 
and  x.  In  terms  of  the  prft.'tability  density  function  p(x) 
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P(x)  =  Prob 


fxct}<s]  =  r 


p(x)  dx 


-‘■ao 


.  = 

dx 


pM 


17.  31) 


These  different  concepts  of  (cumulative)  probability  distribution  ftnctiea 
PCx)  versus  probability  density  function  p(x)  are  contused  occasionally 
in  engineering  literature.  The  above  relationship  show*  that  knowledge 
of  either  one  determines  the  other  by  appropriate  integration  or 
di  ffe  reatiatioQ. 

Probability  distribution  functions  of  instantaneous  values  of  a 
signal  x(t),  and  of  peak  valors  of  x(t),  are  of  considerable  importance  in 
vibration  analysis.  Analog  instrumentation  to  measure  these  two 
probability  distribution  functions  directly  will  now  be  described. 


(1)  instantaneous  Values 

To  determine  the  probability  distribution  of  instantaneous 
values  of  a  signal  x(t),  the  sum  of  time  increments  t.  (i  *  1.2.3,'  '  *  } 
that  xitj  exceeds  any  preselected  value  of  x  is  measured  and  divided  by 
that  total  time  (record  length)  T.  This  yields 


(7.32) 


(7.  33) 

Sec  sketch  below. 
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For  example. 


f  1  T| 

Pro*;  !x(l)|x,i  =  - 

L  *J 


*T2*TS 


PCx2J  =  Prob 


f  1  fTi  *  TZ  *  t3\ 

rH* '  — 1 


Required  equipment  to  perform  the  above  operations  are  (I;  aw 
optional  polarity  device  if  it  is  desired  that  positive  asd  negative  values 
of  x(t)  should  be  analyzed  separately,  (2)  a  bank  of  discriminators  which 
determine  whether  the  signal  is  greater  er  less  than  a  preselected 
value,  (3)  a  clock  to  record  the  time  interval  that  a  particular  level  is 
exceeded.  (4)  a  separate  clock  to  record  the  time  interval  between  these 
events.  At  the  end  of  the  record  length  T.  the  separate  dock  reading 
is  divided  by  T  to  give  the  value  of  the  probability  distribution  function 
at  the  given  level.  If  the  values  at  adjacent  levels  are  subtracted  from 
one  another,  an  estimate  would  he  obtained  of  the  average  probability 
density  function  between  these  two  levels. 
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(2}  Peak  Vaises 


To  determine  the  probability  diMribedea  tectiee  P^f*J  of 
peak  v aloes  is  x(t),  a  slightly  di  Merest  procedure  may  be  employed. 

Let  Xp  be  (he  iaril  aweb  that  there  is  a  50%  probability  that  x(t) 
exceeds  xQ_  For  a  sigsal  «•!*  a  symmetrical  probability  dessity  hsctica 
a  boot  its  me  as  raise  p,  the  level  *  »«._  Let  x^(ij  represest  peak  raises 
of  xft).  Thcs  the  probability  that  x^(t)  is  greater  (has  a  preselected 
peak  raise  x^  eqpals  the  somber  of  daces  that  x(t>  exceeds  x^  divided 
by  t«ice  the  total  sorter  of  times  that  xft)  exceeds  x^.  Is  etfatioa 
form. 


Prob 


2Mf  x(t)^  ip] 


a  M| 


Thes 


f  1  N[*Ct)i*  1 

PJx|  *  Problx.ftlOt  !-  I - -  -fc 

r  L  K  “  'J  2»(*|t!i*#J 


where 


carter  of  times  that  xft)  exceeds  x 

P 

sorter  of  times  that  xft}  exceeds  x^ 
(called  the  aero  level  coast) 


Rtfnrtl  etfeipmext  to  obcais  the  above  probability  Astribatios 
fssedor.  of  peak  raises  are  (I)  a  bask  of  Ascii  miaa  tors.  (2;  a  set  of 
associated  c posters  to  register  ose  coast  each  time  the  level  of  the 
particolar  discrisusater  is  exceeded.  A*  the  esd  of  the  record  leaf  A 
T.  the  varioss  coaster  readisg *  are  recorded,  aad  divided  by  Ac  aero 
level  coast.  As  before,  a  polarity  device  may  be  employed  to  asalyae 
separately  Ac  positive  aad  negative  values  of  x(t}. 
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7.  5.  3  SUlitticil  Rtlni«ufcip«  and  Accamcy 

The  statistical  acntaqr  of  probability  fesdtf  estiMtes  corrt*- 
pandiag  tc  Ef.  <?.  29i  has  kcts  H»iid  prtnoMly  is  Section  4.12.  A 
final  renit,  contained  in  Eg.  (4.  205}.  gives  for  the  standard  error 
c  {normalized  standard  deviation!  of  the  estintale 


li/d 


[lf0T,p(.X4*l  j 


i7. 3*; 


dies  hand  limited  shite  noise  is  passed  tfcroy  —  idolized  *9*  pass 
filter  nidi  a  sharp  cst  off  hi  frequency  cps. 

Another  different  approach  to  defining  the  standard  error  of  proba¬ 
bility  density  estimates  map  he  based  npon  oorfc  danr  at  Bolt  Be  ranch 
and  Hewman,  Inc.  the  hilovwg  development  originates  from 
correspondence  nith  Mr.  Herbert  L  fox  of  hat  company. 

The  normalized  variance  of  an  amplitude  density  estimate  obtained 
nsing  an  amplitude  winder  of  widds  Ax  over  a  sample  record  of  length 
T  may  he  given  hy. 


« 


I 

fo*l  yT 


17. 37} 


where  f  is  the  another  of  times  x  passes  throngh  the  interval 
J*#.  *e  *  Ax}  per  mU  time.  The  denominator  n  *  (Ax)yT  egnais  the 
another  of  statistical  degrees  d  freedom  (the  effective  a  am  her  of 
observations},  as  gives  =7  the  prsdset  of  the  mother  of  observations 
per  event  f  Ax},  multiplied  by  die  another  of  events  per  **nil  time  », 
multiplied  by  the  sampling  time  interval  T. 

If  Ax  is  small  eaoogh,  it  may  he  assented  dial  the  probability 
of  x  entering  Ax  and  changing  direction  in  Ax  without  passing 
through  is  very  small.  Therefore,  y  is  approximately  twice  the  number 
of  times  that  x  exceeds  some  per  unit  time,  since  on  die  average 
there  would  occur  die  same  number  e?  upward  and  downward  crossings. 
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Not c  that  Eq.  (7. 41}  it  itocSacat  is  worm  to  tkt  corrtlfoM&H 
rttait  of  Ac  firat  twloymm,  £%.  P.  34).  However,  Ac  toamtt 
cotf£citsti  ef  Ac  Mo  tfn'doM  ore  ASeraot  by  a  licur  of  tkot  20%; 
0. 747  for  S|.  (7. 34}  u  cora^arot  to  4.  $11  for  E%.  (7. 41}.  Is  view  of 
Ac  totally  dilfcrcot  aferoae^fa  cacf  to  arrive  at  Acoc  tfaaliMi,  Ac 
*g  rccmcaf  is  coR«0trt4  «dtt  good.  Ore  cocap* risoe  *itk  caper! - 
meaUl  teats  sow  follows. 
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<«s:t  firtin  d  rwfcw  mcic  cat  «K  sharper  at  several  hflertat 
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icfonfo*  fo  Ac  pnMbftr  irsfotr  estimates  l*  be  less  half  *e 
iforsrnicfolT  ^refodei  v^«c  foe  «.  5t  Is  Wiirwi  ri«ga  4E«tr*jparty 
cmi  for  ice  I*  put  IS  *<  —folic  foilirr  sf  Ae  gyrriwwiri  c— iitiw  t 
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—4  for  Bell  Serissefc  —4  Be.——  foictrtkfo  ipnfoap»nt  ferric rr  at— ns 
Ac  r— 4»—  fofcti  foas  a  G— ssim  pcsfoafotlity  4— aity  facetiae. 
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tfcc  siefote,  4t,  is  9. 1  rales  foie.  Tfoe  skisw  is  =5*  set  at  wmmm 
crater  railage  *|P  Mi  Ac  time  iytrml  for.  Act  Ac  sigaal  senprs 
tfoe  —arise?  ever  Ac  recarri  leagtfc.  T  *  14  set— 4s.  is  wcewrei  ami 
tilririeri  hf  T  *«4  ax,  to  fouis  pC*jJ-  Fvr  AS*  cx^nple,  *>f*gl  »  iTj. 


The  center  voltage  cl  the  window  is  now  moved  0.  1  volts,  and  the  proba¬ 
bility  density,  pfx^)  =*T2»  *s  measured.  The  procedure  i«  rep-ated 
until  the  amplitude  range  of  interest  is  covered. 

If  the  -nplitude  range  of  interest  were  say  +4tr  (+4  volts),  80 
measurements  would  be  required  and  the  minimum  analysis  time  would 
be  800  seconds  or  13.  33  minutes.  Note  that  the  amplitude  range  could 
be  scanned  either  in  discrete  steps  as  described' above  or  continuously, 
if  a  continuous  window  scan  is  used,  the  scan  rate  (S.  R.  )  should  be 
slow  enough  to  permit  each  increment  of  amplitude  to.bc  viewed  by  the 
window  over  the  length  of  the  record.  Thus, 

S.  A.  £  (7.  43) 

T 

The  maximum  scan  rate  for  this  example  would  be  0.  1/ 10  =  0.  01  volts^ec. 

Now  consider  the  standard  error  of  this  estimate.  Eq.  (7.  36)  will 
be  used  since  it  ia  the  most  conservative  estimate  of  standard  error. 

From  Eq.  (7.  36),  for  this  example. 


1 

1/2 

-\ 

jo.  00  i 

2(500)(10)(0.  l)p(x) 

\ 

Nlp(x) 

The  standard  error  at  any  voltage  amplitude  x^  is  a  function  of  the 
probability  density  measured  at  that  voltage.  For  simplicity,  assume 
the  probability  density  function  measured  in  the  example  followed  a 
Gaussian  probability  density  function.  Suppose  the  measurements  at 
principal  points  and  their  associated  standard  errors  were  as  follows: 


Center  Voltage 
of  window 

Value  for 

P(x) 

s 

0  volte 

0.40 

0.  050 

+  1 

0.  24 

0.  064 

±  2 

0.054 

0.  14 

+  3 

0.  0044 

0.48 

t  4 

0.  0001 

3.2 
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From  the  estimate  at  zero  volts,  for  a  68  percent  confidence 
interval,  the  true  probability  density,  p(x),  at  zero  volte  is  within  the 
range  of  p(x)  +e  p(x)  or  between  0.  38  and  0.  42.  At  one  volt,  one  can 
be  68  percent  confident  that  p(x)  is  between  0.  22  and  0.  26.  At  two  volts, 
for  a  68  percent  confidence  interval,  p(x)  is  between  0.  046  and  0.  062. 

At  three  and  four  volts,  the  standard  error  has  become  too  large  to 
permit  an  assumption  that  the  distribution  of  p{x)  is  normal.  Note  that 
the  standard  error  at  four  volts  indicates  that  p(x)  would  be  between  minus 
0.  0002  and  0.  0004  with  68  percent  confidence.  This  is  of  course 
meaningless  since  p(x)  cannot  take  on  negative  values.  Thus,  one  does 
not  know  the  statistical  accuracy  cf  these  measurements  at  three  and 
four  volts  except  it  is  undoubtedly  much  better  than  indicated  by  e. 

It  is  of  interest  to  reverse  the  problem  and  solve  for  the  required 
record  length  T  to  obtain  an  appropriate  value  of  e  for  the  estimate 
of  probability  density  at  three  and  four  volts.  Specifically,  assume  one 
is  analyzing  a  signal  with  a  true  Gaussian  amplitude  density  function 
and  the  estimate  at  three  and  four  volts  is  desired  to  have  a  standard 
error  of  e  =  0.  3.  At  three  volts,  p(x)  =  0.  0044.  Then, 


Solving  for  T  yields, 

T  =  25.  2  seconds  (3  cr  point) 
At  four  volts,  p^x)  =  0.0001.  Then, 


2(500)(0.  0001)(0.  1}  TJ 


Solving  for  T  yields, 

T  =  1111  seconds 

=  18.  5  minutes  (4  <r  point) 
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The  above  example  illustrates  clearly  the  real  problem*  associated 
with  probability  density  estimations.  The  primary  problem  is  that  long 
lampks  are  necessary  to  obtain  estimate*  of  very  low  probability 
densities  with  known  statistical  confidence  coefficients.  This  is  not  to 
imply  that  probability  density  analysis  is  not  practical.  Often,  an 
estimate  of  the  probability  density  of  a  random  signal  out  to  +  3  or  is  a 
satisfactory  definition,  and  can  be  accurately  obtained  from  samples  of 
less  than  30  seconds.  It  should  be  added  that  more  theoretical  work  is 
needed  on  the  problem  of  error  analysis  for  small  probability  density 
measurements.  It  appears  that  non-parametric  techniques  might  be 
applicable  to  this  particular  estimation  problem. 

7.  6  CORRELATION  MEASUREMENTS  OF  RANDOM  DATA 

In  the  past,  vibration  engineers  have  generally  limited  themselves 
to  power  spectra  analysis  when  dealing  with  random  vibration.  This  may 
account  for  the  limited  number  d  commercially  available  correlation 
analysers  covering  the  frequency  range  from  $  to  2000  cps.  lit  recent 
years,  however,  engineers  have  become  aware  of  the  importance  to 
determine  if  one  set  of  measurements  is  linearly  dependent  upon  another 
set  of  measurements  and  several  companies  (see  Refs.  [13],  ffe],  and  (S|) 
have  built  analog  correlation  analysers  for  their  own  problems.  Usually 
both  fite  autocorrelation  and  the  cross-cor relation  functions  are  desired. 

The  autocorrelation  function  provide*  information  about  the  de¬ 
pendence  of  two  measurements  taken  from  the  same  random  process. 

Under  certain  conditions  the  autocorrelation  function  (except  for  a 
constant  factor)  is  the  Fourier  transform  of  the  power  spectral  density 
and  therefore  contains  the  same  information,  except  that  the  autocorrela¬ 
tion  function  is  obtained  by  manipulating  in  die  time  domain  while  the 
power  spectral  density  is  a'  function  in  the  frequency  domain.  In 
particular,  the  autocorrelation  function  will  help  to  bring  out  any  hidden 
periodicities  contained  in  the  random  process.  This  information  cannot 
be  obtained  as  easily  from  the  power  spectral  density  function  since  a 
sharp  peak  in  the  power  spectrum  only  indicates  a  larg*  amount  of  "power" 
at  the  particular  frequency,  but  the  amplitude  at  that  frequency  may  stiii 
be  randomly  distributed. 
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The  cross-correlation  function  gives  information  about  the  dependence 
between  two  different  random  processes.  For  instance,  the  vibration  level 
occurring  at  a  point  on  a  structure  can  be  separated  into  components 
according  to  (1)  the  sources  from  which  it  originated;  (2)  the  transit  tame 
from  the  source  to  the  point  in  question;  <nd  (3)  the  frequency,  aii  from  a 
knowledge  of  the  cross-correlation  functions  involved. 

This  section  first  discusses  the  underlying  theory  of  correlation 
functions,  then  describes  the  basic  features  of  two  privately  manufactured 
analog  correlators,  and  concludes  with  a  practical  example  indicating 
the  importance  of  correlation  analysis  to  vibration  analysis. 

7.  6.  1  Correlation  Coefficient 

As  pointed  out  in  the  preceding  remarks,  it  often  is  desirable  to 
know  something  about  the  dependence  of  one  set  of  measurements  on 
another  set  of  measurements.  Assume  that  one  wants  to  know  the  depend¬ 
ence  of  a  random  variable  x  on  a  random  variable  y,  A  way  of  determin¬ 
ing  this  would  be  to  plot  the  outcomes  of  a  particular  experiment  as  points 
in  the  (x,  y)  plane  and  observe  the  resultant  figure.  Such  a  scatter  plot 
might  look  like  that  shown  below. 

Y 

A 


Scatter  Diagram 


If  x  and  y  are  not  dependent  upon  one  anothci  Ins  sample  points 
would  be  more  or  less  scattered  throughout  the  plane.  O"  the  other 
hand,  if  x  and  y  are  strongly  dependent  upon  one  another,  the  sample 
points  would  then  be  clustered  around  some  curve  describing  their 
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functional  dependence.  The  simplest  type  of  dependence  would  be  linear 
dependence  in  which  case  the  curve  would  be  a  straight  line.  If  there  is 
an  indication  of  linear  dependence,  it  would  then  be  of  interest  to  deter¬ 
mine  which  straight  line 


yp  =  a  +  fax  (7.44) 

gives  the  "beet”  predicted  value  yp  of  the  random  variable  y  based 
upon  a  particular  value  of  the  random  variable  x.  A  generally 
accepted  definition  of  "best"  prediction  is  in  terms  of  minimising  the 
mean  square  deviation  o-2  between  die  true  sample  value  of  y  and  its 

r- - - - - 


<r2  =  E  [{y  -  yp)]2  *7.45) 

where  E  indicates  the  Expected  Value.  This  is  known  also  as  a  "least 
squares"  fit. 

It  can  be  shown  (see  Ref.  7),  that  by  using  this  criteria  for  goodness, 
Eq,  {?.  44)  becomes 

Tp  =  (*  -  |tx)  <7-  46> 

r  7  <r 


where  =  E{y)  is  the  mean  of  y,  =  E(x)  ie  the  mean  of  x, 

tr^  =  E^fx  -  p^J^Jis  die  variance  of  x,  and  p  is  die  covariance  of 

x  and  y  defined  by 


pxyr 


(7.  47) 


The  correlation  coefficient  r  is  defined  by 
r  =  E[l»-^x)|y-|lY)]  = 


<r  or 

*  y 


X  y 


{7.  48) 
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These  terms  were  introduced  previously  in  Section  4.  3.  2  of  this  report. 

In  terms  of  I*,  one  may  prove  from  Eq.  (7.  45)  that  the  minimum 
mean  square  deviation  o -2  becomes 


cr2  =  <r/ (1  -  1^, 


{7.  49) 


Note  that  if  the  covariance  p  =0,  then  F  =  0  and  or"  =  o-  2.  When  this 

xy  y 

case  occurs,  the  "best"  predicted  value  for  y^  is  y^  =  py,  the  mean  value 

of  the  y's.  On  the  other  hand,  if  y  =  x,  the  P  -  o-  <r  and  F*  1.  When 

’  xy  x  y  2 

this  case  occurs,  the  minimum  mean  square  deviation  cr  =  0.  Since  it 
can  be  shown  that  I*  is  always  between  -1  and  +  1,  the  minimum  mean 
square  deviation  <r  will  vary  between  0  and  cr  .  'The  correlation 
coefficient  thus  determines  the  dependence  of  y  tc  x  and  indicates  how 
much  improvement  is  possible  using  Eq.  (7.  46)  as  opposed  to  merely 
choosing  v^  =  uy. 

7.  6.  2  Correlation  Functions 

Let  and  be  the  random  variables  representing  possible  values 
of  sample  functions  £*Sc(t)  j  ,  (k  =  1, 2,  3, ... },  from  a  random  process 
at  times  tj  and  t^.  See  sketch  below. 


Since  the  joint  probability  distribution  of  x,  and  x?  may  change  as  tj 
and  t^  change,  the  statistical  average  E  over  ^St(t)^  could  be 

a  function  of  both  instants  of  time.  This  statistical  average  is  called 
the  "autocorrelation  function"  of  die  random  process  and,  as  in  Section 
4.4.  1,  denoted  by 


Rx  t2]  =  E  [x,«J  (7.  SO 

Now  the  corresponding  correlation  coefficient  is  also  a  function  of  t  j 

and  t..  It  is  called  the  "normalized  autocorrelation  function"  and 

e. 

denoted  by  rjt j,  t^J.  namely. 


zlV  2;  "  — 


(7.  51) 


where  jij  =  E(Xj)  and  =  E(x^).  Eq.  (7.  51)  should  net  be  confused 
with  Eq.  (7. 48)  where  x  and  y  are  not  functions  of  time. 

If  the  random  process  is  stationary,  the  autocorrelation  is  a 
function  only  of  the  time  difference  r  =  tj  -  L  and  one  can  write 

Rx(t.  t  -  t)  =  Rx(r)  =  E  [x.  xt  t]  (7.  52) 


Since  now  u.  s  u.  s  ji,  and  «-  =  tr.  =  o*,,  the  normalized 

1  2  x  1  2 

autocorrelation  function  becomes 


rx(r)  = 


Rx(r)  -  nx‘ 

- 2 - 

<r 

x 


(7.  53) 


Consider  next  two  random  processes  {-•(..]  and  M-  each 
of  which  has  an  autocorrelation  function  Rx(t|>  t^)  and  Ry(tj  <2) 
respectively.  For  these  two  processes,  two  cross-correlation  functions 
are  defined  by. 


W  *2*  =  E  [xly2. 


(7.  54) 
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Ryx(tf  l2}  =  Eiylxz] 


17.  55) 


where  the  expected  values  are  obtained  by  statistical  averages  over  the 
random  processes.  All  statistical  correlations  between  f*Sc(t)^  and 
j  Ky(t)|  can  then  be  specified  by  a  correlation  matrix  L 

IP.  (t.,  t.)  R  (t,,  t,)  I 

x‘  1  c  xy  J*  2  I 


r  = 


W  V 


V'l-  V 


(7.56) 


The  time  autocorrelation  function  R^(t)  associated  with  a  particular 
record  x^(tj  may  be  defined  by  a  time  average 


R  (t)  =  lim 


T— ou  2T  j 
-T 


x  It)  x  (t  +  r)  di 
P  P 


(7.  57) 


If  the  random  process  is  ergo  die  (see  Section  4.  3),  independent  of 

the  choice  of  x  (t), 

P 


Rx  (r)  =  Rx(t) 
P 


(7.  58) 


where  RX(T)  *3  tiie  previous  statistical  average  shown  in  Eq.  (7.  52). 

Similarly,  the  time  cross-correlation  function  for  a  particular 
paid  of  records  x^(t)  and  y^ft)  may  be  defined  as 


R  (t)  =  lim  -i— 
Vp  T— oo  2T  J 


xp(t)y  (t  +  r)  dt 


(7.  59) 


-T 


If  the  processes  are  jointly  ergodic,  independent  of  choice  of  x  (t)  and 
yp(t). 


R  (t)  =  R  (r) 
X  v  *  .<v* 

p-p 


(7.  60) 
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All  of  the  above  relationships  require  manipulation  in  the  time 
domain.  Sometimes  it  is  easier  to  perform  calculations  in  the  frequency 
domain,  and  for  a  stationary  random  process  one  can  obtain  in  this 
manner  the  power  spectral  density  function  S^(f).  Simple  relationships 
exist  between  this  power  spectral  density  function  and  the  time  auto¬ 
correlation  function,  one  form  of  which  is,  (see  Eqi.  (4.  86)  and  (4. 87), 


yfl  * 2  fv 


(r)  cos  2efr  ot 


(7.  61) 


R  (t)  =  2  j  S  t f)  cos  2*fr  df 


(7.62) 


Some  general  properties  of  stationary  correlation  functions  are 
reviewed  below  without  proof.  A  more  detailed  discussion  on  this  subject 
car.  be  found  in  Section  4. 4.  1. 

(a)  The  autocorrelation  function  of  a  stationary  random  process 
is  an  even  function  of  its  argument.  Hence 


Rx<t)  =  Rx(-r) 


This  property  does  not  apply  to  cross -cor relation  functions. 

lb)  For  a  stationary  random  process  the  autocorrelation  function 
has  its  maximum  value  at  t  =  0.  Therefore,  for  all  t. 


|rxw|4Rx(0) 


(7.  63) 


An  upper  bound  relationship  for  a  stationary  cross-correlation  function 


(7. 63a) 
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Cc) 


Rx(0)  =  Efx2] 


In  words,  the  autocorrelation  function  evaluated  at  zero 
,  ,  ft 

mean  square  value  of  the  stationary  random  process  I  ’ : 

fWi . L 


zero  means  this  is  equal  to  the  variance  of 


l  J 


is  equal  to  the 

c(t)^  .  For 
J 


(d)  Note  that  for  ergodic  random  processes  R^(r)  can  be  replaced 

by  R  M,  where  x  is  an  arbitrary  particular  record  of  the  random  process. 

P  p 

■  ej  Hidden  r;iricd:c:dcx  in  the  sample  function  of  a  stationary 
random  process  can  be  uncovered  from  a  knowledge  of  the  autocorrelation 
function.  For  physically  generated  random  processes  R^(t)  will 
approach  zero  as  j-r  j  becomes  large,  since  widely  separated  values 
will  not  be  correlated.  If  hidden  periodiciies  are  present  R^(t)  si!! 

not  become  zero  for  Larte  I  r  I  since  R  (t)  will  cow  also  be  periodic. 

I  •  x 

€0  in  general,  “uBcorrelated"  (i.  e. ,  RJtj.)  =  0  for  some 
does  not  impiy  statistical  independence  of  two  values  at  t,  and  t?  =  tf  +  rft 
from  a  stationary  random  process.  It  will,  however,  if  the  random 
process  has  a  joint  Gaussian  probability  density  function  at  die  two 
times.  It  is  important  to  remember  this  fact  since  many  statistical 
tests  that  might  be  applied  to  a  set  of  various  parameters  {such  as  rms 
acceleration)  of  a  random  process  require  statistical  independence  of 
these  parameters,  proving  that  the  autocorrelation  function  is  zero 
is  therefore  not  sufficient,  in  general,  unless  the  process  also  has  a 
Gaussian  distribution. 


7.  6.  3  Methods  for  Correlation  Measurements 

Vibration  data  in  flight  vehicles  is  obtained  usually  by  recording 
displacement,  velocity  or  acceleration  as  a  function  of  time.  Eqs  (7.  57} 
and  (7.  59)  therefore  indicate  the  operations  to  be  performed  on  such 
records  to  obtain  autocorrelation  and  cross-correlation  functions 
respectively.  A  block  diagram  for  determining  a  cross-correlation 
function  is  shown  below.  By  letting  y(l)  =  x{t),  an  autocorrelation 
function  can  be  obtained. 
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- -  [multiplier  j 

y(t) — -\p*j*rj\  nt  -T; 

In  practice,  record*  of  infinite  length  are  not  available.  Jh 
addition,  if  a  very  long  record  has  been  obtained  (for  example,  1000 
seconds),  it  would  be  desirable  if  only  a  short  portion  (say  10  seconds) 
would  have  to  be  used  to  obtain  information  about  the  whole  record. 
Generally,  different  10  second  portions  of  the  1 000  second  record  would 
be  expected  to  give  different  results  for  the  autocorrelation  function. 

If  the  record  is  stationary,  R(t)  would  still  not  be  the  same  for  dtfierent 
10  second  samples,  but  now  the  results  would  be  expected  to  be  within 
a  certain  range,  so  that  R(r)  for  one  single  IQ  second  sample  would 
provide  an  estimate  of  R(t)  for  the  whole  record.  One  would  also  ex¬ 
pect  the  estimate  to  be  better  as  the  sample  length  covers  a  greater 
portion  of  the  total  record.  To  indicate  this  depen oer ce  on  sample 
length,  measured  values  of  correlation  functions  will  be  indlcsted  by 
R{t,  T).  In  addition,  since  R(t,  T)  is  an  even  function  lor  a  self¬ 
stationary  record,  see  Section  6,  only  positive  value*  of  r  have  to  be 
measured  and  Eqs.  (7.  57}  and  {7.  59}  became 


R*(t>  T) 


x(t)  x{*  4-  t)  dt 


V"  Tl 


x(t)  y(t  +  r)  dt 


{T.  64) 


(7. 65) 


It  should  be  noted  that  nonstatioMry  random  processes  are  not 
considered,  since  knowledge  of  the  correlation  function  for  a  sample 
will  provide  so  information  about  the  correlation  function  of  the  entire 
record. 
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Two  Generators  will  be  discussed  in  this  section.  The  principal 
differences  between  them  are  the  fre<{ntp.cy  response  and  the  method 
for  obtaining  the  time  shift.  Other  commercial  correlators  are  available . 

Type  A  Correlation  Computer 

This  computer  was  built  by  the  University  of  Texas  and  £•$  dis¬ 
cussed  in  detail  by  C.  E.  McCullough  {Ref.  [23  j  }.  A  oiock  diagram  for 
this  correlation  computer  is  shown  in  Fig.  7. 7. 

The  time  functions  arc  recorded  oa  magnetic  tape  using  a  frequency 
modulation  system  is  =xim-i  the  !o-  frecsiccy  response  to  zero.  To 
obtain  the  time  shift,  (rj,  a  continuous  loop  of  tvo-esawtei  magnetic 
tape  is  passed  through  two  separate  recorders.  One  of  the  recorders 
drives  the  loop  at  30  inches  per  second.  Between  the  two  heads,  the 
tape  passes  orcr  r.  pulley  which  is  driven  up  or  down  hr  z.  mctcr-drivcn 
lead  screw.  As  the  lead  screw  moves  the  pulley  in  one  direction,  the 
length  of  tape  between  heads  decreases  causing  r(!)  tc  lac  x{:j_.  and 
as  it  moves  in  the  o«ker  direction  y(tj  will  lead  x(t). 

Since  this  shift  mechanism  runs  continuously,  some  error  is 
introduced  because  the  multiplication  and  averaging  over  the  sample 
length  T  is  not  made  for  various  fixed  values  of  t.  This  error  can 
be  reduced  by  slowing  down  the  shift  mechanism,  but  then  the  computing 
time  would  be  increased.  The  range  of  t  used  for  this  computer  is 
variable  from  0  to  I  second. 

A  frequency  response  curve  for  the  computer  is  shown  in  Fig.  *.  $. 
This  indicates  that  for  random  vibration  analysis  the  frequency  range 
of  this  device  would  have  to  be  extended  considerably  since  most  of  the 
vibration  data  of  interest  today  ranges  from  5  cps  to  20 CD  cps,  with 
some  data  as  high  as  3000  cps. 

Type  B  Correlation  Computer 

This  computer  was  built  by  the  Acoustics  Laboratory.  Massachusetts 
Institute  of  Technology,  and  is  described  is  detail  by  Kenneth  W.  Goff 
(Ref.  [  14j). 

The  frequency  range  for  this  correlator  is  from  ICO  cps  10.  COO  cps. 
It  employs  a  magnetic  drum  instead  of  tape  recorders  and  t  can  be  varied 
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either  in  steps  (one  step  for  each  revolution  of  the  drum)  or  continuously. 
The  range  for  t  is  from  -15  milliseconds  to  +  100  milliseconds.  A 
block  diagram  for  the  computer  is  shown  in  Fig.  7.  9.  It  should  be  noted 
that  the  sample  length  T  is  now  fixed  and  equal  to  the  circumference 
of  the  dram.  For  a  100  in/sec  surface  speed  this  would  allow  a  sample 
length  of  0.  25  second  the  circumference  of  the  drum  is  25  inches. 

A  qualitative  comparison  of  Types  A  and  B  is  given  below. 


Frequency  Range: 
Range  of  time -delay  t: 

Error  in  t: 

Change  in  t: 

Signal  Source: 

Type  of  Integrator: 


Type  A 
0  -  300  cps 
0-1  second 

? 

Continuously 

Tape  Recorders 

Operational 

Amplifier 


Type  B 

100  -  10, 000  cps 

-15  to  +  100  milli¬ 
seconds 

Less  than  5% 

Stepped  or  Continuous 

Magnetic  Drum 

RC-Type 


7.  6.  4  Errors  in  Correlation  Measurements 

The  errors  associated  with  correlation  measurement  can  be 
divided  into  two  types: 

1.  Computer  errors  due  to 

(a)  method  employed  to  obtain  t 

(b)  type  of  integrators 

(c)  inherent  phase-shift 

(d)  drum  or  tape-speeds 

(e)  accuracy  of  other  electronic  parts  and  recorder 

2.  Statistical  errors  in  estimating  the  correlation  function  from 
a  short  sample. 
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Figure  7.9  Block  Diagram  for  Type  B  Coi-relation  Computur 
(Reference  [l4j,  p.  224) 


The  effect  of  these  errors  in  the  time  delay  t  and  the  correlation 
function  R{r,  T)  will  now  be  discussed  in  a  quantitative  manner  wherever 
possible.  Detailed  proofs  will  not  be  given  wSd  tuC  reader  is  referred 
to  discussions  by  Bendat  (Ref.  [3]),  Blackman  and  Tukey  (Ref.  [4]), 
Goff  (Ref.  [  14] ),  and  McCullough  (Ref.  [  23]  ), 

The  error  in  the  time  delay  t  is  generally  due  to  three  causes: 

1.  Fluctuations  in  the  tape  or  drum  speed 

2.  Inherent  phase  shift  in  the  system 

3.  Using  a  continuously  changing  time-shift  mechanism 

The  exact  magnitude  of  the  total  error  in  r  cannot  be  determined 
analytically.  The  calculations  have  to  be  supplemented  by  experimental 
data  obtained  from  various  components  cf  the  computer.  The  approach 
to  this  problem  is  discussed  by  McCullough  (Ref.  [  23] )  and  Goff 
(Ref.  [  14] ),  each  obtaining  an  answer  for  their  particular  computer. 
McCullough  does  not  give  any  value  for  the  error  in  t  but  states  that 
it  can  be  determined  by  analyzing  a  known  function  (such  as  band-limited 
white  noise)  and  comparing  the  experimental  autocorrelation  function 
with  the  theoretical  values.  This  was  also  done  by  Goff  who  obtained 
an  over-all  error  of  less  than  5  percent  (Ref.  [  14] ,  page  236). 

The  error  in  the  correlation  function  R(t,  T)  depends  on: 

1.  Type  of  integrators 

2.  Drum  or  tape  speed 

3.  Associated  instrumentation  and  recorder  accuracy 

McCullough  (Ref.  [23])  uses  an  operational  amplifier  in  the  integrator 
with  an  associated  error  of  less  than  one  percent.  Goff  (Ref.  [  141), 
however,  uses  an  RC  integrator.  A  comparison  of  integration  times 
for  these  two  types  are  covered  in  detail  in  Section  6.1.7  of  this  report. 

The  drum  or  tape  speed  is  governed  by  the  desired  frequency 
resolution,  which  ir.  turn  is  a  function  of  the  incremental  shift  in  time 
delay  (At)  between  adjacent  points  on  the  correlation  curve.  As  At 
is  decreased,  the  highest  frequency  that  can  be  detected  increases. 

The  highest  frequency  which  may  be  detected  is  one-half  the  sampling 
frequency  (Ref.  [23]).  For  the  computation  of  correlation  functions, 
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the  effective  sampling  frequency  is  { < /  At)  cycles  per  secc-i-d.  Therefore, 
any  frequencies  above  (1/2At)  cps  cannot  be  detected  since  at  least  two 
cycles  should  be  available  for  good  resolution.  If  the  original  time 
function  contains  any  significant  components  above  (1/2At)  cps  they 
should  be  removed  by  filtering  or  they  will  appear  as  low  frequency 
components.  This  is  generally  referred  to  as  '’Aliasing*'  of  the  data 
(Ref.  [3]),  pages  51-52). 

What  is  usually  desired  is  an  estimate  for  R(t),  the  stationary 
correlation  function  for  a  relatively  long  record.  This  estimate  is 
R(t,  T),  and  now  the  question  arises  as  to  how  well  this  estimate 
represents  R{r). 

The  general  expression  for  the  mean-square  error  (variance)  in 
measuring  the  cross-correlation  function  is  developed  in  Eq.  (4.  128) 
and  is  given  by 


<r  (r,  T)  **  — 


rao 

“x/  [ 

-00 


Rx(Y,Ry{Y)  +  Rxy(Y  +  T) 


Ryx(Y-T)]dY 


(7.  66) 


The  autocorrelation  function  estimate  is  obtained  by  replacing 
y(t)  by  x(t). 

For  the  particular  case  of  white  noise  passed  through  a  rounded 
low-pass  filter,  the  normalized  variance  in  the  estimate  of  the  auto¬ 
correlation  function  reduces  to 


e2(x,  T) 


__  <t(t,  T)  k 
R  (t;  n  5T 


Kk<2 


(7.  67) 


where  k  is  a  constant  of  proportionality,  T  is  the  sample  length,  and 
B  is  the  bandwidth  of  the  filter  (see  Ref.  [  3],  pages  271-272). 

Eq.  (7.  67}  indicates  that  the  mean  square  error  is  inversely  proportional 
to  the  BT  product,  and  that  the  uncertainty  in  the  measurement  can  be 
reduced  by  increasing  the  correlator  bandwidth,  the  length  of  the 
sample,  or  both. 
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For  cross-correlation  measurements,  the  mean  square  error 
becomes  (Ref.  [3],  pages  274-275),  letting  £  =  irBT, 


“xy  (T’  T!  =  T>  +  <SNl  ♦  sn2  *  H,«V  i 


.  n>„  -  .  - 

,_t — : — - - 

L  Zi(i} 


;  KkC2 

(7.68) 


where  N.  and  N  represent  the (rmi)  (power  noise)  values  in  x(t)  and  y(t) 

1  c  2 

respectively  end  S  represents  th e (nr. 5  value  of  the  signal.  For  a 
normalized  signal  (i.  c. ,  S  =  i),  and  no  noise  in  cither  record,  Eq.  (7.  68) 
reduces  to  Eq.  (7,  67). 

If  the  correlation  point  moves  continuously  during  the  measure¬ 
ment,  an  additional  statistical  error  Is  introduced.  If  At  is  the  smallest 
increment  in  t  to  be  distinguished  and  t  varies  from  Tq  to  r^  +  At 
during  ?v  e  correlation  time  T,  r  becomes  a  function  of  time  and  is 
given  by  (Ref.  [  3] ,  pages  278-282) 


T{t)  =  tq  +  Xt 


where 


\  = 


At 

T 


(7.  69) 


(7.  70) 


For  large  BT,  (say  BT  >  10^},  it  has  been  shown  by  Bendat  (Ref.  [3]) 
that  the  additional  normalized  variance  along  the  autocorrelation  curve 
for  the  autocorrelation  function  of  white  noise  passed  through  a  low-pass 
filter  is  approximated  by 


e^y(X,  T)  C  X2  BT  (7.71) 

It  should  be  noted  that  this  term  is  directly  proportional  to  BT,  whereas 
the  fundamental  variance,  Eq.  (7.67),  is  inversely  proportional  to  BT. 
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7.  6.  5  Physical  Example  of  Vibration  Source  Localization 

Assume  that  the  vibration  environment  at  a  point  on  a  structure  is 
to  be  measured,  and  that  the  vibration  level  is  due  to  three  sources 
located  at  various  distances  from  the  point  in  question.  See  sketch  below. 


Block  Diagram  Set-up  for  Localizing  Vibration  Sources 


It  is  desired  to  know  what  portion  of  the  composite  record  y{t) 
is  due  to  each  of  the  three  sources  Xj(t),  x^(t),  and  x.(t).  For  this 
problem,  suppose  also  that  the  contribution  of  Source  No.  1  is  trans¬ 
mitted  to  the  point  in  question  along  two  different  structural  paths. 

This  problem  can  be  solved  quite  simply  by  recording  x^(t), 
x^ft),  and  Xj(t)  at  their  respective  sources  and  then  finding  the  crors- 
correlation  functions  R  (r),  R  (t),  and  R  (t). 

Xjy  x2y  XjY 

Hypothetical  results  are  pictured  in  Displays  A,  B,  and  C. 

This  analysis  not  only  provides  information  about  the  sources,  but  also 
determines  the  time  it  takes  for  the  vibrations  to  travel  from  the  source 
to  the  point  of  interest. 
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Display  B.  Cross-Correlation  vs-  Time  Delay  from  Source  No.  2 


Display  A  shows  that  source  No.  1  travels  along  two  different 
paths  and  gives  the  time  it  takes  to  travel  along  each  of  the  paths  before 
arriving  at  the  point  in  question.  The  relative  severity  of  their  contri¬ 
butions  to  the  output  is  shown  by  the  height  of  the  correlation  peaks. 
Display  B  indicates  no  correlation  between  source  No.  2  and  the 
accelerometer.  A  conclusion  would  be  made  here  that  the  vibratory 
energy  from  source  No.  2  was  dissipated  somewhere  along  the  way. 
Display  C  shows  one  point  of  correlation  between  source  No,  3  and  the 
point  of  interest.  The  time  delay  t^j  is  different  from  both  Tjj 
and  t  indicating  a  different  length  of  path  tiavelled.  The  height  of 
the  correlation  peak  indicates  a  contribution  something  between  the  two 
paths  of  the  first  source.  This  concludes  the  example. 


ASD  TR  61-123 


7-70 


7.7  REFERENCES 


1.  Aeronutronics  Division,  Newport  Beach,  California,  Publication 
No.  U-743,  Voi.  I,  II,  and  III,  "Telemetry  System  Study". 

2.  Arr.pex  C  or  por  uti  j  Redwood  City,  California,  Product  Catalog 
"Instrumentation  and  Digital  Magnetic  Tape  Recorders". 

3.  Bendat,  J.  S. ,  Principles  and  Applications  of  Random  Noise 
Theory,  John  Wiley  and  Sons,  Inc. ,  New  York,  1958. 

4.  Blackman,  R.  B.  and  J,  W.  Tukcy.  The  Measurement  of  Power 
Spectra.  Dcver  Publications,  Inc. ,  New  York,  195ft. 

5.  Bowker.  A.  H.  and  G.  J.  Liebernsan,  Engineering  Statistics, 
Prentice-Hali,  Inc. ,  Englewood  Cliffs,  N.  J.,  1959. 

6.  Chang,  S.  S.  L. ,  "On  the  Filter  Problem  of  the  Power  Spectrum 
Analyser",  Proceedings  of  the  I.  R.  E. ,  August  1954. 

7.  Crandall,  Stephen  H. ,  et  al.  Random  Vibration,  The  Technology 
Press  of  M.  I.  T. ,  Chapter  7.  Cambridge,  Mass. ,  195*. 

3.  Davenport,  W.  B. ,  Jr.  and  W.  L.  Root.  Random -Signals  and 
Noise.  McGraw-Hill  Book  Company,  Inc. ,  S'cw  York,  195$. 

9.  Dixon,  W.  J.  and  F.  J.  Massey,  Ini  oducticn  to  Statistical 

Analysis.  McGraw-Hill  Book  Company,  Inc. ,  New  York,  1957. 

10.  Endevco  Corporation,  Pasadena,  California,  "Endevco  Series 
2200  Accelerometers". 

11.  Flow  Corporation,  Arlington,  Massachusetts.  Bulletin  59,  "AC 
Voltmeters  and  Random  Signal  Measurements",  Technical 
Memorandum.  January  I960. 

12.  Fowler,  T.  C.  R.  S. ,  "A  Six- Channel  High-Frequency  Telemetry 
System",  IRE  Transactions  on  Space  Electronics  and  Telemetry, 
Volume  Set-6,  Number  2,  June  I960. 

13.  Goff,  K.  W. ,  "An  Analog  Electronic  Correlator  for  Acoustic 

Measurements",  Jour,  of  Acous.  Societv  of  America,  27  March 
1955,  pp.  223-235:  1 

14.  Goff,  K.  W. ,  "The  Application  of  Correlation  Techniques  to  Some 
Acoustic  Measurements",  Jour.  Acous.  Society  of  America, 

27  March  1955,  pp.  236-240. 

15.  Guiilemin,  E.  A. ,  Communication  Networks,  Vol.  II,  John  Wiley 
and  Sons,  Ir.c. ,  New  York,  1 935. 

16.  Gulton  Industries,  Inc.,  Metuchen.  New  Jersey.  "Glcnnite 
Self-Calibrating  Accelerometer",  Bulletin  A28. 


ASD  TR  61-123 


7-71 


17.  Gulton  Industries,  Inc. ,  Metuchen,  New  Jersey.  “Spedficatioiis, 
Glennite  Model  FT-521U  Amplifier". 

18.  Hernandez,  J.  S.  "Introduction  to  Transducers  for  Instrumentation", 
Statkam  Instruments,  Inc. ,  Santa  Monica,  California. 

19.  Kaufman,  M.  "Methods  for  Analyzing  Shock  a. ad  Vibration",  Gruen 
Applied  Science  Laboratories  Reports  Nos.  1002-Q-l,  *2,  -3,  -4 
and  1002A,  West  Hempstead,  New  York,  1957. 

20.  Kelly,  R.  D. ,  "A  Method  for  the  Analysis  of  Short  Duration  Non- 
Stationery  Random  Vibration".  {An  unpublished  paper).  Hu^uts 
Aircraft  Co. ,  Los  Angeles,  California. 

21.  Klein,  Elias,  et  al.  Fundamentals  of  Guided  Missile  Packaging. 

Chap.  5.  Naval  Research  Laboratory,  Washington,  D.  C. .  July  1955. 

22.  Kcowltcn,  A.  E. ,  et  al.  Standard  Handbook  for  Electrical 
Engineers,  Section  3.  Mdirw-Hili  Book  Co. ,  Inc. ,  New  York  1957. 

23.  McCullough,  C.  E. .  "An  Analog  Correlation  Computer”,  ASTIA 
Report  No.  AD242809.  1  August  I960. 

24.  Moody,  R.  C. ,  "Spectral  Wave  Analysis",  Test  Engineering. 
November  I960.  Yei.  11,  pp.  12-14.  22.  £F 

25.  Orlacchio,  A.  W. .  "Characteristics  and  Applications  of  New 
Miniature  Piezoelectric,  Variable  Reluctance  and  Differential 
Transformer  Type  Transducers",  Perlmuih-Colmaa  Instrumentation 
Symposium,  Statler  Hotel,  Los  Angeles,  Calif. ,  December  7-8,  1955. 

26.  Peris,  Thomas  A.  and  C.  W.  Kissinger,  ::A  Barium- Tiisnate 
Accelerometer  with  Wide  Frequency  and  Acceleration  Ranges", 
National  Bureau  of  Standards  Report  2390A,  Washington,  D.  C. 

27.  Rorex,  James  E. ,  "Evolution  of  the  Saturn  Booster  Telemetry 
System",  IRE  Transactions  on  Military  Electronics.  Vol.  Mil-4, 
April-July  i960.  No.  2-3  U.  S.  Artsy  Space  Issue. 

28.  Soffel,  A.  R. ,  "How  to  Make  Power  Density  Analyses  of  Measurement 
Signals",  ISA  Journal,  September  1959,  Vol.  6,  No.  9,  pp.  W-64. 

29.  United  Electrodynamics,  Inc. ,  Pasadena,  California.  "New 
Products  from  United  Electrodynamics,  Inc.  " 

30.  Wahrmaa,  C.  G. ,  '  A  True  RMS  Instrument”,  Brucl  and  Kjaer 
Technical  Review,  No.  3,  July  1958. 

31.  Williams,  W.  E. ,  Jr..  "Space  Telemetry  Systems",  Proceedings 
of  the  IRE,  Space  Electronics  Issue,  April  i960. 


ASD  TR  6 


7-72 


8.  EXPERIMENTAL.  PROGRAM  TO  VERIFY 
ANALYTICAL  PROCEDURES 


An  experimental  program  will  be  proposed  to  verify  the  important 
statistical  procedures  developed  and  discussed  in  this  report.  The  pro¬ 
posed  experimental  program  is  divided  into  two  parts: 

Part  t  -  Laboratory  Test  Program 
Part  2  -  Flight  Test  Program 

Controlled  ami  well  defined  conditions  available  in  the  laboratory 
make  laboratory  experiments  best  suited  for  investigation  of  basic  sta¬ 
tistical  techniques.  As  a  result;  emphasis  will  be  placed  on  detailing 
comprehensive  laboratory  experiments.  The  $.-1  eposes  flight  teat  pro¬ 
gram  must  be  approached  in  a  more  general  manner  since  the  explicit 
derails  of  a  flight  test  experiment  will  be  heavily  dependent  upon  the 
results  of  the  proposed  laboratory  experiments. 

Ine  material  to  follow  begins  by  discussing  in  some  detail  labora¬ 
tory  test  procedures  for  verifying  tests  of  fundamental  assumptions  and 
statistical  accuracy  of  desired  measurements.  This  is  followed  by  a 
broad  treatment  on  statistical  considerations  for  repeated  experiments 
(flights)  and  random  sampling  techniques.  The  final  portion  of  this  sec¬ 
tion  contains  material  relevant  to  conducting  a  flight  test  program. 

8. 1  LABORATORY  TEST  PROGRAM 

la*  proposed  laboratory  test  program  will  include  three  phases 
as  follows 

Phase  1  -  Verification  of  fundamental  assumptions. 

Phase  2  -  Verification  of  statistical  accuracy  of  measurements. 

Phase  3  -  Verification  of  statistical  procedures  for  repeated 
experiments  and  random  sampling. 

8.  1 . 1  Basic  Laboratory  Instruments 

The  laboratory  experiments  to  be  described  w:ll  involve  repeated 
use  of  several  baste  common  laboratory  instruments.  Three  instruments 
that  will  be  continually  required  are  as  fellows. 
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a>  random  noise  generator 
b}  low  pass  filter 
c)  read-out  recorder 

The  random  noise  generator  should  ideally  provide  a  stationary 
random  signal  with  a  Gaussian  probability  density  function  and  a  uni¬ 
form  power  spectral  density  funetfon  (band-limited  white  noise).  A 
number  of  random  noise  generators  ?«  commercially  available  which 
provide  a  signal  that  acceptably  approximates  the  above  desired 
cesracteristics- 

The  lew  pass  filter  should  ideally  have  an  infinitely  sharp  high 
frequency  cut  off  with  a  variable  cut  off  frequency  available.  If  the 
low  pass  filter  employed  does  not  have  a  relatively  sharp  cut  eff:  say 
at  least  60  db  per  octave,  it  will  be  necessary  to  determine  the 
frequency  response  function  for  the  filter  and  calculate  the  equivalent 
noise  bandwidth  >s  described  in  Section  4. 9-  --  A  sharply  cut 
off  signal  bandwidth  or  an  accurately  defined  equivalent  noise  band¬ 
width  is  essential  lor  successful  laboratory  experiments. 

The  read-out  recorder  may  be  any  conventional  laboratory  direct 
voltage  recorder.  Direct  writing  stylus  type  recorders  can  be 
employed,  but  the  galvanometer  type  oscillograph  would  be  more 
desirable  because  of  the  higher  frequency  response  available.  An 
upper  frequency  response  limit  of  60  cps,  characteristic  of  direct 
writing  stylus  type  recorders,  v**Ii  not  permit  as  much  flexibility  in 
the  experiments  as  the  higher  frequency  res*  nse  of  the  galvanometer 
oscillograph. 

8.2  VERIFICATION  OF  FUNDAMENTAL  ASSUMPTIONS 

As  noted  in  Section  6. 1,  the  analysis  of  a  single  vibration  signal 
record  end  the  interpretation  cf  the  analysis  is  greatly  facilitated  if 
the  record  is  random  and  self-stationary,  and  displays  a  Gaussian 
distribution  cf  instantaneous  amplitudes.  Straightforward  tests  are 
proposed  to  confirm  the  hypotheses  of  randomness,  self-stationarity, 
and  Gaussian  amplitude  distribution.  This  section  details  laboratory 
experiments  to  substantiate  the  validity  of  the  tests  outlined  in 
Section  6.1. 
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Test  for 


A  r«a  test  foj  .*scs!s»j$  of  a  v;iri;:or.  s:gtt!  record  :s  deuiitd 
;s  Ht*  ::ct.  $.  ■ .  5.  An  «per:sttsts!  vcrif:t»‘.:or.  or  :>«  i*-st  w;ii  involve 
two  approaches.  The  first  is  to  substantiate  that  the  test  will  accept  a 
a  -5 nil  record  that  is  rar.ootts.  The  sec  one  is  so  substantiate  that  the  test 
will  reject  a  signal  record  that  is  not  random. 

aj  Verification  that  the  run  test  e:ii  accept  a  signal  record  that 
is  rar.com. 

The  following  test  set  sp  will  be  repaired.  See  Figure  $  i 


Figure  $.  !.  Equipment  for  Randomness  !>s; 


The  rardsts  noise  generator,  low  pass  filter.  and  read-ont  recorder 
should  he  a*  described  in  Section  S.  1.  E. 

After  she  random  noise  generator  has  warmed  up  long  enough  to 
assure  a  stationary  output  signal,  adjust  the  iw  pass  filter  eci  off  to 
some  frequency  to  give  a  signal  bandwidth  of  3.  Remember  that 
must  be  less  than  the  upper  frequency  response  limit  of  the  read -not 
recorder. 


Proceed  by  obtaining  a  record  of  the  band -limited  ransom  signal 


I 

with  *  record  kinth  a'  a;  leas;  seconds. 


,f  -v_  f_ 


recuer.ry  nine¬ 


tieth  of  the  signal  t*  say-  j0O  ;pj,  :'-r  record  length  should  be  a:  least 
U-5  seconds.  Now  divide  the  long  record  into  N  number  of  subrecords 
fN  >  25J.  each  with  n  -  !00  statistical  degrees  of  freedom  fn  *  13 Tl.  Thrr 
if  3  were  SOD  eps,  the  length  T  of  each  subrecord  would  be  0.  5  seconds. 
Count  the 


ibcr  si  times  r  that  the  signal  level  cresses  the  zero  level 


it  each  of  the  N  subrecords. 

From  Equation  ii.  tj  and#.  21,  the  expected  number  of  zero  crossing 
is  given  by. 
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with  a  variance  fives  by, 


2  ^s-r, 

r  "4fs  -  If 


(«- 


Efoatises  (8-  It  r_ac  {t.  21  are  vrittea  is  a  form  stuck  unmet  that  dee 
times  sped  by  dee  si|eai  above  and  below  the  zero  lt.el  are  about  equal. 
Ibis  assemptioc  is  quite  valid  if  the  zero  level  is  correctly  established 
and  the  value  of  s  is  large. 

For  c  ?  109  statistical  degrees  of  freedom.  pr  =  SC  aaf  or*  =  24. 75. 
Then  if  the  camber  A  zero  crossings  r  is  measured  for  the  K  different 
sample  records,  each  nidi  a  =  100  xattsdcal  degrees  M  ireedoas.  it 
wdi  be  expected  &at  the  measured  whet  «f  r  essM  be  snnaaily 
distributed  about  a  mean  of  pr  =  5C  wide  a  sasiarf  deviation  of  e«*S. 

&  now  remains  to  compare  the  experimentally  determined  values 
v;  i  f:  vi  Mrf  M  so^recordr  lo  a  normal  distributee.  zith  a  mean  of  £0 
and  a  standard  deviation  of  5.  Specifically,  the  following  relation  so  ipo 
should  be  closely  approximated 

15%  of  tie  values  of  r  should  exceed  42 
73%  of  the  values  of  r  should  exceed  47 
50%  of  the  values  cf  r  should  exceed  50 
27%  sf  the  values  of  r  should  exceed  53 
5%  of  dm  values  of  r  should  exceed  5S 

The  above  general  procedure  should  be  repeated  using  a  random  signal 
which  does  not  have  a  uniform  power  spectral  density  function.  A  m* 
uniform  power  spectrum  can  be  obtained  by  complex  filtering  of  the 
random  noise  generator  output.  Extensive  experiments  of  this  type 
will  be  necessary  to  establish  any  limitation  that  may  be  impooed  on 
the  test  for  randomness  by  the  power  spectrum  characteristics  ee  a 
sample  record. 

b)  Verification  that  the  ng  test  will  reject  a  signal  record  that 
is  not  random. 

The  following  test  set  up  will  be  required-  See  Figure  S.  2. 
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Figwre  S.  £  C^iipwtai  ar  9fos-Kuteaiee»  Test 


The  t*«  set  ap  is  sSk  same  as  re^sirta  he  Pirt  faj  tat^*  j^siscs 
ire  mater  to  rayranpose  a  sisss^d  on  dbe  ru4see  si|st!  from  the 
Ecise  ;emtw. 

Adja*  the  tms  rciJltt  Jerri  cf  it  shomK  to  be  ibwtt  c^sli  to 
it  rms  volute  itvrl  if  fte  Siwd-Ilmited  rudom  aoiie.  Set  die  freapmecy 
of  Use  ssotfbci  so  be  Jest  bd«e  die  kigh  fr<jtt-cr  ce  elf  el  the  lor  pass 
filter. 

Pnscttl  by  obUtnirg  a  record  el  ike  b»ad-i;roited  mixed  »£ae- 
rueuni  wills  a  Sessftb  repaired  to  girt  :M  statistical  degrees  el 

freedem.  Tbea  if  ike  frt^stecr  iusendk  el  ike  sigsil  is  say  ICO  cp$. 
ike  record  should  be  0-  5  seconds  Seeg.  Coeat  ikt  ember  el  zero  level 
crossings  r  *>«J  apply  tbe  rus  test  a  a  t$S  level  el  coafiltace. 

For  example  isssme  E  -  !S0  q>s  and  T  (9.1  seconds-  Taee 
a  *  ICC  aad  tbe  nice  el  r  for  a  random  sigetl  «esU  fail  between  40 
aad  bO  at  Ike  95%  corf: deace  level,  if  r  s s  less  !kls  40  or  greeter  Uua 
SO.  the  record  may  be  rejected  as  nos  readout  at  the  95%  cos  fide  ace 
level.  The  mixed  siae-r*ade*n  signal  record  should  be  rejected  by  the 
test  as  mm  random.  sat*  the  sloe  save  a’or.e  m-vjid  prodace  nearly  100 
crossings. 

Th*  above  test  should  be  repeated  for  various  ratios  of  she  to 
random  r ms  levels  aad  various  sirr-soida!  frequencies.  It  is  quite  likely 
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that  certain  combinations  of  rms  levels  and  sinusoidal  frequency  will 
produce  records  that  will  be  accepted  by  the  run  test  as  being  random. 
These  combinations  represent  error  risks  associated  with  the  test. 


8.  2.  2  Test  for  Stationarity 

A  test  for  self- stationarity  of  a  random  vibration  signal  record  is 
detailed  in  Section  6.  1. 8.  An  experimental  verification  of  this  test  will 
involve  two  approaches  similar  to  the  previous  test  for  randomness. 

The  first  is  to  substantiate  that  the  test  will  accept  a  random  signal 
record  that  is  self- stationary.  The  second  is  to  substantiate  that  the 
test  will  reject  a  random  signal  record  that  is  not  self- stationary. 

a)  Verification  that  the  test  will  accept  a  random  signal  record 
that  is  self- stationary. 

The  following  test  set  up  will  be  required.  See  Figure  8. 3. 
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Figure  8.  3  Equipment  for  Stationary  Test 


The  random  noise  generator,  low  pass  filter,  and  read-out  recorder 
should  be  as  described  in  Section  8. 1.  1.  The  squaring  circuit  and  RC 
filter  averaging  circuit  are  components  of  many  true  rms  vacuum  tube 
voltmeters  and  power  spectral  density  analyzers  as  described  in  Sections 
7.  3  and  7.  4. 

After  the  random  noise  generator  has  warmed  up  long  enough  to 
assure  a  stationary  output  signal,  adjust  the  low  pass  filter  cut  off  to 
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some  frequency  fQ  to  give  a  signal  bandwidth  of.B.  The  actual  bandwidth 
B  to  be  employed  in  the  experiment  will  be  a  function  of  the  RC  filter 
time  constant  K.  The  number  of  statistical  degrees  of  freedom  n  for 
the  resulting  mean  square  estimations  should  oe  rather  small,  say  about 
40,  to  obtain  a  good  spread  in  the  estimates.  Then,  from  Eq.  (6.  30), 
the  product  of  BK  should  equal  about  10. 

Proceed  by  obtaining  a  record  of  the  continuous  mean  square 
estimation  with  a  record  length  of  at  least  500K  seconds.  Then  for 
n  =  40  degrees  of  freedom,  if  B  -  ICO  cps,  K  =  0. 10  seconds,  and  the 
total  record  length  would  be  at  least  50  seconds.  The  resulting  record 
may  be  considered  to  be  a  greup  of  N  numbers  of  subrecords,  each  of 
length  T  =  2K  constituting  a  mean  square  estimate.  Then  N  will  he 
greater  than  250. 

Repeat  the  above  experiment  at  least  25  times  under  the  same 
conditions  to  obtain  N'  number  of  records  (N1  >  25)  of  identical  length 
sluitst’Cal  quality.  Finally,  obtain  one  additional  mean  square 
estimate  of  very  high  quality  for  the  same  input  noise  level  and  band¬ 
width  by  increasing  the  time  constant  of  the  RC  filter  to  the  highest 
value  available.  A  time  constant  K  of  at  least  300/ B  to  give  at  least 
1200  statistical  degrees  of  freedom  would  be  desirable.  The  resulting 
estimate  may  be  assumed  to  be  the  true  mean  square  value  of  the 
random  signal.  If  the  mean  square  estimating  device  does  not  have  a 
variable  time  constant,  an  average  of  the  continuous  mean  square 
estimates  of  all  experiment  records  may  be  used  for  cr^. 

A  chi-square  confidence  interval  of  (  1  -  a)  for  n  degrees  of 
freedom  may  now  be  established  for  each  of  the  N*  experiment  records. 
Measure  the  actual  percent  of  the  time  &  that  the  continuous  mean  square 
estimates  fall  outside  the  {l  -  a)  confidence  interval  for  each  of  the  N' 
records.  From  Section  6.  1.8,  if  the  equivalent  number  of  mean  square 
estimates  N  for  each  record  is  large,  say  greater  *han  250,  and  if  a 
is  small,  say  less  than  0.  10,  then  the  measured  values  of^  multiplied  by 
N  will  be  distributed  in  an  approximately  normal  manner  with  a  mean 
value  and  standard  deviation  as  follows: 

PpjA  =  \  =  No  (8.  3) 

or^  =\[X  =\ffto  (3.  4) 
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It  now  remains  to  compare  the  N'  experimentally  determined  values  for 
N&‘  to  a  normal  distribution  with  a  mean  of  Net  and  a  standard  deviation 
of\jNa. 

C the  fell.--  Ir.g  Assume  25  records  of  continuous 

mean  square  estimates  are  obtained  for  a  random  signal  with  a  bandwidth 
of  100  cps  using  an  RC  filter  time  constant  of  0. 1  seconds.  Then  the 
number  of  statistical  degrees  of  freedom  n  =  40.  Assume  each  record 
>s  50  seconds  long.  Then  the  effective  number  of  estimates  per  record 
is  N  =  250.  Consider  a  chi-square  confidence  interval  of  (1  -  ft)  =  0.95. 
From  Table  5.  2,  the  upper  and  lower  confidence  limits  will  be  1.  50  cr 
and  0.  61  a-C ,  respectively.  Measure  the  percentage  of  time  &  that  the 
mean  square  estimate  is  outside  the  above  limits  and  multiply  by  N  =  250 
for  each  of  the  25  records.  The  25  values  for  Net  (N&j.  N&2'  cic- )  should 
be  normally  distributed  with  a  mean  of  Ns  -  12.  5  and  a  standard  deviation 
of  \jN»  =  3.  54.  Specifically,  the  following  relationship',  should  be  closely 
approximated. 

24  of  the  values  of  Nor  should  exceed  6. 3 
20  of  the  values  of  Nhr  should  exceed  9-  5 
1 5  of  the  values  of  No  should  exceed  11.6 
10  of  the  values  of  Net  should  exceed  13.  4 
5  of  the  values  of  No  should  exceed  15.  5 

The  above  general  procedure  should  be  repeated  using  a  random  signal 
which  does  not  have  a  uniform  power  spectral  density  function.  A  non- 
uniform  power  spectrum  can  be  obtained  by  complex  filtering  of  the 
random  noise  generator  output.  Extensive  experiments  of  this  type  will 
be  necessary  to  establish  any  limitations  that  may  fca  imposed  on  the 
test  for  self-stationarity  by  the  power  spectrum  characteristics  of  a 
sample  record. 

b)  Verification  that  the  test  will  reject  a  random  signal  record  that 
is  aelf'-nonstationary 

The  required  test  set  ud  is  identical  to  that  shown  in  Figure 
8.  3.  Use  the  same  signal  bandwidth  ar.d  RC  filter  time  constant  as 
Part  (a).  A  self-nonstationary  random  signal  will  be  obtained  by 
arbitrarily  varying  the  output  level  of  the  random  noise  generator. 
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Proceed  by  obtaining  a  record  of  the  continuous  mean  square 
estimation  with  a  record  length  of  at  least  5C0K  seconds,  while  arbitrarily 
varying  the  output  level  of  the  random  noise  generator.  Apply  the  test  for 
seif- stationar  ity  as  described  in  Section  6.  1. 8  to  the  resulting  record. 

The  test  shouia  reject  the  record  as  being  self-nonstationary. 

The  power  of  the  test  for  self- stationar ity  can  be  experimentally 
investigated  by  repeating  the  above  procedure  for  variations  of  the  random 
noise  generator  output  within  several  different  specified  limits.  For 
example,  obtain  a  record  of  the  continuous  mean  square  estimate  while 
the  noise  generator  output  voltage  is  varied  from  50%  above  to  50%  below 
some  sversige  Yctiue.  Such  s  record  should  be  rejected  es  solf-nosststtiouiry 
even  at  a  99%  confidence  level.  Repeat  the  test  over  and  over  reducing 
the  range  of  noise  output  level  variations  each  time.  As  the  variations 
in  the  noise  output  level  become  limited  to  a  very  narrow  range,  the  test 
will  start  accepting  records  as  being  self-stationary.  Such  a  set  of 
experiments  would  give  at  least  a  qualitative  feel  for  the  'fyp-  II  error 
associated  with  the  test  for  self- stationar  ity  of  random  signals. 

8.  2.  3  Test  for  Normality 

A  test  for  normality  of  instantaneous  amplitudes  of  a  random 
vibration  signal  record  is  detailed  in  Section  6. 1. 1C.  The  test  is 
accomplished  by  estimating  the  probability  density  function  of  the  random 
signal  from  a  record  cf  length  T  and  bandwidth  B  (using  an  instrument 
as  described  in  Section  7.  5),  and  comparing  the  estimate  to  a  theoretical 
Gaussian  density  function  with  an  appropriate  (1  -  a)  normal  confidence 
interval. 

The  validity  of  the  test  for  normality  rests  primarily  in  the  accuracy 
of  predicting  any  (1-0)  normal  confidence  interval  for  a  given  probability 
density  estimate,  ${x).  A  verification  of  the  test  for  normality  thus  in¬ 
volves  little  more  than  a  verification  of  the  statistical  confidence  far 
probability  density  estimates.  This  subject  is  discussed  more  fully 
later  in  Section  8.  3.  3. 


ASD  TR  61-123 


8-9 


S.  3  VERIFICATION  OF  STATISTICAL  ACCURACY  OF  MEASUREMENTS 

In  Section  7,  the  statistical  accuracy  associated  with  analog  measure¬ 
ments  c-f  four  important  statistical  properties  of  a  random  signal  are 
developed.  The  four  statistical  pronerties  discussed  are  {1}  the  root  mean 
square  value;  {2}  the  power  speclr.tl  density  function;  (3}  the  prbabiiity 
density  function,  and  (4)  the  autocorrelation  (and  cross-correlation) 
function.  This  section  details  laboratory  experiments  to  substantiate 
the  expected  statistical  accuracy  in  measuring  (estimating)  these  properties. 

3.  3. 1  Root  Mean  Square  Value  Estimates 

Procedures  for  estimating  the  root  mean  square  (rms)  value  of 
random  signals  and  the  associated  statistical  accuracy  of  the  estimates 
are  detailed  in  Section  7.  3.  Actually,  mean  square  value  estimation  is 
the  essential  result  of  power  spectral  density  estimation.  Since  the  rms 
value  of  a  random  signal  is  simply  the  positive  square  root  c-f  the  mean 
square  value,  the  verification  of  the  statistical  accuracy  of  rms  estimates 
will  result  directly  from  the  verification  of  the  statistical  accuracy  of 
power  spectra  estimates.  This  subject  is  discussed  next  in  Section  8.  3.  2. 

For  some  simple  applications,  it  may  be  desired  to  confirm  the 
statistical  accuracy  of  rms  value  estimates  using  a  commercial  true  rms 
voltmeter  as  described  in  Section  7.  3.  This  may  be  done  with  the  aid  of 
a  low  pass  filter  (or  a  narrow  band  filter),  and  by  applying  the  statistical 
methods  discussed  in  Section  8.  3.  2. 

8.3.2  Power  Spectral  Density  Estimates 

Procedures  for  estimating  power  spectra  of  random  signals  and 
the  associated  statistical  accuracy  of  the  estimates  are  detailed  in 
Section  7.4.  It  is  shown  that  the  estimation  of  power  spectra  effectively 
consists  of  measuring  the  mean  square  value  of  the  random  signal  through 
many  adjacent  narrow  band  filters,  and  dividing  the  mean  square  measure¬ 
ments  by  their  associated  bandwidth.  An  experimental  verification  of  the 
statistical  accuracy  of  power  spectra  estimates  tiitn  involves  simply  the 
verification  of  the  accuracy  of  a  mean  square  value  measurement  of  a 
-ar.dom  signal  with  a  given  bandwidth  B.  See  Figure  8.  4. 
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POWER  SPECTRAL  DENSITY  ANALYZER 
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Figure  8.4  Eauipment  for  Testing  Power  Spectra  Measurement  Accuracy 

The  random  noise  generator  should  be  as  described  in  Section  8.1.1. 

The  other  instruments  required  are  integral  components  of  any  commercial 
power  spectral  density  analyzer  system.  An  analyzer  with  a  heterodyne 
type  crystal  filter  would  be  the  most  desirable  since  it  closely  approximates 
an  ideal  rectangular  filter  characteristic. 

From  Section  7.4,  the  equivalent  number  of  degrees  of  freedom 
of  a  mean  square  estimate,  s^,  is  given  by, 

n  =  2BT  (8.  5) 

Equation  (8.  5)  assumes  a  flat  power  spectrum  over  the  frequency  range 
in  a  bandwidth  B  with  infinitely  sharp  cut  offs  at  the  uprer  and  lower 
frequency  limits.  After  the  random  noise  generator  has  warmed  up 
long  enough  to  assure  a  stationary  output  signal,  adjust  the  narrow  band 
pass  filter  to  cover  some  frequency  range  where  the  power  spectrum 
of  the  signal  is  reasonably  flat.  The  bandwidth  B  should  be  about  10  cps 
Proceed  by  recording  a  large  number  of  mean  square  estimates. 

The  number  of  estimates  N  should  be  at  least  25.  The  number  of  sta¬ 
tistical  degrees  of  freedom  n  for  each  estimate  should  he  small,  say 
about  20,  to  obtain  a  good  spread  in  the  estimates.  Then  for  a  10  cps 
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bandwidth,  the  record  length  T  for  each  estimate  (integrating  time)  should 
be  about  one  second.  Finally,  measure  one  additional  estimate  of  very 
high  quality  for  the  same  input  noise  level  and  bandwidth  by  increasing  the 
integrating  time  to  obtain  the  longest  possible  record  length.  A  record 
length  of  at  least  30  seconds  giving  an  estimate  of  over  600  degrees  of 
freedom  will  be  required.  The  resulting  estimate  may  be  assumed  to 
be  the  true  mean  square  value  cr^  for  the  signal. 

If  each  of  the  N’  number  of  sample  mean  square  estimates  sf 
(i  =  1,  2,  ....  N)  is  an  estimate  of  n  =  2BT  degrees  of  freedom,  then 

2 

n  si  2 

— 2f-  =  X  (8.6) 

o- 

where  the  distribution  of  (chi-square)  may  be  obtained  from  standard 
statistical  tables.  Compute  the  left  hand  side  of  £q.  (S.  6)  for  each  of 
the  N  estimates  of  s  and  compare  them  to  a  \  "  distribution  of  n  -  2BT 
degrees  of  freedom. 

For  example,  if  a  bandwidth  of  B  =  10  cps  and  a  record  length  of 
T  =  1  second  is  used,  thc-i  n  =  20  and  the  following  relationships  should 
be  closely  approximate '.. 

•> 


95%  of  the  values 

of  ~2~  shaul 
O' 

d  exceed 

3.?4 

90%  " 

II 

i; 

It  M 

II 

II 

4. 87 

75%  " 

II 

it 

II  II 

It 

II 

6.74 

50% 

« 

st 

IS  It 

•  1 

II 

9-  34 

25%  " 

It 

it 

II  II 

tl 

It 

12.5 

10%  " 

*• 

it 

It  It 

•  1 

II 

16.0 

5%  " 

It 

it 

It  It 

t: 

tl 

18.3 

The  experimental  procedure  discussed  here  may  be  repeated  for 
several  different  frequency  bandwidth*  B  and  record  lengths  T  to  verify 
the  general  form  of  Equations  (8. 5)  and  (8. 6). 
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3.5.3  Probability  Density  Estimates 


Procedures  for  estimating  probability  density  functions  of  random 
signals  and  the  associated  statistical  accuracy  of  the  estimates  are 
detailed  in  Section  7.5.  An  experimental  verification  of  the  statistical 
accuracy  developed  for  probability  density  estimates  will  require  the 
following  test  set  up.  See  Figure  6.  5.  . 


Figure  8.5  Equipment  for  Testing  Probability  Density  Measurement  Accuracy 


The  random  noise  generator  and  lou*  p»««  «Jter  -bould  be  as 
described  in  Section  8. 1. 1.  The  read-out  recorder  will  probably  be  an 
integral  component  of  the  probability  density  analyzer. 

From  Section  7. 5,  the  normalized  standard  deviation  e,  also 
called  the  standard  error,  of  an.  amplitude  probability  density  estimate 
p(x)  for  any  value  of  amplitude  x  is  given  by. 


&x)  ]{Ax)  TBpfx) 

where  k  is  some  constant  with  a  theoretical  value  of  about  0.  7.  One 
purpose  of  the  experiment  will  then  be  to  establish  a  value  of  k  for  the 
actual  equipment  used. 

After  the  random  noise  generator  has  warmed  up  long  enough  to 
assure  a  stationary  output  signal,  adjust  the  high  frequency  cut  off  of 
the  low  pass  filter  ;o  some  frequency  f q  to  obtain  a  known  signal  band¬ 
width  B.  Set  the  amplitude  window  Ax  of  the  probability  density  analyzer 
over  zero,  the  mean  value  of  the  signal. 
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Proceed  by  obtaining  a  large  number  of  probability  density  estimates 
p.(x)  (i  =  2,  3,  etc.},  using  records  of  known  equal  length  T.  The 

number  of  estimates  N  should  be  at  least  25.  The  expected  normalized 
standard  deviation  e  of  the  estimates  should  be  rather  large,  say  about 
0. 1,  to  obtain  a  good  spread  in  the  estimates  and  minimize  the  effect  of 
instrument  and  observation  errors. 

Now  compute  the  standard  deviation  estimator,  s,  given  by. 


s 


2u 


2 


(3.8) 


where  pjx)  is  given  by. 


P(x)=—  Tp(x)  {8.9) 

N  1 

Substituting  s  for  ®-  and  p{x)  for  p(x)  in  Eq.  (8.  7),  a  value  for  k  associated 
with  the  specific  equipment  used  will  be  obtained.  The  value  for  k  hope¬ 
fully  will  be  about  0.  7. 

The  above  experiment  should  be  repeated  many  times  for  different 
values  of  bandwidth  B  and  record  length  T.  The  value  of  s  computed  from 
observations  for  any  product  BT  should  yield  approximately  the  same 
value  for  k  when  s  and  p{x)  are  substituted  for  cr  and  p(x)  in  Eq.  (8.  7). 
Finally,  the  experiment  should  be  repeated  with  the  amplitude  window 
Ax  set  over  several  different  amplitude  points  and,  if  the  equipment 
permits,  with  several  different  amplitude  window  widths.  Once  again, 
the  values  for  fc  produced  by  the  observations  should  be  approximately 
the  same  as  before. 

One  may  UC  Haw  crested  in  confirming  that  the  estimates  p^Cx)  will 
be  normally  distributed  about  p(x).  For  any  given  set  of  parameters,  3, 

T.  Ax.  and  p(x),  the  resulting  set  ol  N  number  of  estimates  p-(x)  may  be 
tested  for  normality  by  direct  application  of  the  chi-square  goodness  of 
fit  test  as  detailed  in  Section  5.3.2. 
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6-3.4  Autocorrelation  Function  Estimates 


Procedures  for  estimating  autocorrelation  functions  of  random 
signals  and  the  associated  statistical  accuracy  of  the  estimates  are 
detailed  in  Section  7.  6.  An  experimental  verification  of  the  statistical 
accuracy  developed  for  autocorrelation  estimates  will  require  the  follow¬ 
ing  test  set  up.  See  Figure  8.  6. 


Figure  8.6  Equipment  for  Testing  Autocorrelation  Function 
Measurement  Accuracy 


The  random  noise  generator  and  low  pass  filter  should  he  as 
described  in  Section  8. 1.  !.  The  read-out  recorder  will  probably  be  an 
integral  component  of  the  correlation  function  analyzer. 

From  Section  7.  6.  the  normalized  standard  deviation  of  an  auto¬ 
correlation  estimate  ft(r,  T)(to  be  noted  simply  as  &)  for  any  value  of 
time  delay  ~  is  bounded  by. 


c{t.  T)  <~fi=r  (8.10) 

R  *4  BT 

The  equality  sign  appiies  when  t  =  0.  The  parameter  k  is  some 
constant  with  a  theoretical  value  between  0.  5  and  l.Su  the  bandwidth 
B  is  determined  as  described  in  Section  8.1.  1.  One  purpose  of  the 
experiment  will  then  be  to  establish  a  value  of  Sc  for  the  actual  equipment 
used. 

After  the  random  noise  generator  has  warmed  up  long  enough  to 
assure  a  stationary  output  signal,  adjust  the  high  frequency  cut  off  of  the 
low  pass  filter  to  some  frequency  to  obtain  a  known  signal  bandwidth  B. 

Set  the  time  delay  t  of  the  autocorreiator  to  zero. 
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Proceed  by  obtaining  a  large  number  of  autocorrelation  function 
estimates.  ^  {i  =  1.  Z.  3.  etc.},  using  records  of  equal  length  T.  The 
number  of  estimates  N  should  be  at  least  25.  The  expected  standard 
deviation  of  the  estimates  should  be  rather  large,  say  about  0.  i  R.  to 
obtain  a  good  spread  in  the  estimates  and  minimize  die  effect  of  instru¬ 
ment  and  observation  errors. 

Now  compute  the  standard  deviation  estimator,  s,  given  by. 


■sn.£ 

- 


N 


(8-11) 


where  R  is  given  by. 


(8- 12) 


_  A 

Substituting  s  for  or.Rfor  R,  in  Eq.  (8-  IQ),  a  value  for  k  associated  with 
the  specific  equipment  used  will  he  obtained.  The  value  for  k  hopefully 
will  be  between  Q.  5  and  1 . 5. 

The  above  experiment  should  be  repeated  many  times  for  different 
values  of  bendwidth  B  and  record  length  T.  The  value  of  s  computed 
from  observation  for  any  product  BT  should  yield  approxixm  tely  the 
same  value  for  k  when  s  is  substituted  for  in  Eq.  (8. 10).  Finally, 
the  experiment  should  be  repeated  with  the  autocorrelator  time  delay 
set  at  several  different  values  of  t  £  0.  New  values  for  k  should  be 
produced  by  the  observations  which  are  smaller  than  the  values  found 
earlier  when  t  =  0. 

A 

One  may  be  interested  in  confirming  that  the  estimates  Rj  will  be 
normally  distributed  about  R.  For  any  given  product  BT  and  time  delay 
t,  the  resulting  set  of  N  number  of  estimates,  i;,  may  be  tested  for 
normality  by  direct  application  of  the  chi-  square  goodness  of  fit  test  as 
detailed  in  Section  5.3.  Z. 
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8.  -I  STATISTICAL  CONSIDERATIONS  FOR  REPEATED  EXPERIMENTS 
AND  RANDOM  SAMPLING 

It  is  desirable  to  verify  by  experimental  methods  some  of  the 
statistical  procedures  described  in  the  repeated  experiments  portion  of 
Sections  5  and  »•_  2. 7  and  the  random  sampling  techniques  in  Section  6. 1.  to. 
To  do  this,  simulated  "flights”  may  be  run  is  the  laboratory,  and  appro¬ 
priate  data  collected  and  analyzed.  If  real  differences  are  caught  as 
predicted,  and  parameters  estimated  correctly  within  the  predicted 
confidence  limits,  ,'ss  the  procedures  may  be  assumed  to  be  valid, 
if  not.  other  methods  must  be  devised,  or  underlying  assumptions  must 
be  -.(vTc  critically  exa  vomerf. 

Two  different  approaches  can  be  carried  out  in  an  experimental 
program  to  indicate  procedures  that  might  oe  tried  later  in  actual  flight 
tests.  It  would  be  desirable,  for  reasons  of  simplicity,  to  be  able  to 
ignore  various  separate  flight  phases,  and  only  to  eoatiw  a  flight 
vibration  history  as  a  whole.  This  is  clearly  impossible  for  many  types 
of  flight  vehicles  but  not  necessarily  for  all.  The  small  number  of  flights 
(8  to  9)  and  samples  sixes  {6  to  it)  indicated  in  the  next  Section  8.4. 1 
(Table  8. 1}  are  probably  quite  suitable  when  considering  die  flight  phases 
separately.  Reasonable  amounts  of  data  would  then  be  collected  for  Che 
entire  flight  by  combining  information  from  the  separate  phases. 

However,  when  samples  are  randomly  selected  over  the  total  flight 
without  regard  to  flight  phases,  mo"  than  12  observations  are  clearly 
necessary  to  obtain  reasonable  estimates  of  the  parameters  of  interest. 
For  example,  if  the  assumption  of  a  normal  distribution  is  to  be  verified 
using  the  test,  sample  sizes  of  the  order  of  200  are  desirable. 

Many  of  the  flight  test  problems  being  mentioned  are  actually  not 
pertinent  to  laboratory  experimentation  ds*  to  the  controlled  conditions 
available  in  the  laboratory.  The  validity  of  statistical  procedures  for 
small  sample  sizes  is  easily  verified  in  a  laboratory  program.  However, 
it  is  difficult  to  implement  them  in  an  optimum  manner  ia  actual  flight 
tests. 
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Zb  the  Iiicrilu.-;.  'r.e  («ratr~:trt  of  idertit  ssty  be  preset. 

Keovisf  these  in  advance,  one  can  then  ukccrtlicilijr  optimize  the 
experiments.  That  is,  the  number  of  flights  k  and  the  sample  size  X 
for  each  flight  may  be  calculated  so  as  to  minimize  Nk  for  a  given 
probability  of  act  detecting,  for  example,  real  differences  in  (rats  or 
double-amplitude)  vibration  levels.  In  practice,  of  course,  the  real 
differences  will  not  be  knows;  However,  reasonable  apriori  estimate* 
may  often  be  made,  in  the  laboratory  the  real  differences  in  the 
tion  levels  *if!  he  Imss  >sd  therefore  ±i  statistical  procedures  can 
be  tested  more  precisely. 

in  Section  S.  4  of  the  report,  methods  for  selection  of  the  s«ir**r 
of  flights  k  and  the  sample  size  X  are  mentioned.  For  the  laboratory 
eeperiment  design,  application  will  be  made  of  these  procedures  and 
(hey  will  be  considered  in  greater  detail. 

Referring  to  the  above  mentioned  Section  5. 4.  one  finds  that  the 
population  variance  estimate  computed  from  the  between  grasp  (fiighi- 
to-Oight}  variation  consists  of  (so  components;  o-2.  the  popiiatioc  var¬ 
iance.  and  Xor  .  the  variance  dee  to  any  real  differences  in  means 

?  x 

multiplied  by  the  sample  size  X.  The  second  quantity,  r  .  is  the  cm 
hypothesized  to  be  zero,  and  represents  the  quantity  to  be  detected  if 
it  is  net  zero.  Is  Ike  laboratory  experiments,  a  sample  of  '•/lights"  may 
be  selected  such  as  to  have  mean  vibration  levels  from  a  population  havipg 
a  variance  e -  With  this  quantity  knows  is  advance  {along  with  <r*). 
values  of  X  and  k  can  be  selected  so  as  to  minimize  Nk  and  give  a  certain 
probability  j£  (the  7  ype  II  error)  of  not  detecting  this  component  of  variance. 
Also,  there  will  be  a  certain  probability  *  {the  level  of  significance  or  the 
probability  of  Type  i  error)  that  the  test  will  indicate  o^  /  0  when  in  fact 
it  is  zero.  It  is  desirable  to  have  o  and  ?  very  small,  but  these  arc  made 
small  at  the  expense  of  increased  sample  sizes. 

First,  values  for  a  and  £  must  be  selected.  For  the  purposes  =* 
this  discussion,  a  -  3  =0.05  will  be  chosen.  The  ratio 

» 

,  or 

A*  =  («- 13) 
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wsil  he  ate  as  a  meassre  *f  ccnauee  from  Ebc  fsrpcu:ts;zce  nlee  er  s  C. 

2  2  *  P 

i f-t  «lat*  A"  -  1  *»i  A  ~  9.S  wil  be  selected  £»  crisicU  values  for 

iEEttstrating  cotr^pcitioc;.  That  Ex.  if  tie  fi:jSt-:»-Gij;2I  nrutioe  Ex  as 

ff«!  as  fee  xifeis  ftifS;’  nrb:iue  En  oee  case.  or  fcaif  as  brje  in  fee 

other.  K  *«£  k  etli  be  selected  so  «;  S>  gire  x  probability  of  xt  k-wS 

{I-«5|  =  0.95  of  this  cocpsee^  of  nrixtioe 

Application  «ia  awx  be  toaec  of  T«b!e  S.3  is  Reference  |  —  J  -  This 

{:-«  values  of  x  Hcnetaea  «  which  will  c«e»rnme  2*  and  k  as  a  function  e£ 

'  ? 

«  aad  5.  The  rebiioe  to  A-  Ex  £x  fcllonr*; 

f|o.  k-1.  fctX-EsJ  s.  Si'  *  1  f?  ’« 

» 

Shbstitu&iag  the  selected  values  o£  i'.  «.  and  eoe  find; 

x  |0.u>.  5.35.  kfli-  E*  |  *  If  *  1  |#s.  15} 


isc 


«{0.35.  0.0*.  k-E.  k(N'-ll  j  c  0.  5X  ‘  f  {$.  lei 

Sice  k  t*  ike  ^rwary  ssaber  of  oaerji:.  tair  jsk  eii;  fsrxt  be 

selected.  Tto  be  tss^tcuae  of  Table  1.5  is  R-'.  *  1J.  raises  of  •  aaf 

X  wiii  be  coo  sea  to  apprminateir  fit  fee  •’.-»:rrf  relalisa  of  Eq.  (£.  1 51 

cr  JS.  !fc).  Table  1. 1  below  j> .  .  *  :^«aUci4o  of  rakes  obtained  by  tits 

processrc.  Use  UbsUlee  raises  u  Tabic  3. 1  are  sot  precise  for  several 

reasons.  OsSy  iilrjri!  ~=!oes  of  X  make  sense  so  a  value  of  •  cai  eoe 

be  selected  is  jroc rai  to  ataUss  fee  celaliocs  ta  Eipasiaes  (9.  IS}  xsd 

(S.  Id).  Also  Ester polatios  Ex  repaired  >s  fee  table  referesced  skies 

results  En  inaccuracies  in  tie  compiled  raises  of  A  . 

Tie  values  En  Table  S.  1  indicate  that  h  *  5  and  X  >  11  are  optimum 
.» 

values  tc  detect  A “  *  0.  50  {Case  !)  *hi!»  k  ♦  9  and  X  •  6  are  optimum 
2  .  _ 

for  4“  *  s.  00  (Case  2}.  Hwevcr.  k  *  *  and  If  *  3  in  Case  ~  dc  set  c range 
tie  total  number  of  observations  significantly  while  reducing  tie  number 
of  flights  by  two 


AS  if  T°.  bl  -  f  t 
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Table  8. 1  Selection  of  Sample  Size  and  Number  of  Plights 


Case  1 


k 

4 

5 

6 

7 

N 

41 

26 

18 

15 

164 

130 

105 

105 

A2 

.53 

.49 

.51 

.48 

2 

9 

10 

11 

12 

11 

10 

9 

96 

99 

100 

99 

.49 

.47 

.45 

.45 

N  and  k  for  A  =  0.  50 


k 

4 

5 

6 

7 

N 

22 

13 

10 

8 

Nk 

88 

65 

60 

56 

A2 

1.01 

1.03 

.96 

.94 

Case  2 


8 

9 

10 

11 

7 

6 

6 

5 

56 

54 

60 

55 

.93 

.94 

.88 

N  and  k  for  A2  =  1 . 00 


It  becomes  apparent  at  this  point  that  the  selection  of  the  sample 
sizes  and  number  of  flights  requires  the  exercise  of  considerable  engineer¬ 
ing  judgment.  Sample  sizes  on  the  order  of  8,  10,  or  12  are  undoubtedly 
not  sufficiently  large  to  obtain  general  information  of  interest  for  an  entire 
long  flight.  Also,  after  data  collection  instrumentation  for  a  flight  vehicle 
has  been  accomplished  it  will  probably  be  comparatively  easy  to  collect 
more  observations  in  many  situations. 

8.4.2  Data  Collection  Procedures 

At  this  point,  the  detailed  procedures  for  a  random  sampling  scheme 
described  in  Section  6  may  be  applied.  Flight  phases  and  reasonable 
vibration  levels  for  these  phases  may  be  simulated.  Two  data  collection 
procedures  might  now  be  employed: 

1.  Disregard  the  flight  phases  and  randomly  sample  throughout  the 
entire  "flight" 

2.  Sample  within  each  flight  phase  so  that  e«ch  phase  may  be 
considered  separately  in  the  later  analysis. 
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Also,  two  procedures  for  repeating  the  experiments  should  now  be 
followed: 

1 .  Repeat  the  “flight"  to  simulace  in  effect  a  constant  "mission" 
from  flight  to  flight.  That  is,  there  is  no  component  of  variance  due  to 
flight- to- flight  variations. 

2.  Try  different  "flights"  to  simulate  variable  missions.  The 
flight-to-flight  vibration  will  he  varied  according  to  a  predetermined 
amount. 

8.  4.  3  Verification  of  Statistical  Estimates 

Referring  to  Sections  5  and  6,  calculation  of  estimates  for  statis¬ 
tical  parameters  of  interest  may  now  be  performed.  There  exist  four 
different  combinations  of  repeated  flights  which  should  be  analyzed, 
and  comparisons  should  be  made  between  the  various  estimates. 

(i)  Flight  phases  considered 

a.  Constant  mission 

b.  Variable  mission 

(ii)  Flight  phases  ignored 

a.  Constant  mission 

b.  Variable  mission 

Several  checks  should  be  made: 

1.  In  the  vase  of  a  constant  mission  from  flight-to-flight,  no 
significant  difference  of  flight-to-flight  mean  vibration  levels  should 
be  found. 

2.  in  the  case  of  a  variable  mission,  the  component  of  variance, 
cr^  ,  should  be  detected. 

3.  For  all  cases.,  the  mean  and  variance  estimates  along  with 
confidence  intervals  can  be  compared  with  the  actual  known  values. 

4.  Estimates  obtained  by  ignoring  flight  phases  can  be  compared 
with  the  estimates  from  the  cases  where  flight  phases  are  considered 
separately. 
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Perfect  agreement  cannot  be  expected,  of  course.  In  all  cases, 
the  underlying  assumptions  will  not  have  been  precisely  fulfilled  but  only 
approximated.  Here  again,  theory  must  be  tempered  with  judgment. 

8.  4.  4  Suggested  Experimental  Plan 

1.  Select  a  hypothetical  "flight"  plan  (see  for  example  Table  6. 4 
in  random  Rampling  portion  of  Section  6.  2.4). 

2.  Decide  upon  representative  (rrns  or  double-amplitude)  vibra¬ 
tion  levels  for  the  flight  phases. 

3.  Determine  a  size  for  the  component  of  variance,  orf  ,  relative 
to  the  known  variance,  erf  of  the  vibration  levels  within  a  flight  (see 
Section  8.  4. 1  above). 

4.  Compute  values  for  N  and  k  as  in  Section  8. 4. 1  for  use  when 
flight  phases  are  considered. 

For  an  alternative  method,  application  may  be  made  of  tabulated 
valves  of  Eq.  (8. 14)  for  a  =  0. 05  and  3  =  0.  5C  available  in  Ref.  f  1  ] .  A 
smaller  value  for  tJ"  would  then  be  selected  to  correspond  to  3  -  0.  50. 
Operating  characteristic  curves  (as  described  in  Section  5.  5.  7)  may 
then  be  computed  for  various  pairs  of  N  and  k  so  determined.  Then  an 
N  and  k  can  be  selected  based  upon  the  O.  C.  curve  giving  the  smallest 
3  for  the  <r ^  originally  selected. 

5.  Determine  a  random  sampling  scheme  for  the  case  when  flight 
phases  are  ignored.  See  Section  6.  2  for  details  as  to  sample  length,  etc 
For  this  case,  k  may  be  made  slightly  smaller  and  N  increased  to  obtain 
a  sample  size  more  consistent  with  the  considerations  involved  in  the 
sampling  scheme  in  Section  6.  2.  One  must  not  decrease  k  too  much  or 

it  will  be  impossible  to  obtain  good  estimates  of  the  flight-to-Oight  variation. 

6.  For  the  case  when  flight  phases  are  considered,  select  samples 
of  size  N  for  each  flight  phase.  Each  observation  will  be  taken  randomly 
with  respect  to  time  in  the  flight  phase.  Again  see  Section  6.  2  for  sample 
length  considerations,  etc. 
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?.  Determine  a  random  selection  of  differe.it  vibration  levels 
from  a  "normal-1  population  of  a  predetermined  mean  p  and  variance  cr^  . 

This  must  be  done  for  each  flight  phase  using  the  vibration  levels  selected 
in  step  17.)  as  the  mean  for  each  phase.  These  values  will  then  determine 
how  to  run  the  repeated  ,:flight3''  for  the  case  when  the  mission  is  varied 
from  flight -Co-flight. 

8.  Perform  the  repeated  flights  and  collect  the  data  for  the  four  cases. 

9.  Perform  calculations  as  detailed  in  the  repeated  experiments 
section  of  Section  5. 4  and  the  random  sampling  scheme  of  Section  6.  2. 

10.  Analyze  results  to  determine  if: 

i.  Flight-to-flight  variations  were  detected  as  predicted. 

ii.  Confidence  limits  for  statistical  parameter  estimates 
include  the  actual  preset  known  values. 

iii.  Results  from  not  considering  flight  phases  are  significantly 
different  from  those  obtained  when  the  flight  phases  were 
considered. 

11.  An  additional  procedure  would  be  to  run  a  "flight"  introducing 
unusual  occurrences  -md  determine  if  the  random  sampling  scheme 
detects  these  as  predicted. 

3.  5  FLIGHT  TEST  PROGRAM 

8.  5.  1  General  Remarks 

The  exact  method  to  be  employed  for  obtaining  information  about 
the  over -all  vibration  levels  of  flight  vehicles  from  selected  samples 
will  to  a  great  extent  depend  on  the  results  of  the  Laboratory  Test 
Program  discussed  in  previous  sections.  However,  there  are  many 
considerations  that  do  not  depend  on  the  particular  sampling  scheme 
used  and  these  will  be  discussed  below. 

In  Section  3,  flight  vehicles  are  divided  into  four  main  categories, 
and  gathering  of  vibration  data  is  discussed  with  reference  to  suitable 
sampling  methods.  Once  a  sampling  scheme  has  been  decided  upon, 
the  method  for  permanently  recording  the  vibration  data  and  the  location 
of  the  vibration  sensing  devices  are  of  primary  importance. 
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Even  though  the  flight  test  program  under  discussion  here  is 
proposed  for  the  main  purpose  of  verifying  certain  techniques  applying 
to  a  single  point  on  a  structure,  other  related  problems  cannot  be 
entirely  ignored.  Vibrations  are  only  a  part  of  the  total  dynamic  environ¬ 
ment,  and  the  high  cost  of  a  flight  test  program  makes  it  mandatory  to 
obtain  the  maximum  amount  of  information  from  each  flight.  Therefore, 
the  areas  of  acoustic  noise  and  shock  measurements  should  also  be  con¬ 
sidered  as  part  of  a  vibration  survey.  It  should  also  be  kept  in  mind 
that  the  data  should  be  useful  for  determining  the  dependence  cf  one  set 
of  measurements  on  another  even  if  this  is  not  required  to  satisfy  the 
main  goal  of  the  test  flight.  In  addition,  flight  recordings  can  be  sup¬ 
plemented  with  mechanical  impedance  measurements  on  the  ground,  to 
further  enhance  their  value  for  determining  correlation  effects. 

8.  5.  2  Preparation  for  Flight  Test 

Each  of  the  four  flight  vehicle  categories  can  utilize  two  main 
methods  for  obtaining  vibration  data.  These  are  by  1)  direct  recording, 
or  2)  telemetering.  Section  7. 2  discusses  in  detail  some  of  the  instru¬ 
mentation  available  for  each  of  these  two  methods  and  their  advantages 
and  disadvantages.  Generally,  telemetering  of  data  imposes  greater 
restrictions  on  the  frequency  range,  dynamic  range,  and  the  total  number 
o£  transducers,  than  the  method  of  direct  recording. 

The  next  consideration  is  the  end  use  of  the  data.  This  includes 
such  areas  as: 

a.  Establish  dynamic  environment  for  equipment 

b.  Fatigue  studies 

c.  Human  comfort  considerations 

d.  Verification  of  predictions 

e.  Any  combination  of  two  or  more  of  the  above. 

Each  of  these  points  has  an  effect  on  I)  the  total  number  of  trans¬ 
ducers,  2)  type  of  transducers,  and  3)  the  location  of  the  transducers. 
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To  bring  these  remarks  into  better  focus,  two  specific  examples 
wili  now  be  discussed.  The  first  considers  a  hypothetical  te3t  flight 
utilizing  direct  recording  methods,  the  second  considers  the  telemetering 
of  data. 

8.5.3  Direct  Recording  of  Vibration  Data 

This  discussion  Lu.ers  a  possible  practical  preparation  of  a  flight 
test  program  when  a  direct  recording  method  can  be  used. 

a.  Type  o.~  Vehicle:  Large,  manned,  jet-powered  aircraft. 

b.  Purpose  of  Test:  Ver:fication  of  the  sampling  scheme  deter¬ 
mined  from  Laboratory  Program  to  estimate  entire  vibration-life-history 
from  selected  samples  for  several  points  or,  the  structure. 

c.  Type  of  Recorders:  Magnetic  tape.  See  Section  7  for  discussion. 

d.  Type  of  Transducers:  Self- calibrating,  piezoelectric  accelero¬ 
meters.  See  Section  7  for  discussion. 

e.  Frequency  Range:  10  to  2000  cps. 

f.  Acceleration  Range:  0.  2  to  50.  0  g  vector. 

g.  Number  of  Transducers:  Fifteen. 

h.  Location  of  Transducers:  See  Figure  8.  1 .  Each  location  use* 
three  transducers,  each  transducer  sensing  along  one  of  the  three  mutually 
perpendicular  axes. 

i.  Number  of  Flights:  To  be  determined  from  desired  confidence 
limits. 

Two  tape  recorders  will  be  used.  One  will  continuously  record  the 
vibration  levels  while  the  other  will  only  record  the  samples  whose  leugth 
and  method  of  selection  were  determined  in  the  laboratory.  The  self¬ 
generating  accelerometers  contain  a  dual  seismic  system  of  which  one 
element  is  the  driver  and  the  other  the  sensor  By  correlating  the  sim¬ 
ulated  acceleration  response  of  the  sensing  element  with  the  driving 
system  an  actual  calibration  can  be  made.  Since  both  elements  can  serve 
as  sensors  simultaneously  during  flight,  the  accelerometer  can  be  used 
as  a  dual  output  device  to  measure  the  same  acceleration  in  a  specific  area. 
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Accelerometers 


Vertical 

Longitudinal 

Lateral 

Location 

A1 

A2 

A3 

Attachment  of  Main  Fwd.  Spar  to 
Fuselage  (Approx.  Sta.  500) 

A4 

AS 

A6 

Mid -Section  of  Fuselage 
(Approx.  Sta.  1100) 

A7 

A8 

A9 

Tail-Section  of  Fuselage 
(Approx.  Sta.  1600) 

A10 

All 

A 12 

Attachment  of  No.  2  Engine  to 
Wing  (Outboard  of  Wing  Station 
300) 

A13 

A14 

A15 

Attachment  of  No.  3  Engine  to 
Wing  (Outboard  of  Wing  Station 
300) 

Figure  8,7 

Location  of  Transducers  for  Flight  Test  Program 
(Using  Direct  Recording  Method) 
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One  of  the  sensors  wili  then  be  connected  to  the  continuously  running 
recorder  while  the  other  sensor  is  sampled  in  accordance  with  the 
proposed  sampling  scheme.  From  these  two  recordings  the  accuracy 
of  the  sampling  method  can  then  be  verified.  It  is  also  important  that 
the  accelerometers  are  located  on  primary  structure  with  a  minimum 
of  bracketry  to  avoid  recording  local  resonances  which  may  give  a 
distorted  picture  of  the  severity  of  the  over -all  vibration  environment. 

If  equipment  is  to  be  mounted  on  some  secondary  “soft”  structure,  a 
record  of  the  vibration  level  at  primary  structural  points,  coupled 
with  a  knowledge  of  the  transfer  function  from  these  points  to  the 
secondary  structure,  allows  the  engineer  to  calculate  the  environment 
for  the  equipment  at  a  later  time. 

3.  5.4  ;  gieiiigicf.int  of  Vibration  Data 

For  this  example,  a  hypothetical  four-stage  Space  Probe  will  be 
considered.  For  such  a  vehicle,  telemeter  channels  are  usually  at  a 
premium  and  it  is  desired  to  obtain  the  maximum  amount  of  information 
from  a  minimum  amount  of  data.  Depending  on  the  sampling  method 
involved,  one  telemeter  channel  could  be  used  for  several  transducers, 
if  the  time  between  samples  for  each  transducer  is  long  enough.  The 
number  of  flights  are  also  limited,  sometimes  only  being  one.  It  will 
therefore  be  proposed  to  collect  acoustical  data  in  parallel  with  the 
vibration  data.  This  will  extend  the  usefulness  of  the  flight  by  allowing 
several  end-results  such  as  determining  the  correlation  of  the  acoustical 
ana  vibration  environments.  It  may  also  he  desired  to  correlate  the 
measurements  with  theoretical  predictions  made  prior  to  the  flight. 

The  scope  of  these  dynamic  field  measurements  will  assist  the  rank 
ordering  of  the  magnitudes  and  characteristics  ol  the  environments 
which  will  occur  m  various  space  vehicles.  At  the  same  time,  such 
a  study  would  improve  the  designer’s  opportunity  to  foresee  mere 
realistic  structural  and  equipment  environments,  thus  fostering  more 
confidence  in  design  and  earlier  initiation  of  environmental  testing  for 
reliability  of  equipment  and  structure. 

The  vibrational  environment  at  any  point  in  a  space  vehicle  is 
given  by  a  complex  product  of  external  and  internal  exciting  forces 
and  the  reception  and  transmission  of  these  forces  by  and  through  the 
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vehicle  to  the  poir.t.  For  example,  during  the  launch  of  a  conventional 
missile,  the  no>«>  generated  in  the  rocket  motors  exhaust  stream  is 
propagated  through  the  air,  to,  and  along  the  outer  skin  of  the  vehicle. 
Because  this  engulfing  rocket  noise  is  of  a  random  nature,  containing 
all  frequencies  over  a  range  of  amplitudes,  it  excites  Koth  major  and 
local  structural  and  skin  vibration  resonances.  The  magnitude  of  this 
excitation  depends  upon  the  frequency  spectrum,  amplitude,  and  the 
space  correlation  of  the  noise,  and  upon  the  mechanical  impedance  of 
the  vehicle  configuration.  The  resulting  vibrational  energy  ;;  transferred 
throughout  the  missile  to  sub  structure  and  equipment,  and  a  portion  is 
re -radiated  from  that  as  acoustic  energy  into  the  vehicle's  compartments. 

There  are  several  sources  of  **ibratory  energy  which,  either  sinalv 
or  in  combination,  create  vibration  within  the  space  vehicle.  The  r.oisc 
generated  by  a  rocket  motor  results  primarily  from  turbulence  in  the 
subsonic  mixing  portion  of  its  jet  stream.  The  amplitude  and  spectrum 
of  this  noise  arc  dependent  upon  various  jet  stream  parameters,  distance 
from  the  jet  stream,  and  or.  the  direction  relative  to  the  exhaust  stream 
direction  Ail  data  indicate  that  the  rocket  noise  reaches  a  maximum 
during  launch;  its  exact  level  depending  somewhat  on  the  launch  pad  con¬ 
figuration.  Rocket  noise  reflected  from  the  ground  plane  dominates  the 
environment  for  the  first  1-2  seconds  of  flight  until  the  nozzles  reach  an 
altitude  on  the  order  of  50  nozzles  diameters.  By  this  time,  the  missile 
is  at  an  altitude  wherein  the  rocket  exhaust  flow  is  unobstructed.  Where 
upon,  at  this  point,  the  effect  of  forward  vehicle  motion  reduces  the 
noise  environment  surrounding  the  missile.  As  the  missile  velocity 
increases,  rocket  noise  forward  of  the  nozzle  decreases  approximately 
with  the  square  of  the  missile’s  velocity  until  Mach  0.5  is  reached  after 
which  it  decreases  more  rapidly,  approaching  zero  at  Mach  one. 

The  spectra  and  levels  in  the  rockets  near  field  are  dependent  upon 
additional  factors  vhich  include  shock  wave  formation  and  stability,  and 
the  formation  and  stabMity  of  afterburning  in  the  jet  stream.  The  noise, 
has,  in  general,  a  continuous  random  level  spectrum,  but  may  contain 
some  discrete  frequencies.  It  is  proposed  that  acoustic  measurements 
be  made  during  eight  test  vehicle  launchings  (or  less,  depending  on  the 
confidence  desired). 
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In  addition  tc  the  acoustical  energy  generated  by  the  rocket  motor 
exhaust,  vibratory  forces  from  the  rocket  motor  casing  are  mechanically 
transmitted  through  the  vehicle  structure.  This  energy  includes  random 
forces  resulting  from  thrust  variation,  combustion  instability,  etc. , 
together  with  possibly  large  rransient  excitation  during  ignition.  The 
internal  vibratory  energy  resulting  from  the  rocket  can  occur  either  in 
space  or  in  the  atmosphere,  whenever  a  rocket  is  used  for  propulsion 
or  steering.  It  is  therefore  proposed  for  this  hypothetical  example  to 
install  fifteen  Self -Calibrating  accelerometers  m  strategic  locations  of 
the  hypothetical  lour  stage  rocket  test  vehicle. 

An  important  external  source  is  the  aerodynamic  noise  which  results 
from  turbulence  in  the  boundary  layer.  Its  magnitude  and  spectra  appear 
to  correlate  with  local  flow  parameters  In  a  manner  which  allows  mathe¬ 
matical  spectra  density  treatment  and  reasonably  accurate  prediction, 
depending  upon  the  aerodynamic  prediction  of  flow  conditions.  It  is 
therefore  highiy  desirable  to  measure  this  aerodynamic  noise  during 
flight. 

The  following  iist  of  forcing  functions  presents  some  of  the  vibro- 
acoustic  sources  that  must  be  considered,  measured,  and  analyzed  to 
adequately  define  the  dynamic  environment  of  the  test  vehicle. 

1.  Acoustic  Source 

a.  Aerodynamic  noise 

b.  Rocket  noise 

c.  Auxiliary  equipment 

J.  Secondary  acoustic  source 

e.  Interaction  of  shock  wave  and  boundary  layer 

2.  Vibration  Sources 

a.  Main  power  plant  oscillations 

b.  Auxiliary  equipment 

c.  Aerodynamic  gusts 

d.  Separation  of  stages 

e.  Coning  vibrations 

f.  Guidance  system  reactions 

g.  Spin  rocket  excitations 
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As  stated  earlier,  lor  purposes  of  illustration  fifteen  Self -Calibrating 
accelerometers  will  be  mounted  within  the  test  vehicle.  These  piezo- 
eleciric  accelerometers  contain  ;  wtnal  seismic  system  of  which  one  ele¬ 
ment  is  the  driver  and  the  other  the  sensor.  By  correlating  the  simulated 
acceleration  response  of  the  sensing  element  with  the  driving  system,  an 
actual  calibration  can  be  made.  Since  both  elements  can  serve  as  sensors 
simultaneously,  the  accelerometer  can  be  used  as  a  dual  output  device  to 
measure  the  same  acceleration  in  a  specific  area  using  different  fall 
scaie  outputs,  thereby  increasing  the  reliability  and  the  dynamic  range 
of  the  system.  The  four  terminal  theory,  involving  the  reciprocity  tech¬ 
nique,  can  be  utilized  and  since  either  element  can  be  driven,  the  data 
obtained  from  the  sensing  element  would  be  valid  in  both  directions.  The 
preferred  locations  for  these  accelerometers  are  listed  in  Table  8. 2  and 
are  displayed  in  Figure  8. 2.  Accelerometers  have  been  located  in  the 
critical  guidance  bay.  the  nose  payload,  and  at  the  aft  end  cf  t he  second, 
third  and  fourth  stages.  Following  are  some  of  the  specifications  applic¬ 
able  to  these  small  measuring  devices: 


Acceleration  Range: 

Resonant  Frequency: 
Frequency  Response: 
Sensitivity  (with  a  4  ft  cable}: 
Transverse  Sensitivity: 
Linearity: 

Temperature  Range 
Driving  Sensitivity: 


Driving  Linearity: 
Housing: 


0.  2  tw  500  g  (vector) 

15  KC  minimum 

3  to  5000  cps 

7.  5  mv/g  minimum 

Less  than  +  5%  of  maximum  sensitivity 
+  2%  from  best  straight  line 
-65°  F  to  +250°  F 
1  volt  drive  induces  a  minimum 
output  equivalent  to  0.  5  g 
acceleration  on  the  seismic  system 
-f  S%  up  to  20  volts  input 
Titanium 
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Table  8.  2.  Vibrc-Accustic  Irutranesutios 


Microphones  Accelerometers 


Internal 

External 

Vertical 

Longitudinal 

Lateral 

Location 

Ml 

M2 

A! 

A2 

A3 

FS5G  -  near  guidance  bay 

M3 

M4 

A4 

AS 

AS 

FSI2S  -  near  guidance  bay 

MS 

MG 

A7 

A£ 

A9 

FS22G  -  between  2nd  and 
3rd  stages 

M? 

MS 

A10 

All 

A1 2 

FS46C  -  between  3rd  and 
4th  stages 

M9 

At  3 

AI4 

AES 

FS8I0  -  la  area  of  fins 

i/4  -  28  stud 

Dimensions:  L 13  L  *  0.88  D  Orerii:  max. 

Weight:  21  grams 


The  accelerometers  should  be  installed  directly  on  the  basic  struc¬ 
ture  *:t£  a  minimum  amount  of  bracketing.  The  brackets  nci  {if  any) 
should  be  relatively  rigid  in  order  to  minimize  erroneous  amplifications 
near  oracSttt  natural  frequencies.  Wherever  possible,  the  acceleroinetera 
should  be  located  cc  rigid  structural  members  to  avoid  unwanted  local 
resonances.  It  is  advisable  that  the  accelerometer  instrumentation  be 
calibrated  to  5000  cps.  Electrical  voltages  should  be  inserted  to  the 
drivers  during  pre -flight  and  the  resultant  sensor  response  recorded. 

A  recording  should  be  made  also  of  the  system  electrical  zero.  These 
calibrations  should  be  accomplished  as  close  to  the  actual  flight  time  as 
is  practical.  Calibrations  and  data  runs  may  be  identified  by  suitable  voice 
announcements  on  tape  recordings. 

The  internal  and  external  sound  pressure  levels  of  the  test  vehicle 
may  be  measured  by  ten  high-intensity  microphones.  The  microphones 
should  be  calibrated  for  frequency  response  in  an  anechoic  chamber  to 
20, 000  cps.  An  electrical  insertion  method  of  calibration  should  be  used 
prior  to  launch.  Electrical  voltages  equivalent  to  selected  sound  pressure 
levels  at  various  frequencies  should  be  inserted  into  the  instrumentation 
system  during  pre -Sight.  Suggested  microphone  locations  are  listed  in 
Table  8. 2  and  are  displayed  in  Figure  8. 2.  Microphone  measurements 
should  be  made  in  the  critical  guidance  bay,  near  the  nose  payload,  and 
at  the  aft  end  of  the  second,  third  and  fourth  stages. 


ASD  TR  61-125 


8-32 


S.5.5  FSgi  Cgt^iiaes  tai  ’tscabtr  of  FHAtt 

Is  Sections  5.  4  aad  t.  4.  *!i!is:k*i  method*  arc  developed  and 
ipnSirt  to  determine  4*  exact  aan&tr  of  High t*  reouired  for  a  pm 

cooudcncc  is  the  hvsodiesis  that  the  ratio  of  T  the  bclvcca  fiirht 

»  ”  P 

variaacc,  to  »*  the  within  fiifkt  variance,  of  vibration  levels,  is 
fotnt  ssmber.  Therefore,  ike  smaller  the  ratio  A  -  {  e  /crv}, 
the  fever  flights  "ill  Ve  Beaded  for  a  (im  cae&fcstg  to  accept  or 
reject  the  hypothesis,  f;  is  apparent,  that  some  jwdgm  int  will  he  re¬ 
quired  to  specify  as  estimated  raise  for  4^.  To  aid  is  this  estimation 

several  possible  ccmbiratioess  w  fiigfht  conditions  far  a  manned  aircraft 

> 

are  fi«s  beb*  in  order  of  increasing  ratios  of  4*. 

a.  The  identical  aircraft  Hies  identical  missions  aid  the  same 
pilot  wader  similar  weather  conditions. 

i.  Ttss  identical  aircraft  Hies  identical  riiiroei  with  different 
pilots  nnder  similar  weather  conditions. 

c.  The  identical  aircraft  Hiss  Identical  missions  widk  dlferctt 
pilots  under  varying  weather  conditions. 

d_  Different  aircraft  of  the  same  model  fly  identical  missions 
with  different  pilots  nnder  varying  weather  conditions. 

c.  Different  aircraft  of  the  same  model  fly  different  missions 
with  different  pilots  nnder  varying  weather  conditions. 

f.  Different  a; reran,  using  different  models  of  the  same 
category  (sock  as  interceptors)  fly  different  missions  with  different 
pilots  under  varying  weather  conditions. 

ft  isssli  he  noted  that  each  succeeding  group  of  flights  has  one 
change  added.  It  is  of  course  possible  to  add  several  additional  sub¬ 
groups  of  other  combinations  of  changes  in  conditions  which  can 

he  tested  if  it  is  felt  that  a  significant  charge  In  4*  would  occur. 

The  above  discussion  shows  that  ti*e  exact  number  of  flights 
cannot  be  determined  at  this  time  and  wili  depend  (o  a  great  extent  or. 
•he  flight  vehicle  under  consideration  and  the  purpose  for  which  the  data 
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is  to  be  taken,  i.  e,  ,  is  the  average  vibration  level  of  a  class  of  aircraft 
to  be  established, or  is  it  desired  to  solve  a  vibration  problem  on  one 
particular  aircraft. 

As  a  general  recommendation  for  verifying  certain  parts  of  this 
report,  it  would  be  desirable  to  hold  the  variation  of  flight  conditions 
to  a  minimum  until  some  confidence  has  been  established  in  the  procedure. 

There  is  one  additional  problem  that  should  be  discussed.  For 
larger  missiles,  such  as  space-probes,  sometimes  only  one  single  test 
flight  is  available.  It  should  be  realized  that  it  is  not  theoretically 
possible  then  to  state  a  numerical  measure  of  the  mathematical  confi¬ 
dence  in  a  prediction  of  the  vibration  environment  fcr  a  second  flight. 

In  practice,  of  course,  certain  knowledge  exists  as  to  the  similarity 
of  the  second  flight  compared  to  the  first.  A  qualitative  prediction  can 
therefore  be  nude,  but  a  numerical  confidence  cannot  be  established. 
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9.  APPLICATIONS  TO  RESPONSE  OF  STRUCTURES 


Man y  physical  applications  to  structures  problems  involving  statis¬ 
tical  information  about  random  vibration  phenomena  have  been  carried 
out  by  various  authors  (seeRef.  [4],  including  its  Bibliography).  It  is 
the  purpose  of  this  section  to  review  some  of  that  material,  and  other 
references,  as  well  as  to  develop  some  new  physical  insight  about  cer¬ 
tain  matters  not  previously  investigated  elsewhere.  In  particular,  a 
survey  appearc.  here  on  questions  of  vibration  induced  structural  fatigue, 
=ind  on  effects  of  non-iinearities  on  response  statistics.  New  theories 
are  proposed  for  learning  about  the  response  of  continuous  structures  to 
correlated  random  forces,  and  for  studying  modification  of  responses 
due  to  loading.  The  discussion  to  follow  will  begin  by  reviewing  well- 
known  material  on  the  response  of  linear  structures  to  random  excitation. 

9. 1.  RESPONSE  OF  LINEAR  STRUCTURES  TO  RANDOM  EXCITATION 

The  problem  of  determining  the  response  of  a  linear  structure  to  a 
single  frequency  excitation,  a  discrete  frequency  spectrum,  and  a  con¬ 
tinuous  frequency  spectrum,  will  be  developed  for  a  single  degree  of 
freedom  system.  The  response  of  a  continuous  linear  system  will  then 
be  explained  for  free  vibration  and  forced  vibration. 


9- 1. 1  Single -Degree -of -Freedom  System 

The  linear  spring  mass  system  with  viscous  damping  and  fixed 
base  is  the  simplest  oscillatory  system  to  analyze  (see  Section  3.  3). 
When  excited  by  a  force  f(t),  its  equation  of  motion  is 


777777Z7777777 


mV  +  cy  ky  =  f  (t) 


(9.  1) 


where  the  response  y  =  y(t)  is  a  function  only  of  a  time  coordinate  t. 
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Introduce  the  following  quantities: 


“”=\f 


=  undamped  natural  frequency 


Z,  =  —  -  =  damping  factor 

cr 


ccr  =  2  \| km  =  critical  damping  coefficient 
Equaticn  (9.  1)  can  be  expressed  in  the  following  form 
y  +  24«  y  +  «fy  =  —  f  (t) 


m 


(9-2) 


(9-  3) 


(9.4) 


(9.  5) 


When  the  excitation  is  in  the  form  of  a  motion  x(t)  of  the  base,  an 
equation  similar  to  Equation  (9.  5)  is  obtained  as  follows. 


x  +  =  -x(t) 


(9.6) 


where  a  -  (y  -  x)  =  relative  motion  between  the  mass  and  base, 

x(t)  =  acceleration  of  the  base. 

Thus  the  problem  of  base  motion  can  be  analyzed  by  replacing 
f(t)  by  -mx(t)  and  y  by  i  =  (y  -  x). 

The  general  solution  to  Equation  (9.  5)  consists  of  the  homogeneous 
solution  which  depends  on  the  initial  conditions  y(0)  and  y(0),  and  which 
damps  down  in  a  short  time,  and  the  particular  integral  depending  on  the 
excitation  f(t). 

Of  particular  interest  here  is  the  steady  state  solution  to  a  harmonic 
excitation  f(t)  =  ^FQeiwtj  where denotes  the  real  part  of  the  complex 
quantity  in  brackets.  The  response  y  and  the  excitation  f(t)  =  FQcos  ut  Are 
representable  as  vectors  of  fixed  magnitude  differing  by  a  phase  v  and 
rotating  together  with  common  angular  speed  w  according  to  the  equation 
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,»(«*»! -p} 


(9.7) 


-K 


F  c 
o 


,  rr 

Mi 

NL 


■°i  J 


tzr  -ri 

L  wJ 


=K  [v 


iwt] 


F  e'1*  F 

where  Y  =  — -  =  — 2_ 

!  Z(«)  {  Z(w) 


(9.8) 


(9.9) 


The  quantity  Z(w)  is  referred  to  as  the  impedance  of  the  system 
and  its  reciprocal  i/Z'.ut)  is  called  the  frequency  response  function. 

In  these  equations  it  is  understood  that  the  applied  force  and  response 
are  both  real  quantities,  indicated  byj(.  *o  that  another  expression 
for  y  is 


y  =  -  (Y  eiwt  «•  Y*  e*"1)  (9. 10) 

2 

e 

where  Y  denotes  the  complex  conjugate  of  Y. 

The  mean  square  value  of  y  is  of  interest  in  problems  which 
are  to  follow.  The  mean  square  response  is  found  by  integrating 
over  one  cycle. 


v 


r 


tJo  y 


*=ifT> 

T  Jo  4 


2  i2ut  *f  *2  - i2ut  . 

(Y  e  +  2YY  +  Y  c  )  dt 


2Z(w)Z*(w) 


(9.11) 
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The  exponential  terms  integrated  over  one  cycle  are  aero  in  the 
above  integral  and  Eq.  (9.1i)  is  accurate  even  when  integrated 
over  a  time  interval  not  a  multiple  of  one  period  provided  T  is 
large  compared  to  the  period.  Since 


is  the  mean  square  value  of  the  harmonic  excitation,  the  mean  square 
response  is  the  mean  square  excitation  divided  by  the  square  of  the 
impedance  j  Z  («)  {  . 

If  the  excitation  contains  more  than  one  harmonic  component, 
the  steady  state  solution  becomes 


is  t  iu.t 

*  Fl*  F2* 

i  =K  — - +  — - ♦  — 

Zl(«l>  Z2<“2> 

V_  -J 


««► 

iw.t  .  i  sv.t  .  -iu.t  | 

=«  2V  1  a  2v  1  *  &  •  J 
j  J  2 U  1  j  J  J 


to  «  7\ 

i .  ■  - 


The  mean  square  response  now  becomes 

7  =  1  PTifer.«"j\  Sir.Y*  (»•*» 

T  Jo  4  [■ j  >  T  ‘  J  j!  " 

with  terms  like  the  single  frequency  case  which  must  be  summed  over 
the  frequency  numbers  j. 

Consider  next  the  problem  where  the  excitation  contains  many 
closely  spaced  harmonic  components  approaching  a  continuous  spectrum. 
For  this,  consider  f(t)  acd  y(t)  so  that  the  Fourier  transforms  exist,  namely. 


e_iwt  f  (t)  dt 


(9. 14) 
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-lyt 

e  y(»)  dt 


(9.1?) 


and  determine  the  Fourier  transform  cf  the  original  differential 
£q.  (9.  5)  to  obtain 


(9. 16) 


Associated  with  Eq.  (9. 1  5)  one  has  the  inverse  transform,  and 
since  y(t)  is  real,  it  may  be  written  in  two  forms  as  follows. 


y(t»  =  —  pe-  Y{«)  <*» 
Zr  J-oo 

af*,-,' 

J-flD 


(9. 1’) 


The  mean  square  value  y  (t)  =  y  ,  c»n  now  be  obtained  by  multiplying 
the  two  forms  of  Eq.  (9.17)  and  integrating  over  a  long  time  interval 
2T  as  follows. 


p  <x>  pco  e  i  PT  . «>. 

=  A  i  Y(w)Y  (w‘)-L  \  e  '  dt 

4r  J-oo  Jco  2T  J-T 


dudu' 


i  r°°  r°°  2  Y(w)  Y%-)  <*,< 

4-  v/*55  vJ -£*>  T  (w  -  w‘) 


(9.  IS) 


Note  here  that  the  integral 


P“  sin  («  -  w')  T 
\J-oo  (w  -  u*') 
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for  large  T  is  zero  except  when  w  -  ca\  in  which  case  its  value  is  *. 
This  occurs  because  for  !?rg*  T  the  integrand  above  behaves  like 
v6(<#  -  w*)  where  -  o')  is  a  delta  function  peaked  at  w  »  The 
mean  square  response  then  reduces  to 

~Z  1  f  ®  1  v,  *  .  , 
y  =  —  \  —  Y(»)  Y  («)  <fc* 

4w  J-cd  T 


pOD 

=  —  1  —  Y{»)  Y  V)  <W  (9. 19) 

2x  JO  T 

where  the  prime  on  w  is  now  discarded.  Equation  (9. 19)  is  a  gener¬ 
alisation  of  the  previous  case  of  the  discrete  spectrum  to  the  con¬ 
tinuous  spectrum,  and  the  finite  summation  has  now  been  replaced 
by  an  integration  over  frequency.  It  is  possible  to  view  the  integrand 
of  this  equation  as  the  power  spectral  density  function  of  the  response, 
namely. 

S  (u)  =  —  Y(w)  Y*(«)  =  1  Y(^l-  (9. 20: 

y  2*T  2*T 


from  which  the  mean  square  response  becomes 

y*  =  J^°°  Sy(«)  A*  (9.21) 

showing  how  is  distributed  in  the  frequency  range. 

Similarly  the  power  spectra!  density  function  of  the  input  f  (t) 
is  given  by 


Sf(w)  =  — FM  F%) 
2*T 


(9.22) 
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such  that 


~2~  *  pT  -  poo 

i  (*>-—  1  f  (ti  dt  =  I  Sf(u)<fc  (9.23) 

T  JO  JO 

Substituting  Eq.  (9. 16)  into  (9. 20)  yields  the  following  important  re¬ 
lationship  between  the  power  spectral  densities  of  the  output  and  input, 

S  M  =  1  M  = - i — -  SfM  (9. 24) 

y  >*TZ(w*Z(u)  |Z(»)|£ 

Thus  the  power  spectral  density  of  the  output  is  equal  to  the  power 
spectral  density  of  the  input  multiplied  by  the  square  of  the  absolute 
value  of  the  frequency  response  function. 

It  should  be  pointed  out  here  that  in  actual  practical  measure¬ 
ments.  the  power  spectral  density  function  should  not  be  calculated  by 
Eq.  (9. 20}  or  (9. 22)  since  these  definitions  lead  to  inconsistent  esti¬ 
mates  (see  other  statistical  analyses  of  power  spectral  density  functions 
in  Section  4. 8  for  a  full  discussion  of  proper  methods  of  measurement). 

In  summary,  the  mean  square  response  cf  a  single- degree -of- 
freedom  system  for  the  three  cases  considered  is  given  by: 

(1)  Single  frequency  excitation 

P*  =  -  Y  Y*  (9. 25) 

2 

F 

where  Y  = — — 

ZM 
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(2)  Discrete  frequency  spectrum 


~l 

r 


j  2 


J  J 


where 


F. 


T.  = 

J 


Z(-) 
J  J 


(9.26) 


(3)  Continuous  frequency  spectrum 


7*  =  —  f  *  -  Y'w)  Y%)  *•  (9. 27) 

2*  J«  T 


where  Y(u)  =  3^ 
ZH 


FW  =  f  "  e'**  f  ft)  dt 
J-flB 

In  addition  the  power  spectral  density  functions  for  the  output 
y(t)  and  input  Y ft),  each  of  large  fiaite  length  T,  have  been  defined 

*nr 


SM  =  —  YMY*(u)  (9. 2d) 

y  2wT 


S,  M  =  —  F(uJ  F*(n)  (9. 29) 

Z«T 


and  it  has  been  shown  that  they  are  related  by  the  equation 


S  M  - - 

y  |zm| 


jS(M 


(9.30) 


9-d 
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9.1.2  Continuous  System 

A  contiuaca*  elastic  body  is  a  system  a £  infinite  number  of  de¬ 
grees  z>i  freedom,  sr,i  its  equation  of  motion  is  a  partial  differential 
equation  in  the  time  and  space  coordinates.  Its  solution  for  the  dis¬ 
placement  is  now  a  function  of  the  space  coordinate  x  and  the  time  t 
and  will  be  designated  by  y(x,t). 

(i)  Free  Vibr-tion 

Instead  of  solving  the  partial  differential  equation,  which  is  an 
eigen-value  problem,  it  is  possible  to  view  the  problem  from  a  simpler 
point  of  view  of  normal  modes.  Normal  modes  are  free  vibrations 
of  the  system  in  the  absence  of  all  external  forces  and  damping,  and 
hence  can  be  considered  as  dynamical  property*  of  the  ■system.  Such 
normal  modes  depend  only  on  the  geometric  configuration  of  the  body 
ana  its  mass  and  stiffness  distributions. 

If  a  body  is  distorted  into  one  of  its  normal  mode  shapes  •  (x) 

and  released,  it  will  continue  to  vibrate  harmonically  in  this  mode  at 

frequency  w  .  This  harmonic  vibration  in  the  time  domain  may  be 
n  M  t 

represented  by  sin  u  t,  cos  •»  t.  or  e  n  .  Thus.  «  (x)  and  »  com- 

An  A  A 

pletely  characterise  the  normal  mode  vibration  of  order  n.  The  mode 
shape  and  its  natural  frequency  are  independent  of  the  amplitude,  and 
the  scale  of  pft(x)  >*  arbitrary. 

The  mode  shapes,  p  (x).  possess  certain  mathematical  prop- 
erties  which  are  called  orthogonal.  That  is.  if  one  measures  toe  mode 
shapes  of  the  i1**  and  the  j1*1  modes  and  examines  the  integral 

PL 

J  *.(x)p.(x)m{x)  dx 
0  1  J 

where  rr.(x)  is  the  mass  density,  and  the  integration  is  over  the  entire 
body  (assumed  above  to  be  of  length  L),  the  above  integral  will  be  zero 
when  i  /  j.  and  is  a  finite  number  M.  depending  on  the  scale  of  pn(x) 
when  i  =  j.  It  is  convenient  to  choose  the  scale  of  pR(x)  such  that  this 
integral  will  equal  one  number,  equal  to  the  total  mass  M  of  the  body. 
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There  results 


rL  fO  when  i  /  j 

*;{*}  ♦jWmW  (k  =1  {•.  311 

O'C  1  J  when  i  =  j 

and  one  says  that  f  (x)  is  normalised  to  the  total  maaa  M. 

Each  norma!  mode  can  persist  independently  with  a  cyclic  inter¬ 
change  at  kinetic  arid  potential  energies.  The  equation  of  motion  is 

Ds^fx)  -  o^m(*Jan(y>  W.39 

where  D  is  a  special  differential  operator  depending  on  the  type  of 
stractarc.  For  instant.*,  for  the  flexural  vibration  cf  a  beam 


It- 331 


and  for  the  longitndinal  oscillation  of  a  slender  rod 


{*.34* 


where  E.  I  and  A  represent  Yoesg  *a  modulus,  the  moment  of  inertia, 
and  the  croae  sectional  area  respectively. 


EH  a—ple: 

For  the  longitudinal  oscillation  of  a  slender  rod  of  saifons  cross 
section,  the  differential  equation  for  the  free  vibration  yfx.t)  most 
satisfy 

,1  .2 

mLr.AELx  =  o 

9t  tx 
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Fcr  a  uniform  rod  of  Itarth  L  with  free  end*  and  fixed  center,  the 
normal  inodes  from  Eq.  (9.  32}  are  found  to  be 


,  .  rx 

f.W  =  COS  — 

1  L. 

.  .  ter 

»jW  =  cos - 


X. 


etc. 


At  any  mode  n,  (n  -  I.  3.  5.  ...)  the  displacement  can  be  written  as 
y|x.  !)  *  q_{«)  *n(*> 


wfiicti  substituted  into  :I*  differential  equation  above  becomes 


where 


*  “^«W  *  0 


(a  odd} 


Thus,  ike  solution  qft#  =  cos  w  t  is  Harmonic  in  the  time  domain  with 

R 

frequency  and  its  displacement  is  (ivrn  by 


y(x.  t)  s  O  (x)  cos  »st 
n  n 

It  if  possible  to  have  a  free  vibration  which  is  not  the  simple 
single  frequency  motion  indicated  by  ^  (a)  and  u  .  For  instance,  the 

ft  ft 

body  might  be  deformed  into  some  configuration  f(x)  different  from 
any  of  the  normal  modes  and  then  released  from  this  position.  How¬ 
ever.  note  that  djx)  can  always  be  represented  by  the  sum  of  the  normal 
modes  with  proper  amplitudes  as  follows 
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if.ys 


-Ti-  * '  "rr **  — 

and  xkcc  each  Mtnrtl  mode  can  persist  independently.  tke  resetting 
motiot  mil  be 


r  = 


l»- 34* 


£21  Fcretd  Vibration 

Teen  as  elastic  body  is  excited  fcf  a  districted  force  S[x,t}  is- 
c£s£^|  viicoo*  damping.  its  differentia!  n»Mii«  of  anew  is 

**;*)?»*.*)  *  c$x} yfs.ej  *  Dyfx.r)  *  H*,tJ  (1  »J 

of  dee  aorad  modes  p^fn)  multiplied  ky  same  time  fmetisei  q^ft), 

yf*.«J  .  V*>*aM  C*-  3«J 


where  the  are  to  he  determined. 

SsbstknUag  Eq.  (9.  39)  me  (9.  37). 

K  J*  B  " 

{9-391 


Xtd.  replace  Do^'x)  *  w*m(x)9R(x)  from  Eq.  (9.31).  mnltiply  each 
term  by  f.(i)  Ac  asd  integrate  over  the  strmetere.  Dee  to  the  orthogonality 
relation.  Eq.  (9.  31).  the  first  asd  third  terms  of  Eq.  (9. 39)  redsce  to  a 
single  term  for  a  *  5.  For  the  dtrjisj  ut»:  to  also  vanish  for  n/i 
it  is  necessary  for  cfx)  to  he  proportional  to  m(x).  If  one  lets 
c(x)  s  H^ml*)  the  ssmmation  again  disappears  for  a  /  i  and  one 
arrives  at  the  atcoapled  seconds  rder  differentia!  equation  for  q.(!). 
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correspond  to  that  of  Eq.  (9.  16),  where: 


(9.44) 


(9.451 
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F(x,«) 


Qj(w) 


(9.46) 


(9.4?) 


i.  e.  Q.(w)  and  E(x,u)  are  the  Fourier  transforms  of  q.(t)  and  f(x,t), 
restricted  time-wise  so  that  the  transforms  exist. 

For  simplicity,  consider  first  the  case  where  all  modes  except 
one  are  insignificant  so  that  in  place  of  the  summation 


y(x,  t)  =  q.Mfjtx) 


and 


(9.48) 


F-(w) 

Y(x.w)  =  Pj(x) 

Z.(u)  1 

Equation  (9. 19)  for  the  mean  square  response  now  becomes  a  function 
of  the  space  coordinate  x,  denoted  by 

— 2 —  ♦?(*)  i  F-(w)  F*(w) 

y  i*)  =  — “ —  I  - - t — *• 

Zw  JO  TZ.(w)Z.(w) 


r-r-hz1  fL 

2s  JO  |  Z.(w)  j  2  T  Jo  Jo  1  1 


(9.49) 

)  du  du' 


One  thus  finds  a  new  factor 


J«)  =  —  1  \  f(u,«)  £(u\w)f  (u)f  (u')  du  du'  (9.50) 

11  T  Jo  Jo  11 


A/W\ 

f  ; 


du 
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which  will  be  referred  to  as  the  generalized  power  spectrum  of  the 
excitation,  entering  into  the  response  equation.  In  terms  of  the 
notation  F..(w),  one  can  rewrite  Eq.  (9.49)  as 


->  A/W\ 

pr(x)  poo  F^fu) 

2*  Jo  !z.(«a)|2 


du 


(9.  51) 


Observe  that  the  generalized  power  spectrum  F-.(w)  involves  the  normal 
modes  f  .(u)  and  ^.(u1),  and  is  obtained  by  averaging  over  the  space  co¬ 
ordinates  u  and  u*  in  the  functions  F|u,»}  and  Ru ',««).  These  functions 
are  Fourier  transforms  of  the  exciting  functions  f{u,t)  and  f(u',  t), 
respectively,  the  parameters  u  and  u*  being  used  in  place  of  x  here 
to  avoid  confusion  with  the  term  appearing  outside  '.he  integral. 

Finally,  consider  the  most  general  case  where  Eq  (9. 48)  must 
be  replaced  by  a  summation 


Y(x,m) 


^F.(u)S.(x) 
i  Z.(w) 

i 


i  ZjJw) 


L 

F[x,u)$£x)  dx 


(9.  52) 


The  mean  square  response  will  now  be 


Y  (x) 


_  F .  (w)  S,(x) _ F*(w)  *:(x) 

22— — 

S  i — ' 

i  Z.(«)  j 

Zj(») 

poo  ^.(xj^fx)  j 

rLrL 

JO  Z.(u)Z*(u)  Tv, 

lo  Jo 

(9.  53) 


du  du'  du 


The  generalized  power  spectrum  now  is  composed  of  the  influence  of  the 
i1*1  and  the  j1*1  mode  and  can  be  distinguished  by  the  notation 


ASD  TR  61-123 


9-15 


/Vw\  i  P^  * 

F..(w)=-  FTu.o.)  f  {»•'.«) p(u) ♦.(«»')  dudu* 

1J  Tjo  Jo  1  j 


(9.54) 


One  can  then  write  for  the  mean  square  response  at  position  x, 

/Wv\ 

—k —  .  pco  F..(») 

y  (X)  =  —  H  T.  ♦;(*)  4:(x)  |  - ^ (9.  55) 

2»  i  j  3  JO  Z.(u)Zj(w) 

Equation  (9.  55)  reduces  to  Eq.  (9.  51)  when  only  one  mode  is  involved. 
This  completes  the  derivation. 


9. 2  CONTINUOUS  STRUCTURES  EXCITED  BY  CORRELATED 
RANDOM  FORCES 

In  the  previous  section  the  equation  for  the  mean  square  respond  _ 
at  any  point  x  of  a  continuous  structure  excited  by  a  space  wise  dis¬ 
tributed  random  force  was  developed.  Such  distributed  random  forces 
are  encountered  in  the  aerodynamic  flight  of  missiles  and  aircraft, 
whereas  jet  engines  are  an  example  of  multisource  concentrated  ex¬ 
citation  for  the  continuous  structures.  It  is  the  purpose  of  this  section 
to  relate  the  statistical  response  of  the  continuous  structure  to  the 
correlation  of  the  excitation  forces  at  differing  positions  on  the  structure. 

9.  2. 1  Statistical  Response  and  Cross-Correlation  Function 

From  Eq.  (9.  52)  of  Section  9.1.2,  the  F.  T.  of  the  response  of 
continuous  system  excited  by  a  distributed  random  force  is 

p.{x)  pL 

Y(x,w)=2j -  1  E[x,«)p.(x)  dx  (9.o2) 

i  1 

When  the  random  excitation  phenomenon  is  considered  to  be  stationary 
with  ergodic  property,  the  correlation  between  measured  quantities 
at  two  positions  x  and  x’  at  different  times  t  and  t  +  r,  depend  only 
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cn  *,  x'.  and  r.  Ensemble  averages  may  then  be  replaced  by  time 
averages  and  the  statistical  properties  to  be  deduced  are  ind: pendent 
of  the  origin  of  t  chosen. 

Define  first  the  cross -correlation  function  of  the  response  at 
two  points  x  and  x'  differing  in  time  by  t  to  be 

_ ,  i~ ‘T 

y(xrt)y{x',t  + -rj  =  lim  -  \  y(x.t)y{x',t  +  r)  dt  (9.56 

T— oo  2T  J-T 

The  two  records  y(x,  t)  and  y(x',t)  aligned  in  time  are  shown  in  the 
sketch  below,  and  Eq.  (9.  56)  implies  that  their  instantaneous  values 
at  t  and  t  +  t  are 
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The  cross  power  spectrum  is  the  F.  T.  cf  the  cross  correlation 
function. 


poo 

5  lx.x'.t*)  =  \ 
y  yj-aa 


e~M*Ty(x.t)y(x1,*  +  rf  dT 


<9.  58) 


Substituting  Eq.  <9.  57)  into  Eq.  (9.  5«)  and  introducing  e  e'  =  i. 


s  (*.*',•*)  =  p 

2T  .  I- 


oo 


e*“*  e^yfXttfyfx>tt  +  T)  dt  dr 


yj-co  2T  ul-oo 


if  one  interchanges  the  order  of  integration,  holding  t  constant  and 
varying  r,  one  can  rearrange  the  above  equation  to 


S 


(x.x'.n)  P  ft-i«(t+T)  y(x',t+T)ijP  ***  y[x, t)  dt 

r  2TJ-00  1  “ 


-OD 


and  by  letting  t  +  r  =  i  in  the  first  integral,  dr  =  d{ 


S(x,  x’u)  =  —  P  e^ 
y  2T  J-oo 


poo 

.{)d|  l 
J*oo 


e**y<x.t)  dt 


=  -i-  Y(x\  w)  Y*(x,»)  (9.  59) 

2T 

where  Y  and  Y*  denote  the  F.  T.  and  its  conjugate,  and  T  is  a  large 
number  approaching  infinity. 

The  F.  T.  of  Eq.  (9.  58)  is  related  to  it*  inverse  by  the  equation 

y(x,t)y(x',t  +  -r)  =  —  P  e“*T  S i  (x.x'.n)  dw  (9.80) 

2vJ-oo  y 
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The  substitution  of  Eq.  (9.  59)  into  £q.  (9.69)  results  in 


poo 

y(x,  t)y(x',t  +  t)  \  e*“T—  Y(x*.w)  Y*(x.«)  dw  (9.61) 

2~  J-oo  2T 

*c 

*  he  Y  -*r.d  Y  can  now  be  replaced  from  Eq.  (9.  52)  which  enables 
Eq.  (9. 61)  to  be  written  a: 

y(x.t)y(x'.t  ♦  t) 

=  — r” - l  1  “  F{x)«4F{x.«)f.(x*)f  (x)dx* 

2*  i  j  1  3  J-oo  Z.(w)Z.(w)  Jo  JO  2T  1  J 

1  / 


dxdw 


—  «(x)  f00  ^  fL  pL  Sjfx.  x‘,  wW(x:)f{x)  dxr 

2*  i  j  1  J  J-®1  Z.{«)Zj{»)  Jo  JO  1  *  J 


(9.62) 


dxdw 


In  Eq.  (9. 62).  the  term 


S^x.x’.w)  =—  FW«»F(x,«) 
1  2T 


(9.63) 


is  the  cross  power  spectrum  of  the  excitation  at  x  and  x*.  Equation  (9. 62) 
includes  the  special  case  of  the  mean  square  response  which  becomes, 
setting  t  -  0  and  x'  =  x.  except  inside  the  integral  sign, 

- -  .  _  poo  pL  p L 

y  (x.t)  = — 2Z  2^  P-(x)o  (x)  1  - — —  J  !  Sr:x.x'w)p  {x*)o  (x)dx* 

2s  i  j  x  3  J-OD  Z-MZ.MJO  Jo  1  1  3 


dxdw 


(9.64) 


Note  the  cross  power  spectrum  of  the  generalised  for*-* 

fL  rL 

Jo  Jo  Sflx,x,,v* *£*’**£**  dx'  ** 

remains  unchanged  in  Eq.  (9.62)  and  (9.64). 


(9.63) 
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The  use  of  Eq.  (9.62}  or  (9.64)  is  straightforward.  However, 
evaluation  of  Eq.  (9.65)  for  the  cross  power  spectrum  of  the  generalised 
force  requires  some  explanation.  The  following  examples  will  clarify 
this  point. 


9.2.2  Selected  Physical  Examples 

Example  1.  A  general  structure  is  loaded  by  two  concen¬ 
trated  forces  p  t(t)  and  p^(t)  at  positions  and  s^.  If  the  correlation 
function  between  p  (t)  and  P  2(t)  is  knows,  determine  the  mans  square 
reap  oner  at  any  point  x. 

The  force  per  unit  length  i(x,t)  can  be  expressed  as  fellows: 


«x.t)  =  P  jWMx  -  *,)  ♦  P2(t)*(x  -  *2)  (9. 66) 

where  6(x  -  x.)  is  a  delta  faactioa  which  is  saro  everywhere  sxcspt  at 

xi>  Tha  F.T.  of  #?x.  t)  is 

F|*,w)  *  Pt(n)i(x  -  Xj)  ♦  P2M*(x  -  x2) 
and  tha  excitation  cross  power  spectram  from  Eq.  (9. 63)  hocemeo 


S^x.x'.n)  =~^»1(<4Pj(«>«(x-xI)»(*i  -*1)+P2MP2W«C*-*2J*C*'-*^ 

»lMP*zi*4Hx  -  x2)»(x'  -  X,)  ♦  -  x2)*(x  -  *j)J 


♦  P. 


The  excitation  cross  power  spectrum  has  now  been  resolved  in  terms  of 
tho  power  spectra 


Sf  M  =  —  P.MPtln)  *  M PtW ! 2 
*11  2T  1  1  21*  1  * 


Sf  (»*)=  —  P2(w)P%)  =  — !  P,W 

*22  2T  1  *  2T*  4 
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and  the  cross  power  spectra 


S{  M  =  —  P.MP%) 
*12  2T  1  £ 


=^P2>-|PIM 


However  the  cross  power  spectra  Gf  M  are  the  F.T.  of  the  cross 

*j 

correlation  function  between  P|(t)  and  P-(0-  whereas  the  power  spectra 

Of  (h)  are  the  F.  T.  of  the  autocorrelation  functions  of  Pj(t)  and  P  Jt). 
ii 

Equation  (9. 65)  can  now  be  evaluated,  !h*  result  being 
PL  pL 

JO  Jo  Sftx-x‘*w^i(,t'^/*|d*‘*t  = 


*  Sf12^i(Xl>?jIX2J  *  Sf2|M*(X2*j(XI) 


Thus  if  Pj(t)  and  p  ,{t)  are  completely  nncorreiated.  i.e.  p  ^tlp^O  -  0. 

Sf  tu)  and  S.  (w)  will  b<-  *ero  and  the  terms  involving  the  normal  modes 

12  21  _  _ 
at  two  different  stations  will  drop  cot.  For  pjltli^t)  /  0.  all  four  terms 

must  bs  retained. 

The  mean  square  response  at  x  can  then  be  written  from  Eq.  (0.  H) 


as 


yVt)  =  — S2>-(X)0  ;<*> 

2*  i  j  J 


times 


C- 


Sfu<-»i«Xl^Xi,+  *  Sfz|{**i*X2»j(V 


2;{wJZ,M 


(5. 6T| 


where  the  last  two  terms  of  the  integral  becomes  zero  for  the  uscorrelsted 
excitation. 
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Example  2.  A  continuous  structure  has  a  randocn  load 
which  is  distributed  over  its  length.  Determine  its  mean  square 
response  at  any  point  x. 

This  problem  can  be  considered  to  be  an  extension  of  problem  I. 

Assume  the  distributed  load  t[x,t)  to  be  represented  by  a  series  of 
concentrated  forces  as  follows 

f{.  ,t)  =  p,(f*5-'x  *  Xj)  »  p£{:)#tx  p3(t)b(x  -XjJ*  ...  (9.6*) 

Us  F.  r.  and  its  conjugate  are 

f(x'.«)  =  rtM*(x'  -  XjJ  *  P2M«(x‘  -  x^  +  *  Xj)  4-  ... 

M*.“)  =  PjM&{X  -  Xj)  4-  P*(t#)*(x  -  X2)  rP*|u|J(x  -  Xj)  ♦  ... 

and  the  cross  power  spectrum  becomes 

•»P2(n)P*(*)B(x'-x2)6(x-xL  )»Pz(s)fJ(s)t  ’  -Xj  }^2(s)Pj(s)l{i  *  **jW*“*jK-  - 

-tPJ(n)P*(«)6(x,-x3)6(s-J^)4P3(«^,2(is)b(**-s3)b(lt-^)rf3(«)i,3(«Jt(*,-*jW«*»3)*' 

The  cross  power  sped  rum  of  the  generalised  force,  from  Eg.  (9. 65) 
is  then  represented  by  the  following  array  of  terms 

SI  |M9|**«>6j<*,l  s12l“)*:(*,><>j,.*2)  Sj  jf«*) PjJXjJPjfXj)  . . . 

S2|(w)o.{x2)Oj(Xj)  ^(w)p -(x^)Oj(x^)  S7  3(0)9 -(x^jp- (x^)  ... 

s3l(-)<>i(x3>Pj(x,)  S32(“^i{x3^j'x2)  . . . 

Thus  it  is  seen  that  the  problem  requires  the  evaluation  of  the  cross 

correlation  of  the  excitation  p  (t)?  (t)  between  every  pair  of  points 

m  n 

chosen  as  station  on  the  structure:  i.  e. . 


ASD  TR  61-123 


9-11 


f  *oo 

=  1  e 
J-® 


Pn.WP.W  * 


For  uncorrelated  loads.  i.e. .  p^ft) pR(t)  =  0  for  a  /  m,  oniy 
the  diagonal  terms  of  the  above  array  are  retailed  and  the  amount 
ot  computation  required  is  reduced  considerably.  It  should  be  noted 
however  cow  the  diagonal  terms  of  the  form  Snn<<*i<*n*j<V  *- 
voire  the  products  of  the  i1**  and  j  modes  which  remain  to  be 
summed. 

Example  3.  A  contiguous  structure  has  a  convective  load 
expressed  by  the  equation 


f£x.  tj  =  P  cos  k  (x  -  ctl  (9. 69f 

where  p  is  the  amplitude,  c  the  preparation  speed  of  tfe*-  Iced  and 
k  die  ware  number.  To  determine  the  cross  power  spectrum  of  the 
load,  first  find  the  Fourier  Transform  Fgx'.wf  as  fellows.  From 
Eq.  (9.  do),  replacing  x  by  x‘  and  using  a  limiting  operation. 

F Ix'.m}  s  lim  p  f  e”***  cos  k|x*  -  et)  dt 
T-oo  O-T 


~  lim  pTe  ***  when  «e  -  kc 

T-.» 


=  lim  pT  e*^*  when  w  =  -kc 

T— co 

=  0  when  w  /  ♦  kc 

& (x.w)  =  lim  pT  ellot  when  w  =  kc 

T  -»ao 


=  lim  pT  *****  when  w  =  -kc 

T-oo 

:  0  when  /  ♦  kc 
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In  :te  limit  as  T-m».  Fjx;«£  asd  /{x.«4  become  ia&aitt.  which  is 
to  be  expected  since  the  F.  T.  or  spectrum  of  a  harmonic  function 
e  is  a  delta  function  o(u-kc)  multiplied  bjr  tie  factor  2*. 

From  Cf.  (9. 63)  the  cross  power  spectrum  becomes 

Six, x'.m)  =  lim  2-^e**^1  when  w  *  fee 

1  T— os  7 

=  lim  e!!.*^*-**  rtoer  kc 
T-»od  2 


=  O  when  s/tke 


New,  replace  tike  limiting  value  of  T  bjr  the  delta  hsc'i-.-u  (2*)M**  -  fcc) 
and  !2:)I(h  *  kc)  at  w  -  fcc  end  v  *  -kc.  respectively,  and  rewrite  the 
above  equation  as 

Sg(K.xr.«4  -  -  kc!  *  .““’  -••I.  *  kc|j 

The  substitution  of  S^x.x'.m)  into  Eq.  (9.64)  involves  the  following 
integrals 


r-  fL  r 

J-a>  Z;M2;MwO  Jo 

1  i 


c-ikfx--x)^(jti^wdiK. 


2  f”  }  fL  PLeik<x'**,pix!>p;(x)dx'dxh» 

J-ooZ  HZ  W'Jo  JO  1 


»  J 


. &3>»  -  PL  PL 

Z.(kc)Z*»>ci'Jo  Jo 


cosk(x'  -  *)♦;(*')  4  s(x)  dn*  dx 
•  J 
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*itce  Z(kc)  t  Zf-kc).  Shis  qsaetsiy  btitg  ta  even  fcartion  of  ;U 
irjwnt;!.  The  fiul  expression  for  y^(x.  t|  is  :fccn 


~ 3> -  2 

y  i*,t)  s  p 


■  -  1, 


ss  .  , 

*  j  Z.ik-.}Z.VtCi  yjs 


cl  rj 


Vw 


cos  kfx*  -  x)«.{x[)sJxii(,(k 


{•  ?«! 


This  concludes  Example  ?. 

Ifi  MMniry.  material  m  tki;  section  has  outlined  a  procedure 
for  the  determination  of  the  cross-correlation  or  mean  Sfure  of  the 
response  of  a  contiguous  structure  excited  by  a  distributed  random  load. 
Toe  task  resolves  into  Me  of  evaluating  the  crMSorrdtliss  bsSisc 
of  tie  e*cii*<>v«  every  peir  m  points  cao»ci>  >u  »Uum  on  tne 

structure.  Since  in  most  cases  she  cross-cor  relation  h««»s  between 
taro  six sica>  diminish  »hh  the  distance  between  them,  the  numerical 
v elites  of  the  cross  power  spectre tr;  indicated  hy  the  array  in  Example  (2* 
will  decrease  for  elements  as  they  deviate  from  the  main  diagonal.  For 
the  uncorrelased  excitation  only  the  diagonal  terms  of  the  array  will  have 
values  other  than  zero;  however  cress  products  of  the  normal  modes 
at  each  station  cannot  h*  avoided  in  the  calculation.  If  however  the 
power  spectrum  S^x.  x'.o)  of  She  excitation  varies  along  x  in  propor¬ 
tion  to  the  mass  distribution,  then  Eq.  indicates  (hat  for  (he 

uncor reiated  excitation  the  terms  involving  (he  cross  products  of  the 
normal  modes  will  he  xcro.  A  uniform  arum  or  plate  with  constant 
power  spectrum  distribution  in  x  would  satisfy  such  a  requirement. 
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3  UC37KATX»  OF  XrSPOXSE  Su£  TO  LOAOQfG 


m  Out  prokltn:  ef  eaUblidia|  Ike  reipeaM  o f  a  missile  cmfiwnt 
arurtinj  i«  «k»  tirKisre.  the  ixs!  rtjfaite  </  ike  missile 

Krcctirt  itself,  at  the  peitt  skt.e  the  c;wf«sr^  is  to  he  attache!,  is 
9f:ts  specified  as  tfce  eanrw »t  cr  eeitatiM  wrier  which  the  c«m- 
peweot  mu'  operate.  This  uKWftiea  i»  valiri  rites  the  mass  ci  she 
cofcsest  is  small  M  mrealistic  for  sisahle  masses  riec  to  its  lorihg 
effect-  ft  is  etrief.  that  a  large  mess  attache*  to  a  vifrrotiag  ttmtare 
sill  ;<u  to  force  a  aerie  at  the  poise  of  aiticfemeaf  It  is  also  law 
±ii  £  sprisg  asses  Of  stem  attachori  to  a  visratiag  horiy  acts  as  a  nkrs- 
iiw  absorber  at  its  asters!  freyeacy  which  iafcfkits  tike  mstisa  of  the 
vihrstsag  horiy.  This  Imriiog  effect  riepearis  oo  the  ratio  of  the  mm  m 
of  the  cowpooect  to  the  lecsi  am  so  M  of  the  seroceare  which  is  affecteri. 
aari  the  psr^tte  s£  this  secoow  ss  t«  establish  this  effect  goalile* iwely- 

1 1. 1  Karmsaic  Eacitatiofc— 3fo  Diarst 

For  the  aaaljnsi  of  the  prsfclsm.  at  is  riesrrshSe  as  esaoirier  tbs 
over-all  system  to  he  ritvirieri  mao  two  ports;  the  primary  system  which 
r arteries  the  missile  cssap  sntsc  is  gaestieo.  sari  (he  ssrsorisiy  system 
ceosistiag  ef  the  cempsoeac  sari  its  asewatisg  or  ioolstor.  os  illosCsofori 
is  Figwre  9. 1.  The  primary  system  is  repress  atari  ss  a  rixscrihwteri 
system  of  ami  M.  whereas  the  secoorisry  system  is  rspresea teri  oy  the 
attachori  sprmg  mass  oscillator  of  mass  as  sari  spriag  stiffocss  h. 
Oomptsg  will  he  left  ost  ia  this  first  sectioo  aari  the  eacitatioo  will  he 
aseamtri  to  oe  harmooic  at  fragwwy  v~  Later  sections  will  coosirier 
riamptag  aari  raariom  excitation. 

Lettiag  tm(x)  be  the  acrmal  merits  of  the  waleori ri  priamry  system, 
the  response  ef  the  loorieri  primary  system  caa  he  represeateri  ia  terms 
ef  fa(i)  as.  see  Ee.  {Ml). 

yf*.t)  *  S  %WF,W 
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I  - - 'I 

Figure  9.  i.  Schematic  Diagram  of  the  Primary  Structure 
and  the  Attached  Component 

where  q^(t)  is  the  generalized  coordinate  describing  the  time  variation 
cf  the  nth  mode  of  the  loaded  structure.  With  the  component  attached 
at  x  =  a,  the  generalized  force  due  to  the  secondary  system  is  -m  £fn(a). 
Assuming  the  exciting  force  to  be  f(x)  sin  o>t,  the  equation  for  the  general¬ 
ized  coordinate  of  qR  =  qn(t)  becomes 

%  *  V’n  *  ~  ♦»<*> 


dM  =  generalized  mass  of  the  primary  system 
which  is  normalized  to  the  total  macs  M 
of  the  primary  system. 

Letting  ^ 

K  =  f  f(x)  *  (x)  dx  (9.  73) 

n  J0  n 

and  since  £  =  -t>  £,  and  qn  =  -w  qn>  the  solution  to  the  above  equation  is 

i 

f 


where: 


M 


■X 
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K  sin  ut 
n 


t-f  ) 

,  m  11 

+  *rr — , —  — rr 


2  “  . ,  H  M  *  2) 

»  1  -(— )  1  -  (— ) 
L.  n  n 


(9.74) 


The  equation  of  motion  for  the  secondary  system  is 


— V  x  u  r  c.  »\ l  =  o 


2  k 

TVi*.  Kv  i«tt!Rff  v-  = — ,  there  results  the  relationship 
'  o  ■  in 


(9.75) 


1  -  (^> 


(9.76) 


Now,  substitute  Eq.  (9.76)  into  (9.74)  and  Eq.  (9.  74)  into  (9.71) 


as  fellows. 


■fK.V 


.  ..  'H  K„V*>  ,to“t  .  m  < 

— rr — +  m  r~ 


"  t  •  ‘t1 


i  -  (~)  i  -  (— ) 
u  u ' 

R  O 


(9.77) 


Solving  for  y(a,  t)  yields  the  result, 


y(*.t)  = 


Kn*n(a) 

M..?  fl  -  <i)‘ 


<S»  ’n1  **M 

~  1  F  2~1 

1-«§J 

^ ,  o  J  L~  r 


(9.78) 
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Note  here  that  the  response  at  x  =  a  with  no  secondary  system  attached 
(i.  e..  m  =  0)  is 


y(a,t>  =  sin 

n 


(9-  79) 


Thus  the  ratio  of  the  response  of  the  loaded  to  the  unloaded  system  at 
x  =  a  is 


R(a)  = 


<H>  "9  ,»W 

T  zi »  r 

1  -  £>  i-{~> 

L  "o  J  L  bnJ 


(9-80) 


Next,  examine  the  amplitude  %  of  the  missile  component,  which 
from  Eq.  (9. 76)  and  (9-78)  is 


1  4 

•inu2 

n 

Kn*n<*> 

(J  -  ^ 

2  } 

0 

,  (S) 

r  • 

ii  r  n 

r<t’ 

>-* 

w* 

1 _  0. 
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1—  n  — > 

(9.81) 
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Here  again  one  can  compare  the  response  %  for  (m/M)  £  0  as  compared  to 
(m/M)  =  0.  Since  {£-)  =  0  for  m  =  0,  this  ratio  becomes  equal  to 


(-£) 


where  R(a)  is  given  by  Equation  (9.  80). 
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9.5.2  Special  Case  of  Rigid  Attachment 

If  the  secondary  mass  m  is  attached  directly  to  the  primary 
system,  the  case  corresponds  to  k  =  go  or  cjq  =  oo.  Equations  (9.  76)  and 
{9. 81)  are  then  equal  and  become 


{9. 82) 


To  determine  the  resonant  frequencies,  the  numerator  and  de¬ 
nominator  of  Eq.  (9.82)  are  plotted  in  the  top  half  of  Figure  9. 2,  where 
the  dotted  curves  are  the  numerator  and  the  solid  curves  the  denominator. 
It  is  evident  that  the  resonant  frequencies  occur  at  points  (l).  @  .  (T) , 
etc.  where  the  denominator  goes  to  zero.  Since  the  second  branch 
(n=2)  of  the  denominator  curve  contributes  very  littie  to  the  first  branch 
(n=l)  near  ,  the  first  resonant  frequency  is  given  by 


*  +§*?(»> 

aw*  * 


(9.83) 


and  the  addition  of  the  mass  m  to  the  structure  lowers  the  quantity 
(tt/wj)2  by  the  amount 


fi 


(9. 84) 


For  the  determination  of  the  second  resonance,  it  is  noted  that 
the  contribution  of  the  third  branch  is  negligible  and,  since  w»Uj.  the 
denominator  is  approximately 
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Figure  9.2  Resonance  of  Structure  with  Rigidly  Attached  Mass 


At  the  frequencies  v, ,  v,,  corresponding  to  the  nature* 

mod««  of  the  primary  structure.  both  the  numerator  and  denominator 
*r«  infinite  but  their  ratio  ie  finite.  It  is  only  necessary  to  consider  the 
two  terms  approaching  infinity  in  the  numerator  and  denominator  which 
shows  that  the  amplitudes  at  these  frequencies  are 
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ic  is  new  possible  to  plot  the  xesults  of  the  findings  here  as  shown  in  the 
bottom  half  of  Figure  9-  2.  Each  normal  mode  frequency  of  the  primary 
system  is  lowered  due  to  the  added  mass,  but  the  degrees  of  freedom 
remains  unchanged  with  the  same  number  of  resonant  frequencies. 

?.3.J  Effect  of  Damping 

In  the  first  sectioc,9-  3. 1.  damping  has  been  neglected  since  its 
effect  on  the  resonant  frequencies  of  the  system  is  of  second  order  and 
therefore  negligible.  Bampiug  is  of  importance,  however,  when  peak 
response  at  rcsu.iance  is  of  concern,  and  its  effect  will  be  considered 
in  this  section. 

With  a  viscous  damper  between  the  primary  and  secondary  system, 
Eq.  (9. 75)  is  changed  to 


(9- 100) 


*  cAt  -  ft*- *>J  +  k[*  -  rt***)]  *  0 


(9. 101) 


and  in  place  of  Eq.  (9. 76),  by  letting  {  =  i«*£  and  y  =  ivy,  one  obtains 


H  .  zyr 
I*  '  * **n TT 

«-  OJ 


o  o 


y{*.  t) 


(9. 102) 


where  C  3  — ■  =  fraction  of  critical  damping. 

°  2jkn» 
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The  left  fide  of  Eq.  (9-  72)  mutt  now  have  an  additional  damping 
term  2£nenqa  where  is  the  fraction  of  critical  damping  for  mode  n, 
so  that  the  equation  for  qn  becomes 


K  rtn  tit  2 


+i2V^> 

n  n 


(9. 103) 


Combining  Equations  (9. 102),  {9.103).  and  (9. 71),  and  solving  for  y(a,  t), 
Eq.  (9. 78)  is  replaced  by 


y(».t)  = 


.  ^  Kn*»<»> 

- TP - 1 - 

IT  £♦  •§*«£« 

*  I —  >  2  “i 

1  -  f^)2  +  i2i_(— )  !-(—)*  121  (— i 

V  oV  V  sV 

o  oj  n  nj 


(9. 104) 


and  Eq.  (9-81)  by 


o 


i-e 

o  o 


times  Eq.  (9. 104) 


(9. 105) 


These  equations  are  much  too  complicated  to  work  with.  How¬ 
ever,  one  should  take  note  of  the  fact  that  a  tingle  damper  in  die  system 
will  prevent  infinite  amplitudes.  Thus  on.-  -an  attach  a  viscous  damper 
cQ  to  the  isolator  spring  :f  the  component  and  consider  the  primary 
system  to  be  undamped. 
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9-3.4  Undamped  Primary  Structure  with  Damped  Secondary  Spring  Mw 

The  component  attached  to  the  undamped  primary  structure  is 
assumed  to  have  a  damping  factor  which  will  be  held  constant  as  m 
is  varied.  Of  interest  is  the  variation  of  the  amplitude  $  in  the  neighbor¬ 
hood  of  r*so3ince  Hue  tn  variation  of  (m/M). 

The  equation  for  $  from  Equations  (9. 104)  and  (9- 105).  assuming 

4=0  for  n  £  0.  is 
n 


£ 

—L, 


sin  Mt 


r 

times 

( 

J 

K!  *,  (*) 

K,92C*) 

**  *  •  j 

.  sE^R 

L  [-€mih|L 

"  “2  *  2 

1  -  &  *  - 
"l  2 

(9. 100) 

~\ 


It  is  of  interest  to  examine  this  equation  for  two  values  of  u  near  the  first 
resonant  frequency. 

At  w  *  v,  the  terms  containing  the  factor - — - — ,  will  dominate 

1  -  I-)4 

the  expression  which  becomes  «) 


F 


-K, 


sin  ut 


Muf  7t  (*> 


(9- 107) 


Thus,  the  amplitude  4  decreases  as  (M/m).  It  is  noted  also  that  the 
result  is  independent  of  damping  since  the  frequency  Uj  is  off  from 
resonance,  and  damping  influences  only  the  peak  amplitude  4!  r»ic»ip.ci. 
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Consider  next  the  peak  response  at  the  first  resonant  frequency  of 
the  leaded  at  -ucture.  Rewriting  kj\.  (9. 1 0f>)  as 


& 

sin  at 


K1  »1  K2*2 
«-f i7 - <£>1  ‘ 
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19-  1C§) 


RTRT 


the  approximation  coming  from  assuming  2i0W«0)<<*.  os*e  w  >m 
equate  the  real  part  of  the  denominator  to  aero  for  the  peak  response. 
Again,  assuming  a-2  <?Cw2  the  real  part  of  the  denominator  which  is 
equated  to  aero  becomes 


2  m  <r/*f 

•-t?  -Sr-r 

o  la  #*Ti 


L"S>J 


«■  *  s  •&  - s  *  £-  0 
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For  (lie  previous  cose  where  m  is  attacked  directly  to  the  priisary 

structure,  w  =  oo.  sad 
o 


19.  Il«» 


the  same  result  as  Eg.  t?.  S3). 

la  general.  from  Eq.  (f - 109}.  a*  {vj/w^}*  increases  from  sere. 

ftc  freqancf  (We.)2  splits  uff  to  two  frcqscscies  of  the  gslirltir  tq«»  - 
>  * 

tiou  si>  (WvJ  aad  the  problem  again  becomes  more  complicated.  How- 
ever,  /or  small  nhtt  (uj/e^)  owe  cam  assume  the  resowawt  frequency 
to  differ  owly  slightly  from  Eq.  (9. 110).  and  the  peak  retpowse  from 
{f.  10*}  becomes 


K.  »i  C«l 


19.111} 


It  is  noted  now  that  the  peak  re  spew  re  as  give*  by  Eg.  (9. 111}  is  inversely 
proportional  to  the  damping  t0  as  it  should  be.  Also  Ike  last  factor  indi¬ 
cates  a  reduction  of  the  peak  response  with  increase  of  (m/M)  from  sero. 
The  infinite  amplitude  at  (m/M)  *  0  is  explained  by  the  fact  that  as  m 
approaches  sero  the  system  reduces  to  the  undsmptd  primary  structure. 


•3.5  Ret 


Excitation 


For  random  excitation,  one  should  replace  the  generalized  force 
si*  %t  «x)  fa(x)  dx  in  Eg.  (9. 72}  by  jj'  fl*.  t)  p#(x)  dx  *  f R  (t) 
where  f(x.  t)  is  the  random  force.  By  taking  the  Fourier  transform  of 
the  differential  equations  of  the  previous  sections.  Eg.  (9. 104)  is  replaced 
by  Ike  equation 
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F|a.t4  =  r  4«.ti  * 
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k  mmS*i  ons  the  zlatzz  gsfHltS'cs  fcact5«  lirayt  s<(  nf*4tr  wish  t. 
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9.  4  VIBRATION  INDUCED  STRUCTURAL  FATIGUE 


One  of  the  most  important  reasons  for  interest  in  the  vibration 
response  in  modern  flight  vehicles  is  the  concern  over  structural  fatigue 
damage,  Considerable  work  ’-»as  been  done  over  the  last  15  years  to 
correlate  the  vibration  response  of  a  structure  with  fatigue  life.  How¬ 
ever,  most  of  the  efforts  have  been  no  more  than  an  extension  of 
procedures  suggested  by  Palmgren  in  1924  followed  independently  by 
Miner  in  1945  (Ref.  [  15]).  The  basic  hypothesis,  often  called  Miner’s 
may  be  stated  as  follows:  Assume  a  structure  is  subjected  to  a 
repetitive  load  resulting  in  a  maximum  stress  level  of  Sj,  and  the 
number  of  cycles  of  the  repetitive  load  Sj,  required  to  produce  fatigue 
failure  is  N^.  Then  if  the  structure  is  subjected  to  a  repetitive  load 
Sj  for  n j  cycles,  it  is  stated  that  a  fracdon  of  the  total  fatigue  life 
of  the  structure  equal  to  n^/Nj  will  be  consumed  or  used  up.  If  the 
structure  were  then  subjected  to  a  repetitive  load  of  for 
cycles,  where  cycles  would  produce  failure,  an  additional  fraction 
of  the  total  fatigue  life  equal  to  n?/N?  will  be  consumed.  The  consumption 
of  fatigue  life  in  this  manner  is  considered  cumulative  such  that 


'C—1  n. 

>  -i-  X  I  {9.  124) 

i  Ni 

where  the  term  on  the  left  is  sometimes  called  the  cycle  ratio. 

Considerable  experimental  data  has  been  gathered  in  attempts  to 
substantiate  Miner's  Rule,  Ref.  [4]  presents  a  good  summary  of  such 
experiments.  Considerable  scatter  exists  in  the  experimental  data 
with  cycle  ratios  varying  as  much  as  one  order  of  magnitude  from  the 
cycle  ratio  of  l  suggested  by  Miner.  However,  the  vast  majority  of 
experiments  did  produce  cycle  ratios  between  0.  5  and  2.  0. 

From  Ref.  [4]  (Chapter  6),  Brooks  reported  a  series  of  studies 
from  which  he  found  that  one  could  have  95  percent  confidence  that 
90  percent  or  more  of  the  specimens  tested  would  have  a  cycle  ratio 
between  0.4  and  1.  8.  Similar  results  were  reported  by  Smith,Howara 
and  Smith  who  test.-d  bOO  specimens.  They  found  the  order  of  applica¬ 
tion  of  the  high  and  low  stress  levels  was  not  important.  On  the  other 
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hand,  many  other  investigators  believed  the  order  of  application  was 
influential  on  the  resulting  cycle  ratio. 

An  area  of  concern  to  some  investigators  is  the  fact  that  Miner's 
Rule  assumes  linear  accumulation  of  damage,  i.  e. »  damage  accumula¬ 
tion  for  repetitive  loads  with  a  maximum  stress  level  S ^  is  directly 
proportional  to  the  number  of  stress  cycles  n^,  applied.  As  a  result, 
a  number  of  more  complex  empirical  correlations  have  been  presented 
as  typified  by  Refs.  [3]  and  [  12],  but  there  appears  to  be  considerable 
question  as  to  whether  or  not  they  have  enough  more  validity  over 
Miner's  Rule  to  be  practical. 

Thus  far,  only  fatigue  damage  for  steady  state  loads  has  been 
discussed.  Miner's  Rule  may  be  readily  extended  for  non-steady  state 
loading  if  certain  statistics  of  the  response  are  known.  A  simple 
development  is  presented  in  Ref.  [4]  as  follows: 

Let  f(S)dS  denote  the  probability  that  a  given 
stress  cycle  will  have  an  amplitude  between 
S  and  S  +  dS.  Then  the  number  of  cycles 
dn  at  a  stress  level  between  St  dS  will  be 
given  in  terms  of  the  total  number  of  cycles 
Nt  by 


dn  =  Ntf(S)-dS  (9.125) 

Miner's  Rule  now  becomes 
pS  ,  N  f(S)  dS 

\  'max)  _J -  =  i  (9.  126) 

Js(min)  N<S> 

The  above  equation  requires  that  the  probability  density  function  of  peak 
amplitudes  i{x)  be  known.  It  also  requires  that  the  number  of  cycles 
to  failure  as  a  function  of  stress  level  be  known.  The  S-N  curve  for 
many  materials  can  be  approximated  by  a  straight  line  on  log-log  paper. 

In  this  case, 

N(Sj  -  NjfSj/S)1*  {?,  127) 
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where  Nj  is  the  number  of  cycles  to  failure  at  a  stress  level  of  S4 
and  u  is  a  slope  constant.  The  previous  equation  is  then  simplified 
as  follows: 


ns,  . 
N.  \  {tr'~> 

lJs 

imin) 


(9.  128) 


Consider  the  meaning  of  the  above  statement  oi  Miner's  Ruie  in 
terms  of  the  response  cf  a  typical  flight  vehicle  structural  panel. 

Vehicle  structure  is  usually  very  lightly  damped  (damping  coefficient 
less  than  3  percent).  Then  for  any  broad  band  random  input  spectrum, 
the  spectral  power  of  the  structural  response  will  be  concentrated  in 
narrow  frequency  bands  centered  at  the  normal  modes  of  the  structure. 
Correspondingly,  the  peak  stress  levels  of  concern  will  bo  limited  to 
the  frequencies  of  die  normal  modes.  In  a  paper  by  Miles,  Ref.  [  14], 
it  is  pointed  out  that  when  a  random  function  is  filtered  by  a  narrow  band, 
the  response  becomes  more  normal  as  the  bandwidth  becomes  narrower 
even  if  the  input  does  not  have  a  normal  probability  distribution.  If 
the  response  through  a  narrow  band  has  a  normal  distribution  of  instant¬ 
aneous  amplitudes,  it  will  have  a  Rayleigh  distribution  of  peak  amplitudes. 
The  rms  value  of  the  response  would,  of  course,  be  a  function  of  the 
input  power  spectrum  and  the  damping  coefficient  of  the  panel.  When 
the  response  function  is  measured,  a  knowledge  of  the  source  and  panel 
characteristics  is  not  necessary.  Then  for  a  single  degree  of  freedom 
linear  structure  with  a  natural  frequency  of  fg  and  a  mean  square 
stress  response  of  the  distribution  of  peak  amplitudes,  f(S),  may 
be  replaced  by  the  Rayleigh  distribution.  Miner’s  Rule  is  then  extended 
to  the  following: 


s 

<v 


(9.  129) 
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where  T  is  total  time  to  uilure  and  Sq  is  the  fictitious  stress  level 
for  which  one  cycle  would  cause  failure;  The  above  general  equation, 
as  modified  and  extended  by  specific  investigators,  is  widely  used  to 
predict  fatigue  life  of  structures.  In  particular,  a  more  generai 
Rayleigh -Gaussian  distribution  for  peak  amplitudes  is  presented  in 
Section  4.  9.  3  which  might  be  substituted  into  Eq.  (9. 128). 

Miles  in  Ref.  f  14]  presents  a  detailed  development  of  the  cumula¬ 
tive  fatigue  damage  for  a  single  degree  of  freedom  panel  starting  with 
a  jet  noise  source  using  a  generalised  nonlinear  cumulative  damage 
correlation.  A  pertinent  conclusion  of  the  paper  is  that  nonlinear 
damage  correlations  do  not  produce  results  significantly  different  from 
those  obtained  using  the  simple  linear  correlation  of  Miner. 

The  general  procedures  for  fatigue  life  prediction  discussed  thus 
far  were  developed  for  a  single  degree  of  freedom  system.  For  file 
real  case  of  an  elastic  structure  subjected  to  broad  band  random 
excitation,  the  response  will  reflect  the  participation  of  many  modes 
and  will  not  be  a  single  degree  of  freedom  response.  There  is  con¬ 
siderable  question  as  to  whether  the  Rayleigh  Distribution  is  an  acceptable 
definition  of  the  distribution  of  peak  stress  amplitudes  lor  a  complex 
multi-mode  response.  Experimental  analysis  of  some  missile  vibration 
data  by  Douglas  Aircraft.  Ref.  [7],  indeed  indicated  that  the  distribution 
of  peak  acceleration  levels  in  missiles  deviated  rather  widely  from  a 
Rayleigh  Distribution. 

One  concluding  point  should  be  noted.  Many  metals  possess  the 
characteristic  of  having  S-N  curves  which  are  a  straight  line  on  log-log 
paper  only  above  some  specific  stress  level.  Below  this  stress  level, 
the  S-N  curves  become  nearly  flat;  i.  e. ,  an  extremely  large  number  of 
load  cycles  approaclung  infinity  arc  required  to  produce  failure.  This 
stress  level  at  which  the  slope  of  the  S-N  curve  changes  is  called  the 
endurance  limit.  Steel  in  particular  has  a  very  distinct  endurance 
limit.  Nonlinear  cumulative  damage  correlations  have  been  derived 
which  take  the  endurance  limit  into  account.  However,  Miles  and  others 
believe  that  if  the  rms  stress  response  is  high  compared  with  the 
endurance  limit,  it  may  be  ignored  with  little  error. 
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9.  5  EFFECT  OF  NONJLINEARITIES  ON  RESPONSE  STATISTICS 


Nonlinearities  in  the  transfer  characteristics  of  transducers  and 
data  processing  instrumentation  will  influence  the  statistics  of  structural 
vibration  response  measurements.  Of  course,  the  nonlinear  character¬ 
istics  of  the  structure  itself  will  influence  the  statistics  of  the  actual 
response  as  well.  An  ability  to  recognize  the  effects  of  such  nonlinearifies 
in  vibration  response  data  would  be  valuable  to  the  data  processing 
engineer. 

When  vibration  response  data  is  tested  for  normality  (a  Gaussian 
amplitude  density},  and  that  data  deviates  from  normality,  three  primary 
possibilities  exist. 

1.  The  source  of  excitation  was  not  a  stochastic  process  with 
a  Gaussian  probability  density. 

2.  The  structural  transfer  function  was  nonlinear. 

3.  The  amplitude  transfer  characteristics  of  the  transducer 
or  data  processing  instrumentation  were  nonlinear. 

Little  can  be  done  about  the  first  two  possibilities,  but  something 
might  he  dons  about  the  third  possibility  if  there  were  reason  to  believe 
that  the  nonlinear  Uaasfcr  characteristics  of  instruments  were  distorting 
the  measured  response  statistics. 

Assuming  that  the  input  source  is  Gaussian  and  based  upon  die 
limited  information  available,  it  appears  there  is  at  least  one  case  where 
an  instrumentation  nonlinear  effect  could  be  Hi  stineuished  from  structural 
nonlinear  effects  by  examination  of  the  acceleration  response  probability 
density.  Clipping  of  the  response  signal  by  an  electronic  device  can 
cause  distinct  clustering  on  the  tails  of  the  amplitude  probability  density 
of  the  response.  Since  common  structural  nonlinearities  v-ould  probably 
not  be  sufficiently  abrupt  to  produce  utis  result,  the  presence  of  such 
clustering  would  point  to  an  instrumentation  problem. 

Another  possible  area  of  distinction  would  be  an  acceleration 
response  probability  density  which  displayed  large  kurtosis  (a  density 
function  with  thick  tails  and  sharp  clustering  abor;t  the  origin).  The 
results  of  an  experiment  on  a  single  degree  of  freedom  system  with  a 
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nonlinear  hardening  spring  indicated  each  an  effect.  Since  the  common 
amplitude  nonlinearities  associated  with  instruments  do  not  produce 
anything  resembling  large  kurtcsis,  the  presence  of  such  an  effect  in 
an  acceleration  response  probability  density  curve  may  point  directly 
to  a  structural  nonlinearity. 

9.  5.  i  Nonlinear  Transfer  Characteristics  of  Instruments 

Consider  first  the  case  of  nonlinear  amplitude  character¬ 

istics  (nonlinear  gain)  which  might  he  associated  with  transducers  and 
data  processing  instrumentation.  Included  in  this  category  is  the 
problem  of  limited  dynamic  range.  When  a  random  signal  is  passed 
through  an  amplitude  transfer  characteristic  which  displays  amplitude 
linearity,  the  probability  density  function  of  die  signal  will  not  be 
changed.  If  however  an  amplitude  transfer  characteristic  is  not  iinear, 
the  probability  density  function  of  the  signal  will  be  altered  by  the 
transfer  characteristic.  If  the  probability  density  function  of  the  signal 
is  altered,  the  mean  value  and  the  mean  square  value  (and  other  statistics) 
of  the  signal  will  probably  be  changed  also.  The  effect  of  nonlinear 
amplitude  transfer  characteristics  on  random  signals  is  briefly  dis¬ 
cussed  with  illustrations  by  T.  P.  Rons  in  Chapter  7,  Ref.  [4].  The 
discussion  given  there  of  the  effect  of  amplitude  nonlinearities  on 
random  signals  requires  careful  interpretation  on  the  part  of  the 
reader.  Because  limited  dynamic  range  is  such  an  important  problem 
in  the  measurement  and  reduction  of  random  vibration  data,  a  critical 
discussion  of  the  effects  of  limited  dynamic  range  on  a  random  input 
signal  is  presented  in  Section  9.  5. 4  herein.  A  related  general  treat¬ 
ment  of  the  effects  of  nonlinear  transfer  characteristics  on  the  statistics 
of  random  signals  is  available  from  Ref.  [5],  Chapters  12  and  13. 

As  discussed  in  Section  9.  S.  4,  the  term  "limited  dynamic  range" 
might  be  interpreted  in  two  ways.  The  interpretation  implied  in 
Ref.  [4]  is  a  transfer  characteristic  (gain  function)  with  a  gain  of  ont 
for  amplitudes  with  absolute  values  below  some  specified  level,  and  a 
gain  of  sero  for  amplitudes  greater  than  that  specified  level.  In  other 
words,  an  instantaneous  input  amplitude  with  a  value  outside  the  dynamic 
range  limits  would  result  in  an  instantaneous  output  amplitude  of  sero. 
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Such  an  interpretation  of  limited  dynamic  range  ha*  little  physical 
significance.  In  reality,  limited  dynamic  range  usually  implies  a  trans¬ 
fer  characteristic  which  limits  amplitudes  with  absolute  values  above 
some  specified  level  to  that  specified  level.  This  second  interpretation 
is  more  representative  of  such  phenomena  as  dipping,  magnetic 
saturation,  and  similar  physical  limitations  on  amplitude  linearity. 

The  specific  effect  of  both  interpretations  of  limited  dynamic 
range  on  a  random  signal  with  a  uniform  input  probability  density 
function  is  developed  here  in  Section  9.  5. 4.  The  delta  functions  in  the 
output  probability  density  functions  shown  in  Fig.  9.  3  are,  of  course, 
the  resuit  of  an  idealised  dynamic  range  limitation.  In  reality,  physical 
limitations  on  signal  amplitudes  would  not  occur  so  abruptly  and  the 
delta  functions  would  actually  appear  as  clusters  on  the  output  probability 
density  function.  The  height  and  width  of  the  clusters  would  be  dependent 
upOt*.  J»ow  sharply  the  transfer  device  would  limit  amplitudes,  but  the 
areas  under  the  dusters  would  be  approximately  the  same  as  the  areas 
of  the  delta  functions  shown  in  Fig.  9. 1.  Note  that  the  rms  value  of  the 
signal  is  reduced  by  the  transfer  characteristic  for  either  interpreta¬ 
tion,  but  not  to  the  same  value.  Clipping  will  result  in  the  higher  rms 
output.  Also  note  that  for  the  example  considered,  the  mean  value  of 
the  signal  is  unaltered.  This  is  true  only  because  the  signal  probability 
density  function  and  transfer  characteristics  selected  for  the  example 
were  considered  symmetrical  about  zero  for  simplicity.  In  general, 
lack  of  symmetry  m  the  input  probability  density  and/or  transfer 
characteristic  will  produce  a  shift  in  the  mean  value  of  the  output. 

Presented  in  Fig.  9.4  are  qualitative  illustrations  of  the  effects 
of  common  nonlinear  amplitude  transfer  characteristics  on  a  random 
signal  with  a  Gaussian  input  probability  function.  Case  (i)  demonstrates 
the  dustering  on  the  tails  of  the  amplitude  density  caused  by  symmetrically 
limited  dynamic  range.  Case  (2)  illustrates  the  effect  of  a  nonlinear 
transfer  characteristic  in  the  form  of  *  gain  that  falls  off  gradually  with 
amplitude.  The  general  effect  is  clustering  about  the  origin.  For  both 
Cases  (1)  and  (2),  the  rms  value  of  the  signal  is  reduced  but  the  mean 
value  i*  not  altered.  Case  (3)  demonstrates  the  effect  of  an  asymmetrical 
nonlinear  transfer  characteristic  such  as  might  be  representative  of  an 
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asymmetrical  transducer.  For  this  race,  not  only  is  the  rms  value  of 
the  signal  reduced,  but  the  mean  value  also  is  altered. 

Of  the  above  three  types  of  noniinearities.  limited  dynamic  range 
as  represented  by  Case  (1)  constitutes  the  most  common  problem  in 
vibration  measurement  work.  Cases  (2)  and  (3)  will  usually  not  be  a 
problem  if  high  quality  transducers  and  instrumentation  are  used.  The 
majority  of  vibration  response  data  being  gathered  today  are  obtained 
using  piezoelectric  crystal  acceleration  transducers.  Commercial 
crystal  accelerometers  have  a  dynamic  range  of  up  to  +10, 000  g's  with 
a  maximum  amplitude  nonlinearity  of  +1  percent  over  the  entire 
amplitude  range.  Fot  normal  vibration  measurements,  amplitude  non¬ 
linearity  in  crystal  type  transducers  may  be  considered  negligible.  The 
associated  instrumentation  including  data  transmission  and  processing 
equipment  will  usually  display  equally  good  linearity  within  the  dynamic 
range  limits  of  the  instruments.  However,  eves  with  the  highest 
quality  instrumentation,  a  test  engineer  may  unduly  iimtt  the  dynamic 
range  of  random  signal  measurements  by  improper  use  of  the  measure¬ 
ment  equipment.  A  common  example  is  the  improper  use  of  instruments 
which  were  designed  primarily  for  harmonic  signal  work. 

Many  instruments  used  in  association  with  vibration  measurement 
and  analysis  are  equipped  with  input  attenuators  and  signal  level  meters 
which  permit  input  signals  levels  to  be  appropriately  adjusted  for  the 
dynamic  range  limits  of  the  particular  instrument.  To  keep  the  signal 
to  noise  ratio  as  high  as  possible,  it  is  not  uncommon  for  the  test 
engineer  to  adjust  the  input  attenuators  so  that  signal  levels  are  near 
the  upper  limits  of  the  instrument's  dynamic  range.  If  the  input  signal 
level  meter  is  a  conventionrl  average  sensing  voltmeter  calibrated  is 
rms  for  sine  waves,  the  maximum  input  level  to  the  instrument  as 
defined  on  the  meter  would  probsbly  correspond  to  that  voltage  level 
where  the  instrument  begins  to  clip  sine  waves.  In  ether  words,  the 
instrument  would  clip  voltage  levels  of  about  1. 4  times  the  maximum 
rms  voltage  input  ee  defined  on  the  meter.  Consider  the  case  of  input 
signals  which  are  random  and  have  a  Gaussian  amplitude  probability 
density.  The  rms  value  of  a  Gaussian  signal  (lo-)  would  be  (1/Jr) 
or  approximately  1. 3  times  the  reading  of  an  average  sensing  voltmeter 
calibrated  in  rms  for  sine  waves.  Ref.  [9].  Then  if  a  Gaussian  input 
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signal  was  adjusted  to  the  maximum  indicated  input  level  fer  such  an 
instrument,  dipping  would  occur  for  signal  amplitudes  above  only  1. 25 o; 

Sometimes  the  problem  of  limited  dynamic  range  is  unavoidable 
os  in  the  case  of  the  engineer  whs  has  no  control  Over  sensitivity  or 
gain  settings  of  the  instruments  during  the  actual  measurements.  For 
missile  vibration  measurements  in  particular,  unless  the  test  engineer 
has  some  prior  knowledge  of  the  environment,  he  often  must  estimate 
what  the  vibration  levels  will  be  and  pre-set  the  gain  of  the  measure¬ 
ment  instruments  accordingly.  If  the  estimate  of  the  environment  is 
poor,  die  data  may  be  obscured  by  background  noise  or  distorted  by 
clipping.  The  problem  is  further  aggravated  when  the  desired  vibration 
response  measurements  are  to  cover  several  different  flight  phases 
characterised  by  different  sources  of  excitation  producing  widely  varying 
response  levels. 

9.  5.  2  Nonlinear  Transfer  Characteristics  of  Structures 

,  —  m  -  h  —  .  —  — ■  ■  —  —  — 

Separate  from  the  problem  of  nonlinear  amplitude  transfer 
characteristics  of  instruments  is  the  problem  associated  with  the  response 
of  structures  having  nonlinear  transfer  functions.  Real  elastic  structures 
such  as  aircraft  panels  may  -’emonstrate  the  nonlinear  characteristics 
o t  a  hardening  spring  (a  spring  whose  stiffness  increases  with  amplitude). 
For  large  bending  deflection  of  a  flat  plate,  the  small  slope  assumption 
used  to  linearise  the  plate  flexure  problem  becomes  invalid,  and  the 
plate  deflections  are  less  than  would  be  predicted  by  linear  plate  deflection 
formulae;  i.  e. ,  the  plate  becomes  stiffer  as  bending  deflections  increase. 
Ref.  [21  {.  Furthermore,  when  damped  edge  conditions  exist,  the 
flexure  of  the  plate  is  not  independent  of  tension  loads  for  large  deflections, 
and  these  tension  loads  also  produce  an  effective  stiffness  to  flexure  which 
increases  with  deflection.  The  analytical  development  of  the  nonlinear 
spring  force  problem  for  continuous  structures  is  rather  involved,  hut 
the  related  although  simpler  problem  of  the  response  of  a  nonlinear  string 
is  treated  in  Refs.  [It]  and  [  17]  for  those  interested  in  details.  In 
general,  the  frequency  response  curve  for  a  mechanical  system  with  the 
nonlinear  characteristics  of  a  hardening  spring  is  typified  by  the  well 
known  "jump  phenomena".  Ref.  f  l>|. 
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Another  nonlinear  parameter  of  real  elastic  structures  is  damping, 
la  elementary  vibration  theory,  the  damping  forces  are  assumed  to  be 
a  function  of  velocity  and  only  velocity  (viscous  damping)  so  that  linear 
equations  of  motion  will  evolve.  In  real  elastic  structures,  the  damping 
forces  are  not  linear.  In  complex  structures  where  riveted  joists  are 
included,  the  dissipation  of  energy  through  damping  is  primarily  due  to 
relative  motion  in  the  joints.  Is  the  case  of  a  simple  continuous  structure, 
the  damping  result s  from  internal  friction  and  is  often  called  solid  or 
hysteresis  dampens.  The  actual  mechanics  of  solid  damping  is  not 
dearly  defined  although  it  has  been  the  object  of  considerable  research. 
The  extent  of  investigations  in  the  field  of  solid  damping  is  readily  seen 
from  Ref.  [oi  which  reviews  almost  900  technical  papers  published  on 
this  subject,  fit  general,  it  can  be  said  that  the  energy  dissipated 
per  cycle  by  solid  damping  is  independent  of  frequency  and  proportional 
to  the  second  power  of  the  displacement  amplitude. 

The  topic  of  nonlinear  structural  response  to  stochastic  forces 
does  not  readily  lend  itself  to  analytical  treatment.  The  most  productive 
investigations  of  ihis  subject  have  been  empirical  in  nature.  Of  parties* 
Jar  interest  is  an  analog  computer  study  of  the  response  of  nonlinear 
mechanical  systems  to  random  inputs  by  McIntosh.  Ref.  f  13]. 

Three  types  of  nonlinearities  in  a  single  degree  of  freedom 
system  were  studied  by  McIntosh: 

1.  Combined  linear  and  displacement  cubed  spring  force 
(hardening  spring) 

2.  Combined  linear  and  displacement  cubed  damping  force 
(hysteresis  damping) 

3.  Combined  linear  and  velocity-squared  damping  force 
(air  damping) 

Each  of  the  three  nonlinear  models  «ra«  subjected  to  a  random  input 
acceleration  with  a  Gaussian  probability  density  function  and  a  wide  band 
(as  compared  to  the  computer  response)  uniform  spectral  density,  and 
the  response  of  the  mass  was  measured.  The  results  are  presented  as 
plots  of  the  probability  cf  excesding  ratios  of  output  acceleration  to  tmt 
output  acceleration  for  various  degress  .of  nonlinearity.  Plots  of  relative 
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rms  response  versus  degree  tf  nneHnearit^  are  also  shorn.  The  cen- 
ci-jsior,*  implied  iv  the  graphical  results  may  be  as 

fcllvs:: 

1.  For  the  acallacar  harden; eg  spring,  as  the  degree  of  non¬ 
linearity  is  increased; 

*i  The  rms  acceleration  of  the  response  increases. 

b;  The  probability  of  exceeding  acceleration  ratios  cf 
greater  than  l.  f>  increases,  while  the  probability  of  exceeding  accelera¬ 
tion  relics  of  less  &sa  !.  fc  decreases. 

2.  For  the  nonlinear  hysteresis  damper,  as  the  degree  of  non¬ 
linear  damping  is  increased; 

a{  The  rms  acceleration  of  the  response  decreases. 

iij  The  probability  ci  exceeding  any  |:v«  acceleration  ra sio 

increases. 

3.  For  the  nonlinear  air  damper,  as  the  degree  of  nonlinear 
damping  is  increased; 

ai  The  rm*  acceleration  a*  »c  response  decreases. 

bj  The  probability  of  exceeding  any  given  acceleration 
ratio  decreases. 

The  conclusions  under  a)  arc  clear  and  quite  meaningful.  The 
conclusions  under  u),  however,  require  further  investigation.  The 
"probability  of  exceeding  ratio”  plots  are  based  upon  ratios  of  accelera¬ 
tion  to  the  rms  accelerations  to r  each  condition  --  degree  cf  nonlinearity. 
Since  each  degree  of  nonlinearity  produced  a  different  response  rms 
acceleration  level,  the  scale  on  the  plots  does  not  have  a  common 
denominator  for  all  curves  and  thus  has  no  significance  in  terms  of  actual 
acceleration  levels. 

For  example.  Fig.  17  in  Ref.  f  13  j.  indicates  that  the  probability 
of  accelerations  exceeding  the  rms  value  for  a  linear  system  is  about 
5.  32,  while  the  probability  of  accelerations  exceeding  the  rms  value 
for  a  specific  degree  of  spring  force  nonlinearity  (identified  as  b  »  I.  OJ 
is  about  0.  22.  However,  Fig.  I#  shows  that  the  rms  acceleration 
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rcspoc tic  k/i  u4i  specific  decree  of  Boaiknrkf  is  1,  '•  rinses  the  ret 

response  for  the  linear  case.  Then  iac  pcuaMIitr  of  the  acceleration 
response  levels  ncte4ia(  some  actual  acceleration  levee*  say  the  rms 
y't  for  the  linear  response,  is  abont  C_  32  for  h»tls  She  linear  aoi  the 
scalise&r  esse.  In  iiwsrc  studies,  the  data  tOooK  he  presented  is  the 
form  of  probability  density  corves  on  a  commas  abscissa  so  that  more 
explicit  statistical  con  civ  n  one  coaid  he  drawn.  Xcvertheless.  the 
report  indices  pertinent  information  if  the  resoits  are  interpreted  wWK 


Sased  naoe  a  brief  »■“*  •*•»■<«*  atts-speisg  s.  retailed 

analysis,  it  is  believed  that  Mm  data  in  Ref.  f  13]  suggests  the  effect 
sf  the  aodisuriucs  nac'sof  on  the  response  acceleration  probability 
density  madid  he  qualitatively  as  illustrated  he  law. 

_ probability  density  of  Kcd«rtt>n  Ktjtwt  diked 

nonlinearity  fCnnosian  probability  doneity  fsactiaa) 

_ _ _ probability  density  of  acceleration  response  noth 

nonlinearity  as  noted 


Mote  .that  the  effect  of  aoalisear  damping  of  At  two  types 
considered  for  a  single  degree  of  freedom  system  appears 
to  be  quite  similar  to  the  effect  of  amplitude  nonlinearity 
in  instruments  of  the  type  illustrated  by  Case  (2)  of 
Fig.  9. 4.  The  effect  shown  fcr  the  hardening  epring  is 
sometime*  called  large  kurlooi*.  It  shoals  also  be 
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RM(io««d  4»!  £t  rtssJtt  of  S«f.  [  E3|  apply  «uy  I* 
KctlcraliM  r«p*M  ywtaWititt  Md  cm— I  be  ia- 
tcrprcUf  it  items  of  <£*er  ptr«r-;>rf  mb  ** 
dUpiseeme&t. 

1  5. 3  tetKcaaaal  Deriwiiw 

Cauidcr  &c  'taenl  case  mi  a  tufiatrf  radis.  tip*!  sidi  m 
ua^ltsie  y»b»bility  dmite  S—ctiaa  f-ifi  «k«9  p>wd  tkroegfc  ms 
amflibrfc  transfer  tinractemiic  Gfy}  «idb  limited  dphsic  mge. 

*fy! 


■ 


Hypotb ditally.  i«*  interprets! ions  mi  lirsitef  dynwic  my  art 
fMMUc.  TW  Mgiitadc  tnssfkr  daractcristic  C(y)  my  bt  mfe  *M 
•Mflitadt*  of  y  ;rs*  Aw  Tj  or  g renter  Mim  y^  arc 

{a|  txdadtd  (t^abl  t«  icra! 

(b)  lintfcd  to  valors  cf  ».  or 

Case  (a)  «wid  occur  is  a  device  skid:  "afm-tirtwU"  skis  iapat  tiptlr 
arc  above  a  lerri  y,  or  below  a  level  y(. 

Case  (b)  «su«  scar  »  a  device  skieb  digs  or  limits  wheat  kyat  signals 
ar-?  above  a  level  y^  or  beiow  a  level  y,. 

The  transfer  characteristic  G{y)  associated  sih  each  of  the  two 
interpret  aliens  tor  limited  dynamic  range  may  hr  tbosjht  of  graphically 
as  shown  above.  The  vertical  dashed  iirx*  labeled  fa)  complete  the 
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characteristic*  may  also  iw  prcfMM  as  Ac  fsm  <s€  ioyne-sagpwg  fi«U 
as  show 
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Case  (b) 


The  output  amplitudes,  z  =  yG(y) 


y  for  yi<y<yz 
y.  for  y  <  yt 

jz for  y2<y 


The  output  probability  density  function  pQ(z)  would  then  be  as 
follows: 


PQ(*> 


p.(y)  for  y,  <  z  <  r2 
.  A^lz-yj)  for  *  =  y{ 
A26{*-y2)  for  z  =  y2 

0  for  Yz<  z<  Yi 


where  Aj  and  A 2  are  Ute  areas  of  the  delta  functions  at  z  -  y  ^  and 
z  =  y,,  and  must  have  values  such  that: 

t. 


Po(z)dz 


1 


p^yWy  f  At  +  a2 


Specifically, 


p.(y)dy  and  A2  = 


Pi<y)dy 


To  further  investigate  the  effect  of  limited  dynamic  range  on  a 
random  signal,  specialize  the  development  for  a  uniform  probability 
density  function  with  a  mean  value  of  zero.  For  simplicity,  consider 
the  transfer  characteristics  to  also  be  symmetrical  about  zero  as 
illustrated  in  Fig.  9.  3. 

Case  (1)  of  Figure  9.  3 

The  area  of  the  delta  function  A  at  z  =  0  is  as  follows: 


(9. 133) 


(9.  134) 


(9.  135) 


(9.  136) 
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Then  {he  output  probability  density  function  is  as  follows: 


for  |z|  <b 


PD{z)  =  '  — -  6{z)  for  z  =  t)  {set  Fig.  9.  3) 
0  for  b  <  izj 


(9.  ‘37 


Now  consider  the  mean  value  p  and  the  root  mean  square  value 
rms  of  the  output  probability  density  as  compared  to  the  input  probability 
density  for  case  (1).  The  mean  value  is  equal  to  the  first  moment  of  the 


•Ion  e«-*y  fundi « 


The  mean  value  of  th; 


poo  pa 

input,  p£  =  1  ypj(yj«iy  =  \ 


JLdy  s  0 


(9.  138) 


*  “o = r-w = r  *i-~+ ^ = o 

°  J-oo  °  J-b  [2a  a 


The  mean  value  of  the  output. 


Thus,  for  the  simple  example  considered  where  the  probability  density 
function  and  the  transfer  characteristic  are  symmetrical  about  the  origin, 
the  mean  value  is  not  changed. 

The  rms  value  is  equal  to  the  standard  deviation  or  the  square 
root  of  the  variance.  Since  the  mean  value  is  equal  to  zero,  the  variance 
is  equal  to  the  second  moment  of  the  density  function  about  the  origin. 


The  variance 


Z  C°°  Z  Pa  y2  a2 

of  the  input,  O'.  =  \  y  p.{y)dy  =  1  — dy  =  — 

1  J-oo  1  J-a  2a  3 


2  P00  2 

The  variance  of  the  output,  cr^  -  \  z  pQ{z)dz 

.J-oo 


J-b  2a  a  3a 


b  /t 

Then  <r-  =  rms.  =  — -  and  cr  =  rms„  = 

1  1  yfl  °  °  ^ 


(9.  139) 
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For  the  example  considered,  the  rms  value  of  the  signal  is  redu<*»d  by 
the  case  (1)  limited  dynamic  range  as  follows: 


iVlV2 


(9.  140) 


Case  (2)  of  Figure  9.  3 


The  areas  of  the  delta  functions  A,  at  z  - 

1 

equal  in  value  as  fellows: 


-b  and  at  a  =  b  are 


Jb  2a 


(9.  141) 


Then  the  output  probability  density  function  is  as  follows: 


£  for|*|<b 


P0{a)  =  -  6&£o)  for  j*j  =  b  (see  Fig.  9. 3)  (9.  142) 

0  for  b  <  jsj 


The  mean  value  and  root  mean  square  value  c-f  the  input  probability 
density  function  arc  the  »«ttie  as  in  c r.zi.  (i  ). 


The  mean  value  of  the  output. 


,  u  =  \  zp{z)dz  =  r  *1— — +  — ^6(*+b)  dz  =  I 

°  J-oo  °  J-b  |2a  2a 


(9.  143) 


Thus,  for  case  (2)  as  in  case  (I)  the  mean  value  is  not  changed  due  to 
the  symmetry  of  the  example  considered. 


2  P®  2 

The  variance  of  the  output,  o-  =  l  z  p  (z)dz 

°  J-  co  ° 


.3  w2 
b  ,  b  i 


(z)dz=  fV|I  +  li±>6(z±b)l 
J-b  |2a  2a  J 

(a-b)  =  _  2bJ 
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{9.  144) 


For  the  example  considered,  the  rmi  value  of  the  signal  is  reduced  by 
the  case  (2)  limited  dynamic  range  as  follows: 


_  b2(3a-2b)|1//2 


(9. 145) 


Figures  9.  3  and  9. 4,  discussed  previously  in  Section  9. 5. 1,  and 
in  the  above  mathematical  derivation,  appear  in  the  next  two  pages. 
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INPUT:  A  Uniform  Probability  Density  Function  With  x 

Mess  Value  of  Zero- 

AMPLITUDE  TRANSFER 

CHARACTERISTIC:  A  Gain  of  One  With  Limited  Dynamic  Xan(e  of 
T*o  Types  Ap  Shouoi. 


G{y)  such  that  amplitudes  ofjyj>b  are  C(y)  s-ch  that  amplitudes  of  jy I  >b 

excluded  (equal  to  zero)  1  are  limited  to  a  value  of  S>. 


-b  0  b  -b  0  b 


Amplitude  Figure  9. 3  Amplitude 

Output  Probability  Density  Function  as  Function  of  T»o  Different  Nonlinear 
Transfer  Characteristics  (Uniform  Input  Probability  Density  Function) 
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*!« 


INPUT 


AMPLITUDE  TRANSFER  CHARACTERISTIC.  G(y) 


OUTWIT 


Figure  9.4 


Output  Probability  Density  Fuacticn  at  Function  of  Three 
Different  Nonlinear  Transfer  Characteristics  (Gaussian  Input  Probability 

Density  Function) 
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10.  CONCLUSIONS  AND  RECOMMENDATIONS 


T r.-  objectives  of  the  contract  and  siannatj-  o:  main  results  are  listed 
itt  Seciiom  !  and  2.  it  is  unnecessary  to  repeat  this  material  here.  To 
conclude  the  report,  a  brief  review  will  be  given  of  some  of  the  important 
results  found  in  the  other  individual  technical  Sections  3  through  9.  This 
will  help  to  indicate  how  material  from  section  te  section  is  interrelated, 
and  point  out  to  the  interested  reader  how  many  of  the  same  topics  are 
covered  from  different  points  of  view  throughout  the  report.  This  review 
will  then  be  followed  bv  some  soeci/ic  r»»*n rnms»w|j»rion*  for  future  ret!-:. 


10. 1  REVIEW  OF  REPORT 

Section  3.  Physical  Discussion  ol  Flight  Vehicle  Vibration  Problems 

This  section  serves  to  motivate  the  need  for  later  mathematical, 
statistical,  experimental,  and  more  advanced  physical  investigations  which 
appear  in  the  report.  Various  flight  vehicles  are  broken  down  into  different 
operating  characteristics,  and  an  outline  is  presented  of  many  vibration 
excitation  sources.  A  preliminary  description  is  given  of  the  response  of 
linear  structures  to  periodic  and  random  excitation.  This  is  followed  by 
a  brief  discussion  of  some  known  experimental  results  from  previous 
engineering  analyses  of  vibration  in  flight  vehicles.  One  becomes  aware 
here  of  a  lack  of  statistical  procedures  not  only  in  analysing  vibration  data 
after  it  has  been  gathered,  but  also  in  the  origina1  gathering  of  the  data. 

Section  4,  Mathematical  Background  for  Analysing  Vibration  Phenomena 

The  material  m  this  section  is  considerably  aroader  titan  the  tiux 
implies  and  might  be  more  appropriately  labeled  as  mathematical  background 
for  analysing  a  large  class  of  random  phenomena,  of  which  vibration  phe¬ 
nomena  is  but  one  example.  A  short  introduction  is  given  relative  to  phe¬ 
nomena  which  can  be  described  by  periodic,  complex,  or  analytic  records, 
after  which  the  main  discussion  is  then  devoted  to  random  re  ceres.  Special 
subsections  explain  basic  ideas  of  probability  theory,  random  processes, 
and  matters  of  estimation  theory.  Quantitative  formulas  arc  derived  for 
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predicting  the  !se<r.  square-  error  to  be  expected  in  measurements  of  impor¬ 
tant  parameters  of  a  random  process  suck  as  its  mean  value,  autocorrelation 
function,  and  power  spectral  density  function.  The  analysis  treats  in  detail 
a  practical  engineering  {analog}  technique  for  making  power  spectrum  measure¬ 
ments  for  a  single  random  process,  -is  well  as  cress-power  spectrum  meas¬ 
urements  for  a  pair  of  random  processes.  Several  physical  applications 
are  treated  including:  (a)  probability  distribution  of  instantaneous  amplitude 
values  of  a  random  record,  {b}  measurement  of  a  linear  system  frequency 
response  function,  (c)  zero  crossings  and  threshold  crossings  of  a  random 
record.  Id)  peak  probability  distribution  of  boU:  narrow-band  and  wide -band 
noise,  (e)  statistics  of  extreme  vibration  amplitudes.  The  mathematical 
material  in  this  section  provides  the  basis  for  measurement  errors  of 
parameters  of  intevest  in  individual  records  which  are  to  be  tested  later  in 
the  experimental  program. 

Section  S.  Statistical  Techniques  for  Evaluating  Data 

As  in  the  previous  section,  the  material  here  is  applicable  to  many 
other  physical  problems  besides  the  vibration  problem.  General  statistical 
ideas  and  techniques  are  developed  which  are  basic  to  evaluating  data  regard¬ 
less  of  its  physical  --rigin.  By  way  of  illustration,  a  number  of  special 
examples  are  formulated  which  arc  particularly  directed  towards  flight 
vehicle  vibration  data.  The  first  part  of  the  section  discusses  staTistical 
aspects  cf  parameter  estimation  and  hypothesis  testing.  This  is  followed  by 
mathematical  formulas,  tables,  and  applications  of  four  special  probability 
distributions  used  in  statistical  tests:  the  normal  distribution,  chi-  square 
distribution.  Student  "t"  distribution,  and  the  T distribution.  Included 
amc-ng  the  applications  is  a  rest  for  normality.  The  fir»I  portions  of  the 
section  explain  more  advanced  statistical  matters  relative  to:  (a)  statistical 
results  from  repeated  experiments,  lb)  q*.ia!Hy  control  procedures,  (c) 
multiple  regression  techniques.  The  statistical  material  in  this  section 
provides  the  basis  for  estimates  of  sample  means  and  variances  over  a 
•  large;  collection  of  records  which  are  to  be  tested  later  in  the  experiment*? 
program. 
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Section  fe.  Analytical  Procedures  far  Determining  Vi'arttioc  Environment 

Block  dit(nm5  are  displayed  la  this  section  for  carrying  oat  rttp*<r/- 
step  an  analytic  scientific  analysis  of  Sijh:  vehicle  vibration  data.  The 
discussion  is  uividcd  into  two  parts:  pari  >  -  the  procedure  for  analyzing 
tie  pertinent  statistical  properties  cf  a  single  vibration  time  history  record; 
Fart  2  -  the  procedure  tor  establishing  the  over-all  vibration  environment 
given  the  statistical  properties  of  each  of  a  collection  of  vibration  time 
history  records.  For  single  record*,  analog  tests  based  on  statistical  con¬ 
siderations  are  described  for  testing  fundamental  assumption*  cf  random¬ 
ness,  stations  city,  and  normality.  P: railed  theoretical  arguments  »o  justify 
these  three  tests  are  presented  in  mis  section.  Other  desired  measurements 
for  single  records  »rc  described  briefly,  cut  actus!  detaiis  s:  instrumentation 
plus  *n  experimental  program  to  verify  measurement  accuracies  are  devel¬ 
oped  more  completely  in  succeeding  Sections  7  and  S,  respectively.  For 
analysis  over  a  (large}  collection  of  records,  corresponding  to  a  nvrr.be r  of 
vibration  records  obtained  from  the  same  flight  or  from  a  number  of  different 
flights,  block  diagrams  arc  displayed  for  carrying  out  desired  statistical 
tests.  A  detailed  discussion  is  given  here  on  theoretical  statistical  matters 
relative  to  random  sampling  techniques  for  reducing  the  amount  cf  data  to  be 
gathered.  Other  statistical  <or.»ideratier.=  pert=n«r*  to  *xp*r»mental  programs 
fc  r  testing  the  accuracy  of  these  random  sampling  techniques,  as  etll  as  the 
accuracy  of  repeated  experiments  ever  collections  of  records,  are  discussed 
in  Section  8. 

Section  7.  instrumentation  to  Measure  Vibration  Characteristics 

Following  the  preceding  three  tKiknt  devoted  in  large  measure  to 
theoretical  questions,  and  preliminary  to  the  succeeding  section  which  out¬ 
lines  an  experimental  program  to  verily  analytical  procedures  developed  :n 
the  report,  this  section  represents  an  attempt  to  bridge  the  gap  between 
theory  and  experiment  by  discussing  some  of  the  practical  limitations  inherent 
in  instrumentation  equipment  commoniy  used  to  measure  vibration  charac¬ 
teristics.  Emphasis  is  given  *e  properties  of  actual  available  equipment 
and  to  their  measurement  accuracies.  The  discussion  includes  materia:  on 
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•rz.tyda'-**-*.  tn=ssi£ss::s  and  recjnJir-s,  wlascter  rae4»rc»nU,  pc««r 
specie!  elensitv  wrtfertiMsa.  5rsh*W:it»  dcer«7  meusremetis:,  iwf 
<c-rrr;s:i.'r,  mtinremc at*.  JsstificCion  tor  most  of  lie  sSttmttU  Bffidf 
caneere-sj  $tatist:cM  aemner  of  mciii:»7.ca!s  may  be  ftusd  in  earlier 
Mctwr.*  sf  Site  report. 

ScctJc-n  8.  Stpttirntam  Program  to  Verify  Aaalytical  Prowfagg 

This  section  ties  in  quite  closely  *cm  the  preceding  two  stet^w*.  ]t 
outlines  is  some  detail  as  experimental  program  to  verify  important  measure¬ 
ment  accuracies  and  statistic*!  procedures  developed  ie  fci«  report.  Tit* 
proposed  experimental  program  is  divided  icfio  two  part*:  Pari  I  -  Laboratory 
Test  Program?  Part  2  -  Flight  Test  pregrara.  Laboratory  tret  procedures 
are  described  :sr  verifying  tests  of  fvadMiestai  assure ptic as  of  rtrdcsatss, 
ststtosarity  ssd  aorcsality.  Fattier  laboratory  tests  isdicai»  ?<•  »e»ify 
stat-sricai  estimates  of  root  mesa  square  valves,  power  spectra^  prciiiiisiy 
densities,  and  correlation  functions.  This  is  followed  by  a  broad  treatment 
oe  statistical  corns ideratioas  for  analysing  large  collection*  of  records 
(repealed  expe  rise  eats),  sad  rsaiem  sampling  techaiqnes.  Tfce  frail  portioa 
of  this  section  contains  material  relevant  to  coadactiag  s  flight  toot  program. 

Section  ?.  Applications  to  » espouse  of  Sc-noctaree 

This  last  Uckaitz!  section  of  the  report  contains  some  advanced  material 
dealing  with  physical  applications  on  the  response  of  strictures  under  various 
conditions.  These  investigations  originated  from  a  desire  to  learn  wh  t 
statistical  information  from  vibration  data  may  be  pertinent  to  these  questions. 
Five  topics  sre  discussed:  (1)  Response  of  linear  structures  to  random  exci¬ 
tation;  (2)  Response  of  continuous  structures  to  correlated  random  excitation: 
(3)  Modification  of  response  due  to  loading:  (4)  Vibrativs  induced  structural 
fatigue;  (5)  Effect  of  nonlinear! ties  on  response  statistics.  York  in  this 
section  indicates  that  considerable  statistical  information  available  from 
vibration  data  is  presently  being  neglected  that  would  be  helptol  for  some  of 
these  problems.  Techniques  for  other  needed  statistical  information  have 
still  to  be  developed.  In  particular,  knowledge  of  the  cross-correlation 
function  between  two  points  on  a  structure  represents  useful  information  which 
is  not  being  explored  fully,  while  analysis  of  fatigue  and  aoniinearities  repre¬ 
sent  largely  open  problems. 
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SO.  2  SECOMUEKDATIOKS  FOf  FZSTtJMS  WORK 


Three  issaia  xreu  exist  far  :«?« ortac!  cxi&assess  ef  1st  prtsta 

1.  ExpchsKUl  tcj;-«g  of  lie  ituiaial  ttdtticus. 

2-  T^micii  isvtsti(£!i«9i  af  cmr  advacced  pra^ent. 

1.  ^r.*:atrr>.j;  jmioyget  cf  ipccii!  sttticiai 

iacttxsteu. 

Seise  specific  rtcofenscisiitioss  for  exes  cf  %csc  arcu  are  u 

SnlSvwS^ 

S.  £n«rin»t«m  lesi;»t  cf  the  ittliiUal 

|al  Carry  m  wytriitaUl  libenteiy  prejraas,  cs  jtnlop«4 
in  Section*  6,  7.  a«4  *  of  report. 

i»»  Cars?  -?C  5i{=!  test  jtrsjr*re,  a*  astlitef  cat  Section  S 
of  repa rt- 

2.  Ttotirtical  i>«eit;|itiMt  on  mote  afruad  praittwa 

*a}  Ferrite r  surfy  of  joint  sa;i»tica>  properties  of  nkratian 
u!a  at  too  or  Rssrc  pant*  on  *  street* re.  enlarging 
work  uiKiiistj  in  Src&st  l  nasi  •  of  repeat. 

{b;  nsci^icil  pracdsrcs  for  titimti«|  joint  statistical 
properties,  including  roles  for  selection  and  aaa'jnif 
o'  samples,  expending  work  discossed  in  Sectioats  5  and 
4  of  report. 

(c)  Otrclnpnttl  of  experimental  program  fer  verifying  jcia 
Statistical  properties  of  vibration  data,  extending  work 
discussed  in  Sections  7  and  %  of  tkc  report. 

W;  i*t';;!:e2!  r-ralvcir  cf  ncics:  t scaling  tree* 

niorac*.  continuing  wcHc  started  in  Section  i  of  report. 

£c}  Advanced  studies  sc  methods  for  evaluating  soccitliou^ 
data,  a  topic  »i  considered  in  thi*  report. 
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